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Marginal Distributions of Least Squares Estimates

Because
B~ Np(B,o*(XTX)™)

the marginal distribution of each BAJ- is:
Bj ~ N(B;,0°C,)

where C;; = jth diagonal element of (X' X)™?
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The Q-R Decomposition of X

Consider expressing the (n x p) matrix X of explanatory variables
as

X=Q-R
where

Q is an (n x p) orthonormal matrix, i.e., Q'Q = Ip.

R is a (p x p) upper-triangular matrix.

The columns of Q = [Q1}, Q[ - - -, Q] can be constructed by

performing the Gram-Schmidt Orthonormalization procedure on
the columns of X = [X[]_], X[2]7 e 7X[p]]
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[ n1 np
0 r272
If R=1| 0
0 0
0 o0
® Xpj = Qpjri
—
r1271 = X[-Il-]X[]_]
Qu = Xy/na

o X = Qpri2 + Q2
=
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r17p_1 r17p
r2’p71 r27p
, then
fp—1,p—1 Tp-1p
0 fop |

QX = QQun2+QQpr.
= 1-np+0-mnp
= n2 (known since Q) specfied)
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e With ry» and Q[l] specfied we can solve for o> :
—
Qpir22 = X1 — Q2

Take squared norm of both sides:
r2272 = X[-Iz—]x[z] — 2/’172Q[71-]X[2] + r1272

(all terms on RHS are known)

With ry > specified
—
Q) = 755 (X1 — 1.2Qp]

.2

e Etc. (solve for elements of R, and columns of Q)
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With the Q-R Decomposition
X=QR
Q'Q = Ip, and R is p x p upper-triangular)

B=(XTX)"'XTy=R'Q"y
(plug in X = QR and simplify)

Cov(B) = o2(XTX) ! = s2R"HR™Y)T

H=X(XTX)"1XT = QQ”’
(giving y = Hy and € = (I, — H)y)
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More Distribution Theory

Assume y = X3 + €, where {¢;} are i.i.d. N(0,0?), ie.,

€ ~ Ny0,°1,)
ory ~ Nn(XIBaU2In)

Theorem® For any (m x n) matrix A of rank m < n, the random
normal vector y transformed by A,
z= Ay
is also a random normal vector:
zr Nm(“’za ZZ)
where ©, = AE(y) = AXp3,
and T, =ACov(y)AT = s2AAT.
Earlier, A = (X" X)~1XT yields the distribution of 3 = Ay
With a different definition of A (and z) we give an easy proof of:
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Theorem For the normal linear regression model

y=XB+e,
where
X (n x p) has rank p and
Nn(0,, 021,).
(a) B = (XTX)"'XTyand e =y — X3 are independent r.v.s
(b) B~ Np(8B, (XTX) 1)
(c) S r & =eTe~o?\2 o (Chi-squared r.v.)
(d) Fo reach j=1,2,.
. BB
tj = o, p (t— distribution)
GG
where 52 = an Z" ) €:2
J»J - [ T ) 1]JJ
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Proof: Note that (d) follows immediately from (a), (b), (c)

T

Define A = [ w7

} , where
@ Ais an (n x n) orthogonal matrix (i.e. AT = A~1)

@ Q is the column-orthonormal matrix in a Q-R decomposition
of X

Note: W can be constructed by continuing the Gram-Schmidt
Orthonormalization process (which was used to construct Q from
X)withX*:[X‘I,, ]

Then, consider

]
il [QTyy]

I
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The distribution of z = Ay is Np(p,, X7)
where

p=AI6] = | 7 | @R 9]
Q7
)

| O(n—p)xp } Rl

R ]

L O(HfP)Xp

T, =A-[0%l,] AT = ’[AAT] = &2,
since AT = A1
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Thus z = < z\‘jv > ~ N, K Opr ) ,gzln]

ZQ ~ Np[(RB)vazlp] )

2w ~ No-—p)[(O(-p): 7 N(n-p)]
and zq and zy are independent.
The Theorem follows by showing

(a*) B=R7!zq and &é = Wzy,
(i.e. B and € are functions of different independent vecctors).
(b*) Deducing the distribution of 3 = R™!zq,
applying Theorem* with A = R™! and “y" = zq
(c*) eTe =zw 2w
= sum of (n — p) squared r.v's which are i.i.d. N(0,0?).
~ O'2X%n_p), a scaled Chi-Squared r.v.
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Proof of (a*)
B = R™1zq follows from
B=(X"X)"'Xy and
X=QRwithQ:Q'Q=1,

y—-§=y-XB=y-(QR): (R 'zq)

y — Qzq

= y-QQ'y=(1,—-QQ")y

WW 'y (sincel, = ATA = QQ" + ww?)
== WZW

>
|
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Maximum-Likelihood Estimation

Consider the normal linear regression model:
y = XB + €, where {¢;} are i.i.d. N(0,0?), i.e.,
€ ~ Ny0,521,)
ory ~ Ny(XB,021,)
Definitions:

@ The likelihood function is
L(B,0%) = p(y | X,B,0?)
where p(y | X, B,0?) is the joint probability density function
(pdf) of the conditional distribution of y given data X,
(known) and parameters (3, 02) (unknown).

o The maximum likelihood estimates of (3, 02) are the values
maximizing L(3,02), i.e., those which make the observed
data y most likely in terms of its pdf.
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Because the y; are independent r.v.'s with y; ~ N(u;, o?) where

pi =281 Bixij,

L(ﬂvgz) = H7 1p(yi ‘ B) )
= H7 1 27w e 202()’: Z':lﬁjxi,j)2
1 —iy-XB) (M) (y—XB)
(27r0-2)n/26

The maximum likelihood estimates (3, 42) maximize the
log-likeliood function (dropping constant terms)
logL(B,0°) = —%log(a ) - y XB)7(0%1,) "y — XB)
= —log(c?) — 5,2Q(B)

where Q(B) = (y — XB)T(y — XB) ( “Least-Squares Criterion"!)

@ The OLS estimate 3 is also the ML-estimate.

@ The ML estimate of o2 solves

G Br) — 0 e, =5 L — 5(-1)(0)2Q(B) = 0

(02) 2 o2

= o3, = Q(B)/n= (X0, &)/n (biased!)
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Generalized M Estimation

For data y, X fit the linear regression model

yi:x;’-ﬂ+6i, I':].,Z,...,n.
by specifying 8 = B to minimize

Q(B) = X7y h(yi i, B, 0?)
The choice of the function h( ) distinguishes different estimators.
(1) Least Squares: h(y,-,x,-,B,U2) = (yi — x,-T,B)2
(2) Mean Absolue Deviation (MAD): h(y;,x;, 3,02) = |y; — x B3|
(3) Maximum Likelihood (ML): Assume the y; are independent

with pdf’s p(y; | B,x;,0?),
h(yi,xi,8,0%) = —log p(yi | B, xi, o)

(4) Robust M—Estimator: h(y;,x;, 3,02) = x(yi — x! B3)

1
x( ) is even, monotone increasing on (0, c0).
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(5) Quantile Estimator: For 7:0 < 7 < 1, a fixed quantile
—x! ify; > x;3

h(yi, x;, ’0.2 — T’yl X; 18‘7 ’.yl_ i
O R N Ao il

e E.g., 7 = 0.90 corresponds to the 90th quantile /
upper-decile.
o 7 = 0.50 corresponds to the MAD Estimator
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