18.336 spring 2009 lecture 5 02/19/09

Finite Difference (FD) Approximation

Consider u € C.
Goal' Approximate derivative by finitely many function values:
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Image by MIT OpenCourseWare.
Vector of coefficients a = (ag, a1, - ,a,,) is called FD stencil.
How to get stencil?

Taylor expansion
In 1D: u(z) = w(zo) + ua(20) - (T — o) + Fza(0) - (T — 20)?
2 Ugae (T0) - (2 — x0)* 4+ O(|x — m[*)
Name Z;, = z; — x¢
— u(x;) = u(zo) + uz(zo) - T; + lum(xo) ST+ luggm(aco) -2 4+ O(|74]Y)

e S asule) = u(oo) (zm)mm (z)
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Fyy () (%Z ) + O(h3) where T; < hVi.

=0
Match coefficients:

iaiu(xi) ~ Uy (zg) = Zai =0, Zaﬁ:i =1 [Z a;Z7 small ]
Zaz () & Upy(T0) = Zaz =0, Zazxz =0, Zazx =2 [Zazx small}
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Constraints for stencil:
Vea=b
linear system
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If m = k = In general one unique stencil a

If m > k = Multiple stencils
Can add additional criteria, e.g. require higher order.
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Ex.:. k=1,m=2 1z = (x9,x0+ h,z0—h) ge by P
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a9 0= —a1 —az

One-parameter family of stencils
Additional criterion: second order accuracy
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Ex: k=2,m=2
ag = —a1 — G2
1 1 1 ag 0
0 21 To ai = 0 - a; = i% (.fl — ZE’Q)
0 73 72 as 2
a9 = %'(fg—fl)

Equidistant: « = (zg, ¢ + h, 2o — h)
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Actually O(h2)
due to symmet
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Higher space dimensions
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— stencil @ for Uy, (xo)
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Poisson Equation

—Uy, = f(z) in |0, 1]
u(0) =a « Dirichlet boundary condition
uz (1) =c¢ «— Neumann boundary condition

1

Discretize on regular grid & = (0, h,2h, - -+ ,nh, 1), where h = -5
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(i) + 2u(z;) — u(@in)

Interior: f(x;) = —ugs(z;) = 2 + O(h?)
Ui—1
SE T e
Ujt1

Dirichlet boundary condition: uy = u(xy) = a (exact)
Neumann boundary condition:

e Naive choice: ¢ = u,(1)

_ Ung1 — Up (LN u,
i +O(h)_< h,h> (un+1)+0(h)

O(h) on a single cell = Could preserve O(h?) globally, or drop
accuracy to O(h). Here the bad event happens.

e Second order approximation:

WZni2) = u(@n)
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right hand side correction yields 274 order

c=u,(l) = + O(h?)

o Alternative:
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224 order one-sided stencil (check by V - a = b).



Discretization generates linear system:

1 Ug a
— B Uy f(a1)
P e Up, f(zn)
L _% % _ | Un+1 | _C+% (1)_
A a 7

Second order approximation (try it yourself!)

Big Question:

How to solve sparse linear systems A - 4 = b?
— lecture 11.
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# from Neumann boundary conditions

Unt1 = U+ h (c+ L f(1))
= — Lt = U+ 1 (c+ 2F(1))

Advantages: e fewer equations

e matrix symmetric
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