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Non-periodic Domains
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Non-smooth if periodic
= Cannot use &'

'
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So use algebraic polynomials p(z) = ag + ayz + -+ - + aya

Problem: Runge phenomenon on equidistant grids

u(x) = (1+16x%)"

Oscillations get worse as N«

p(x)=—u(z) as N — oo

Remedy: Chebyshev points T = COs (’N%)




Spectral Differentiation:

Given (ug,u1,...,uy) ~ interpolating polynomial
al Hk;éj(x — )
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aj = Hk;éj (z; — xk)
Chebyshev Differentiation Matrix:
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where z; = COS(%),]' =0,...,N
W = Dy - u(Z) = v (¥) with spectral accuracy.
W = Dy* - u(%) ~ u”(Z) with spectral accuracy.

etc.



Chebyshev Differentiation using FFT:

i = in
1. Given uy, ...,uy at z; = cos(%7).
Extend: U = (ug,u1,...,Un,UN_1,-..,U])

2N
2. FFT: U = %Ze*i’“’jm, k=-N+1,...,N

j=1

3. W, = ikﬁk, Wy =0 (first derivative)
N
_ 1 ik0; 17 o
4. Tnverse FFT: W = — > MW, j=1,... 2N
k=—N-+1
W.
w; = — J :]_,,N—]_
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p(z) = P(#), © = cosf

N
p(z) = Z o, T () Visualization for N = 10:
n=0

N
PO) = Z o, cos(n)

n=0
T, (z) = Chebyshev polynomial
Thir(z) = 22T, (x) — T—1(x)

N
- Z na, sin(nd)
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Z nay, sin(nd)
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V1 — 22



Boundary value problems

Fy: 4 Uze = e rel—1,1] Poisson equation with homogeneous
= | u(£l)=0 Dirichlet boundary conditions

Chebyshev differentiation matrix Dy .

Remove boundary points:

Wy Vo [: 0]
w1 U1
= D3, : : Interior points
WN-1 UN-1
| wn ] L LN [= 0] _
P

Linear system:
D;-i=f
where @ = (uq,...,un_1), f: (efm1 ... eton-1)

Nonlinear Problem

U =€t el — 1,1
B { e }

initial guess

Need to iterate: @© = 0,aM,a®, ...
D2,a* ) = exp(a®)  — fixed point iteration

Can also use Newton iteration...

Eigenvalue Problem

] Uge = Au, €] — 1,1
B { M }

Find eigenvalues and eigenvectors of matrix D%,

Matlab:
>> [V,L] = eig(D2)

Higher Space Dimensions

Ex.: { Uag + Uy = f(2,9) QZ]‘“V} f(x,y) = 10sin(8z(y — 1))

u=0 of

Tensor product grid: (x;,1;) = (cos(%), cos(%))
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Matrix approach: Image by MIT OpenCourseWare.

Matlab: kron, ®
Ly=I®D%+D%®I
>> L = kron(I,D20)+kron(d2,I)

Linear system: Ly -4 = f

spectral classical FD

Helmholtz Equation

Wave equation with source

—Vgt + Vg + Vyy = 6iktf(x7 y)
Ansatz: v(z,y,t) = e*u(z, y)

= Helmholtz equation:

umx+uyy+k2uzf(xvy) Q_] _171[2
{ A



Fourier Methods

So far spectral on grids (pseudospectral).
Can also work with Fourier coefficients directly.

Ex.: Poisson equation

{ _(Umc + uyy) = f(ac,y) Q= [0727T]2

periodic boundary conditions

2n

0 :
0 m

Image by MIT OpenCourseWare.

T,y) = Z frie' e tt)

k1€Z
_ Z g ke 1)
kI€Z
u:m T Z/ Zukle (kx+ly) kQ)
—V2u( Zukl (k% + 12)e!kettly) = f(%y)

= akl:l\ﬂk,w%(o,m

llgp arbitrary constant, condition on f : foo =0

In Fourier basis, differential operators are diagonal.
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