18.336 spring 2009 lecture 4

02,/12,/09

Heat equation
u = Vu
Physics:
Fick’s law: flux F' = —aVu

d

mass balance: —/ udr = —b/ F-ndS = —b/ divF dx
dt Jy ov v

= u; = —bdiv(—aVu) = ¢ V?u

1

simple: ¢ =1

Fundamental Solution

B(a,t) = —
r,t) = ———e¢
’ (47t )n/?
colves J W= V2u in R" x ] 0,00 |

u(z,0) =d(x) t=0

t small t large
/\
spreading Gaussian

Superposition: e (™
u(e.t) = [ B~ v uoly)dy y

u, = Vu in R" x] 0,00 | -
solves { u(z, 0) = uo(x) uweC

Maximum Principle
) € R™ bounded
Qr:=Qx[0,T], 02r = Q2 x{0H U2 x ]0,T[)

X

=
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If u is the solution to
u = VZu in Qp
u=uy onQx{0}
u=g on 02 x| 0,7 |

then
(i) Max U = max u (weak)
T

(ii) For € is connected:

If (o, t0) € Qr : u(xo, tp) = maxu, then u = constant (strong)
Qr

Implications:
e max — min
e uniqueness (see Poisson equation)
e infinite speed of propagation:
u = V3u in Qp
u=0 on 00 x 0,7 |
u=g on Q x {0}
strong max principle
g>0=u>0in Q.
Inhomogenous Case:

u—Vu=f inR"x]0,00 |
u=20 on R" x {0}

t
solution: u(z,t) = / / O(x—y, t—s)f(y,s)dyds
0 n

“Duhamel’s Principle” (variation of constants):
superposition of solutions starting at s with initial conditions f(s).

Transport equation
u+b-Vu=0 inR"x]0,00 |
u = U on R" x {0}

solution: u(z,t) = ug(x — tb).
check: uy = —b- Vug(z — tb) = —=b- Vuv

Inhomogenous Case:

{ut+b-Vu:f in]R"x]O,oo[}

b = direction vector (field)

u =1 on R" x {0}

Duhamel’s principle yields the solution:

u(z,t) = ug(x — tb) + /Otf(x + (s —t)b,s)ds
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Wave equation
Ut — V2U = f
~

U — Uz =0 In R™ x| 0,00 |
{u:g,ut:h on R™ x {0} }
0= uy — Upy = (O + 02) (0 — Or)u

Define: v(x,t) := (0 — 0y)u(z, 1)

= v+, =0 TR v(z,t) =alx —t)
Thus: uy — u, = a(z —t)

(inhomogenous transport) [b = —1, f(z,t) = a(x — t)]
= u(x,t) :/ alz+ (t—s) —s)ds+ b(z +1)
0

-+t
_ %/ a(y) dy + bz + 1)

—t
initial conditions: b = g,a = h — g,

= e = oo+ +gte-)+d [ h)ay

r—t

d’Alembert’s formula.

u=

Higher space dimensions

uy — Vu=0 inR"x]0,00 |
u=g,uy=h onR"x{0}

u(e, 1) = / thiy) + 9(y) + Valy) - (y — ) dS(y)

OB(xz,t)
Kirchhoft’s formula.
Obtain from 3D solution by projecting to 2D
a(mla T2, T3, t) = 'LL(iL'l, T2, t)

yields
tg(y) + t*h(y) +tVg(y) - (y — )
u(x,t) = l/ d
(@) =3 Bla.) (2 — |y — z|?)1/2 Y

Poisson’s formula.
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Ex.: g=0,h=6.

1
u(x,w:t/ 6<y>dy:{ o 'x':t}
OB(z,t)

0 else

sharp front

2] u(e.t) = 4 [ L Sy = e
2 xt) — |y — z[2)12 omt? (2 — |x]?)1/?
|x| i CE
else

signal never vanishes
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