18.445 HOMEWORK 5 SOLUTIONS

Exercise 1. If X € L'(Q, F,P), show that the class
{E[X | A] : A sub o-algebra of F}
is Uniformly Integrable.

(1). Show that, for any e > 0, there exists 6 > 0 such that
E[|X|14] <€, whenever P[4] <.

Proof. Suppose the converse holds. Then for some £ > 0 there exists 4;, C Q for each k such that P[4;] < 27F
and E[|X|14,] > e. Since ), P[A;] < oo, the Borel-Cantelli lemma shows that E[limsup, 14,] = 0. Since
X € L', Ellimsupy | X|14,] = 0. Hence Fatou’s lemma implies that

0 =E[limsup|X|14,] > limsupE[|X|14,] >¢
k k
which is a contradiction. O

(2). Show the conclusion.

Proof. Fix € > 0. Choose § > 0 which satisfies the condition in Part (1). For any A C F, Chebyshev’s
inequality and Jensen’s inequality imply that

1
C

< SE[IX]].
Since X € L', we can choose C' large enough so that PHE[X | A]‘ C] < 4. Then it follows from Part (1)

P[[ELX |4 > €] < %EHE[X|A]H <

and Jensen’s inequality that
E[|ELX | Al Ljerx anzey | < E[IXI Lz 2] <
Therefore E[X | A] is uniformly integrable. O

Exercise 2. Customers arrive in a supermarket as a Poisson process with intensity N. There are IV aisles
in the supermarket and each customer selects one of them at random, independently of the other customers.
Let X}V denote the proportion of aisles which remain empty by time t. Show that

XY —e7',  in probability as N — oc.

Proof. First, consider the simplified scenario where m people selects one of N aisles at random. Let X =
X (m) denote the number of empty aisles. Let X; = 1 if the i-th aisle is empty and X; = 0 otherwise. Note
that the probability that the i-th aisle is empty is E[X;] = (1 — 1/N)™. Since X = Zi\il X, we have
al 1
E[X] = SR = N(1 - )™ (1)
i=1
Moreover, for ¢ # j, the probability that both the i-th and the j-th aisles are empty is E[X; X;] = (1-2/N)™.
Hence
N N 1 9
EX?] =E[(>_ X))’ => E[X7]+> E[X;X,]=N(1- )N =D - )" (2)
i=1 i=1 i£j
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Next, if the customers arrive as a Poisson process with intensity NV, then at time ¢ the number of customers
M has a Poisson distribution with intensity Nt, i.e.

e NY(Nt)™

PM =m] = -

Let Y denote the number of empty aisles at time ¢. Then E[Y | M =m| = X (m) = X and by (1),

M8

EY] =S P[M = mlE[Y | M = m)]

m=0

e—Nt(Nt)nL 1
VY N(1= =)™
m! ( N)

M

0

B > ¢m(N —1)™
_ Nt
— e NN §70 !

3
]

=e NNt V-1 = Net,
If XV denotes the proportion of empty aisles, then
E[XN] =E[<] = e

Moreover, E[Y? | M =m] = X

—~

m)? = X? and by (2),

E[Y?] = PIM = m|E[Y?| M = m]

NE

0

3
I

e NNty 1 2

M

oot m! [N(lfﬁ)meN(Nfl)(l,N)m]
- Net ey -y 30 S 2"

m=0
= Ne t+e MN(N —1)etV=2)
=Ne '+ N(N —1)e .
It follows that
Var[Y] = E[Y?] —E[Y]? = Ne 7' + N(N — 1)e™?" — N?¢7% = Ne™! — Ne™ %,
SO

Var[X]¥] = % Var[Y] = — (e —e™?), (4)
Finally, we deduce from Chebyshev’s inequality and (4) that
PIXY — EX)| > €] < B[XY ~ EXY)) = 5 Var[XY) — 0
as N — oo. This together with (3) implies that XY — E[X}¥] = e™" in probability. O
Exercise 3. Let T}, T5, ... be independent exponential random variables of parameter .

(1). For all n > 1, the sum S = Y7, T; has the probability density function

/\nxn—l e
fs(x) = (n— 1)!8 AT > 0.

This is called the Gamma(n, A) distribution.



Proof. We prove this by induction. The case n = 1 is obvious. Suppose S = """ | T; has the stated density
function. Then the density of S + T),41 is the convolution

/\nynfl W CAa—y) /\n+1 y T 1 )\n+1 a
/{yioo’} (n— 1)!6 Ae Y (n— 1)!6 /0 Y Y e

This completes the induction. O

(2). Let N be an independent geometric random variable with
PIN=n]=81-p)""1 n=12,..
Show that T = Zil T; has exponential distribution of parameter \g3.

Pfoof. To sample T, it is equivalent to sample > ; 7; with probability 5(1 — B)"~L. Since the density of
S, T; was established in Part (1), we can compute the density of T

o) n—l/\nx"—l v v %) Al_ﬁxn_l
nz::lﬁ(l—ﬁ) meA :)\Be)\ Z[((n)l)]'

n=1

_ )\Be—kxek(l—ﬂ)x
= \Ge M7,
It follows that T has the exponential distribution with parameter A\j3. O

Exercise 4. Let (N%);>; be a family of independent Poisson processes with respect positive intensities
()\i)iZI- Then

(1). Show that any two distinct Poisson processes in this family have no points in common.

Proof. First, for a fixed t > 0, P[N*(t —¢,t] = 0] — 1 as € — 0 by the definition of a Poisson process, so a.s.
N? does not jump at time ¢.

Let T} denote the n-th jump time of N*. For i = j, N* and N7 are independent. Hence conditional on
N7 (and thus on T7), N has the same law and a.s. does not jump on one 77 by the above argument. Since
there are countably many 77, a.s. N' does not jump on any 77. We conclude that two distinct Poisson
process in this family have no simultaneous jumps (i.e. no points in common). (Il

(2). > .o Ai = A < oo, then >, Nj = N, defines the counting process of a Poisson process with intensity
A - -

Proof. Let X; be independent Poisson random variables with mean A;. Using the discrete convolution
formula, we have

k A A&
P+ X = = Y e e oy

k
1 k! ; ;
—_ o~ (MitA2) A AE—d
e
] ik — )7 172
k! = 1k = j)!
_ o Ouan) 1+ A2)
k! '

Hence X; + X, is a Poisson random variable with mean A\; + Xo. Inductively, we see that Y. | X; is a
Poisson random variable with mean » . ; A;.
Define X = 3",., X; pointwise. By the monotone convergence theorem,

EX] =) EX]=) X\=2x



so in particular, X is a.s. finite. Hence Iy xi=k — Lx=p as. and by the dominated convergence theorem,

P[X = k] = lim P[zn:X =k] = lim exp(—iA-)M = e*Aik
i=1 Z e i=1 l k! KU
Therefore X is a Poisson random variable with mean A.

Next, since for each i and 0 < 1 < -+ < tp, N{,, N*(t1,t2],..., N*(tm—1,tm] are independent, it is easily
seen that Ny, N(t1,ta],..., N(tm—_1,tn] are independent. Moreover, for (a,b] C Ry, N¥(a,b] is a Poisson
random variable with mean \;(b—a), so our argument above implies that N (a, b] is a Poisson random variable
with mean A\(b — a). This by definition shows that N is a Poisson process with intensity A. O

Exercise 5. (Optional, 3 bonus points)

(1). Let (Ny)i>0 be a Poisson process with intensity A > 0 and let (X;);>o be a sequence of i.i.d. random

variables, independent of N. Show that if g(s, z) is a function and T are jump times of N then

Ny t
E |exp GZg(Tj,Xj) = exp <)\/ dsE [GGQ(S,X) _ 1]) )
j=1 0
This is called Campbell’s Theorem.

Proof. First we establish a uniform property of jump times of a Poisson process. Namely, claim that condi-
tioned on N; = n, the jump times T); have the same joint distribution as U(y),...,U(,), the order statistics
of n ii.d. uniform random variables on [0, t], whose density is given by

n!
f(tl,...,tn):t—n, O<t; < - <ty <t.

We use f(X = t) to denote the density function of X at ¢t. Let Top = 0 and for 1 < j < n + 1, the
inter-arrival times F; = T; — T;_, are independent exponential variables with parameter A\. Hence we have

f(Tl :tl,...,Tn :tn,Nt :Tl)
f(Ne =n)
f(E1 = tl,Eg =15 —tl,...,En =i, —tn,hEnJrl > t—tn)
e~ ()™ /n!
Ao M1 At —t2) |, A (tn—1—tn) pA(tn—t)

e~ M(At)™ /n!

f(letl,...,Tn:tn|Nt:n):

n!

tn

as claimed.
If Ug;y are the order statistics of Uy, let o be the permutation such that o((j)) = j. Since X; are ii.d.,
(X5(;)) has the same joint distribution as (X;). Hence

n n n

Zg(Uijo(j)) = ZQ(Uj;Xj)~

Jj=1 j=1 j=1

]

p=N

=

>
[l



This fact and the claim above imply that

[exp( Zg )] iIP’[Nt:n]JE{exp (F)ig(Tj,Xj)thn}

— st
_ :0 edzl’\t)n]E [exp (9;1 9(U), XJ))}
Yy e_ktn(!)‘t)nﬂz{ﬁexp (QQ(Uijj))}
n=0 Jj=1
- f: ‘ﬂ% 1 Ev,Ex; exp (69(U;, X;))
e B sk
- SO )
=e Mexp </\ t E[ef9(=%)] ds)

0

t
= exp ()\/ E[eag(s’x) — 1] ds).
0
]

(2). Cars arrive at the beginning of a long road in a Poisson stream of intensity A from time ¢ = 0 onwards.
A car has a fixed velocity V miles per hour, where V' > 0 is a random variable. The velocities of cars are
i.i.d. and are independent of the arrival process. Cars can overtake each other freely. Show that the number
of cars on the first x miles of the road at time ¢ has a Poisson distribution with mean AE[min{¢, z/V}].

Proof. Let Ny be the number of cars that enter the road before time ¢. Suppose the j-th car enters the road
at time T} and has velocity V. Note that the j-th car is on the first = miles of the road at time ¢ if and only
if t — T; < «/V;. Hence the number of cars on the first 2 miles of the road at time ¢ is given by

Ny
D Lir<aiv;)-
j=1

Using Part (1), we compute its moment—generating function:

p(0) = [GXP( Z]]-{t T;<z/V; })]

t
= exp ()\/ E[exp(ﬂ]l{t,sgz/v}) - 1} ds)
0

t
= exp ()\IE[/ exp(01y—s<az/vy) — lds]).
0
Ift <a/V, then exp(0ly_s<z/vy) — 1= e’ —1, so

©(f) = exp ()\t(ee -1)).
Ift>a/V, fors <t—a/V,exp(0ly_s<o/vy) — 1= e®—1=0;and for s > t—z/V, exp(0l_s<z/vy) —1 =
e’ — 1. Hence .
p(f) = exp (AE[V(BQ — 1)}) = exp (/\E[I/V](ee — 1))
It follows that
¢(0) = exp (AE[min{t, z/V3(e — 1))

which is exactly the moment-generating function of a Poisson distribution with mean AE[min{¢, x/V'}]. This
completes the proof. O



Exercise 6. (Optional, 3 bonus points) Customers enter a supermarket as a Poisson process with intensity
2. There are two salesmen near the door who offer passing customers samples of a new product. Each
customer takes an exponential time of parameter 1 to think about the new product, and during this time
occupies the full attention of one salesman. Having tried the product, customers proceed into the store and
leave by another door. When both salesmen are occupied, customers walk straight in. Assuming that both
salesmen are free at time 0, find the probability that both are busy at a later time t.

Proof. We can construct a continuous-time Markov chain as follows. The chain has three states {0, 1,2},
namely, zero salesmen are occupied, one salesman is occupied and two salesmen are occupied. Since the
inter-arrival times of the Poisson process are exponential variables with intensity 2, we see that the Q-matrix
associated to the chain is

qoo qo1 go2 -2 2 0
Q=|qo qu q2f{=|1 -3 2
q20 q21  q22 0 2 =2
It is easy to get that the eigenvalues of @ are —5, —2 and 0, so the eigendecomposition of @ is
-5 0 0
Q=U|0 -2 o|U"T.
0 0 0
Hence the transition matrix is
e 0 0
P(t)y=€e?=U| 0 e oflUT.
0 0 1

The probability that both salesmen are busy at time ¢ is pg2(t), which must have the form
po2(t) = ae™> + be % + ¢

for some constants a,b and c.
Since P(0) = I, P'(0) = @ and P"(0) = Q?, we see that pp2(0) = 0, p)(0) = 0, and pjj,(0) = 4. Hence

a+b+c=0 a= %
Ba-2=0 = {b=-2
25a +4b =14 c= %
We conclude that the probability that both salesmen are busy at time ¢ is ke ™" — 2¢72 + 2. O
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