18.445 2015 Appendix:
Almost Sure Martingale Convergence Theorem

Hao Wu

Theorem 1. Suppose that (Q,.7 ,P) is a probability space with a filtration (F),>0. Let X = (X,)n>0 be
a supermartingale which is bounded in L', i.e. sup,E[|X,|] < . Then

X, — Xo, a.s. asn-—oo
where Xo, € L' (Q,.Zo, P) With Fe, = 6(Fp,n > 0).

Let x = (x,),>0 be a sequence of real numbers. Let a < b be two real numbers. We define Tj(x) = 0
and inductively, for k > 0,

Skr1(x) =inf{n > Ti(x) : x, < a}, Tir1(x)=inf{n > Spi1(x):x, > b},

with the usual convention that inf() = co.
Define the number of upcrossings of [a,b] by x by time 7 to be

Ny(la,b],x) = sup{k > 0: Ti(x) < n}.

As n 7T oo, we have
Ny([a,b],x) T N([a,b],x) = sup{k > 0: T;(x) < oo},

which is the total number of upcrossings of [a, ] by x.

Lemma 2. A sequence of real numbers x converges in R = RU {+eo} if and only if
N([a,b],x) < eo forall rationals a < b.

Lemma 3. [Doob’s upcrossing inequality] Let X be a supermartingale and a < b be two real numbers.
Then, for all n > 0,
(b—a)E[Ny([a,b],X)] <E[(a—X,)"].

Proof. To simplify the notations, we write
Tk:Tk(X), Sk:Sk<X), N:Nn([a,b],X).
On the one hand, by the definition of (7}) and (Sk), we have that, for all £ > 1,

XTk_XSk Zb—a. (1)



On the other hand, we have

n
Z (XTk/\n _XSk/\n)
k=1

n
(XTk _XSk) + Z (Xn _XSk/\”)
k=N+1
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M=

(XTk —Xsk) + (Xn _XSN-H) I[SN+1§V!]' (Note that Ty < n,Sy+1 < Tv+1 < Sy+2)-

T
I

Since (7}) and (Sj) are stopping times, we have that Sy An < T; A n are bounded stopping times.
Therefore, by Optional Stopping Theorem, we have

E[XSk/\n] > E[XTk/\n] > k.

Combining with Equation (1), we have

0>E > (b—a)E[N] —E[(a—X,)"],

n
Z (XTk/\n - XSk/\n)
k=1

since (X, — Xs,.,) li,, ,<n] = —(a—X,)". This implies the conclusion. O

Proof of Theorem 1. Let a < b be rationals. By Lemma 3, we have that

El(a—X,)"] _ E[[Xal] +a
E xX)] < < |
Va(la b)) < T4 Ko ] BT
By Monotone Convergence Theorem, we have that
E[|X,
E[N([a,b],X)] < 2 Xl +a _

b—a
Therefore, we have almost surely that N([a,b],X) < co. Write
Qo = Na<peq[N(la,b],X) < o).
Then P[Qp] = 1. By Lemma 2 on g, we have that X converges to a possibly infinite limit. Set

X, — {liman, on Q,

0 on Q\ Q.
Then X is .-#«-measurable and by Fatou’s Lemma, we have

E[|Xw|] < E[liminf|X,|] < supE[|X,|] < ce.
n n

Therefore X.. € L. L]
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