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Likelihood Definition

General Model

e Data Model : X = (X1, Xa,..., X,) vector-valued random
variable with joint density given by
f(x1,...,xn|0)
o Data Realization: X = x = (x1,...,X,)
o Likelihood of ¢ (given x):

lik(0) = f(x1,...,xn | 0)
Note:

o (x1,...,Xy) treated as constants — realization of X = x
o lik(0) = lik(# | x) a function of § given x
Case A: One-Sample Model

@ Xi,Xp,..., X, iid. r.v.'s. with density function f(x | )

F(x1,....xn |0) = Flxq|0)x-xFf(xy|0)= fo,ye
— lik(0) = TI7,f(x|6)
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Likelihood Definition

Case B: Time-Series Model
@ Xi,Xp,..., X, are observations of a time series
{Xe, t =1,2,...}
e Joint density of X = (X1, Xa,...,X,) is given by:
f(x1,...,xn | 0) = Ff(x1]0)xFf(xx]|0,x1)xf(x3]|0,x1,x2) % -
Xf(xn | 0, x1, X2,y Xn—1)

= J[f(xil0.{x:<i})
i=1

= lik(9) = H fxi | 0,{x;;j <i})
i=1
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Maximum Likelihood Estimate (MLE)

@ Model/Likelihood Assumptions
o Data Model : X = (X1, X,..., X,) vector-valued random
variable with joint density given by
f(x1,.-, %0 | 6)
o Data Realization: X =x = (x,...,X,)
o Likelihood of § (given x):
lik(0) = f(x1,...,%a | 0)
@ The Maximum Likelihood Estimate maximizes /ik(0)
lik(Ope) = max ik (6).

o Ome = Ome(x) (depends on x!)
e Oy e is parameter for which realization x is “most likely”

o O e maximizes the log likelihood

0(0) = log lik(0) = z": log[f(x; | #)], (Case A)
i=1
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Specifying the MLE

Example 8.5.A: Poisson Distribution
e Xi,...,X,iid. Poisson(\)
o f(x|A)= %e‘A
o /(N) =" 1[xiIn(A) = XA —In(x!)]

MLE Avie
o /(AyLe) maximizes £(X)
2 di(X)
A lves: ——= =0
@ AMLE Solves dx

(-] /A\MLE = %27:1 X,' = Y
Properties of S\MLE

o S\MLE same as S\MOM
@ Sampling distribution of S\I\/ILE known.
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Specifying the MLE

Example 8.5.B: Normal Distribution
o Xi,..., X, iid. N(u,o?)
1(x —p)?

o f(x|u,o0?) = 21me 2 o2

o U(p,0?) =71 In[f(x; | p,o?)] 2
= Y7, [-3(In(@r) +In(0?)) — $ 04

= —g In(2w) — nin(c) — Tiz ; (xi — N)z

MLE of 6 = (i, 02):
o duie = (imie, 83y g)

o ((OpLe) maximizes £(0) = £(u, o)

2
@ Oy g solves: M =
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MLEs of Normal Distribution Parameters
Normal MLEs

n
. — 1
° ime=X= PSR
i=1
n
1
A2 A2 —\2
° Gyg=20 = (xi — X)
i=1

Note:

e For any 1-1 function g(#), the MLE for g(#) is
8 mie = (O0miLE)

e Sampling distribution of Ay g known (joint distribution!)
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Specifying the MLE

Example 8.5.C: Gamma Distribution
° Xi,...,X,iid. Gamma(a, \)

o f(x|a,\) = i)\ax‘l_le_kx

M(a)
o ((a,N) =31y In[f(x | . 0®)]

= Y= In(M(a))+ aln(X) + (o — 1) In(x;) — Axi]

= —nlIn(l'(«)) + naIn(N) + a—l)Zln X;) )\ZXi
i=1

MLE of 6 = (a, \):

° éI\/II\LE — (GMLE, AMLE)
o ((OpLe) maximizes £(0) = ¢(a, \)
0l(a, ) 0 and O, N)

Oa oN 0

@ Oy g solves:
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MLEs of Gamma Distribution Parameters

o l(a,\) =—nIn(l(a))+nan(A)+ (a—1) Zln Xi) )\ix,-
i=1

o Partial derivative Equations to solve:

(v, \) () u
= =224 | > In(x
0 5o, n o) + nin(A) + 2 n(x;)
o)) na &
O = T T oA
~ n _
. _ A _a/xX
@ Second equation gives A = & x 727:1 ” a/
@ Substitution in first equation gives
_ M) T(a) N NS (e
0 = 9o = —-n M) + nln(A) + 2 In(x;)
()

= —n 10 + nin(a) — nIn(X) + ’z:; In(x;)

— 0= % + In(a) — In(X) + % > In(xi)
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MLEs of Gamma Distribution Parameters

Note:
o The log likelihood £(c, A) for a fixed v is maximized by
Aa =/ X.
@ Numerical methods required to solve for &y g maximizing the
concentrated likelihood or profile likelihood
U, Ao)
@ The MLE for « does not equal &pom
@ The sampling distribution of éI\/ILE = (OAJMLE, S\MLE)
is approximated using the bootstrap method
Issue:
@ How do the sampling distributions of Omie and HAMOM
compare?

o Better estimates have lower dispersion about true 6.
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