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Recall
@ (9, F,P) a probability space
@ Afiltration (Fn)n>o0
@ X = (Xp)n>o is adapted to (Fn)n>o and is integrable
@ X is a martingale if E[X, | Fm] = Xm a.s. forall n > m.
@ X is a supermartingale if E[X, | Fm] < Xm a.s. foralln > m.
@ X is a submartingale if E[X, | Fm] > Xm a.s. foralln > m.

Today’s Goal
@ stopping time
@ Optional stopping theorem : E[X7] = E[Xo] ?
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Examples

Example 1 Let (&;);>1 be i.i.d with E[¢4] = 0. Then X, =Y {¢is a
martingale.

Example 2 Let (&;)i>1 be i.i.d with E[¢4] = 1. Then X, = 1¢; is a
martingale.

Example 3 Consider biased gambler’s ruin : at each step, the gambler
gains one dollar with probability p and losses one dollar with
probability (1 — p). Let X, be the money in purse at time n.

@ If p=1/2, then (X,) is a martingale.
e If p < 1/2, then (X,) is a supermartingale.
e If p>1/2, then (X,) is a submartingale.
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Basic properties

About the expectations
@ If (Xn)n>0 is @ martingale, then E[X,,] = E[Xp] for all n.
@ If (Xn)n>0 is a supermartingale, then E[X)] is decreasing in n.
@ If (Xn)n>0 is a submartingale, then E[X)] is increasing in n.

More
@ If (Xn)n>0 is a supermartingale, then (—X,),>0 is @ submartingale.
@ If X is both supermartingale and submartingale, then it is a
martingale.
@ If X = (Xn)n>0 is @ martingale, then (| X;|),>0 is @ non-negative
submartingale.

Lemma
If (Xn)n>0 is @ martingale, and ¢ is a convex function,then (o(Xn))n>o0
is a submartingale.
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Examples

Suppose that (Y,) is a biased random walkon Z : p # 1/2,

1 with probability p
Yn+1 - Yn - . .
—1 with probability 1 — p.

Lemma
Set=2p—1, and set
Xn = Yn - Mn

Then (Xn) is a martingale.
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B ——
Stopping time
Suppose that (Fpn)n>0 is a filtration.

Definition
A stopping time T : Q -+ N =0,1,2, ..., 00 is a random variable such

that
[T =n] € Fn, Vn

Lemma Lemma

The following are equivalent. IfS, T, T; are stopping times. The
@ [T =n| e Fyforalln. following are also stopping times.
@ [T < n]e Fy,foralln. @ SVTandSAT
o [T >n]e Fyforalln. @ inf; T; and sup; T;

@ [T >n| € Fn_y foralln. @ liminf; T; and lim sup; 7;
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|
Stopping time

(Q, F,P) : a probability space with a filtration (Fp),>0-
X = (Xn)n>0 : @ process adapted to (Fn)n>0
Definition

Let T be a stopping time. Define the o-algebra 7+ by

Fr=c{Ae F:AN|[T < n| € Fp,Vn}.

@ Intuitively, F7 is the information available at time T.
@ If T = ng, then Fr = Fp,.
@ X71[7<o) is measurable with respect to Fr.
@ Let Sand T be stopping times, if S < T, then Fg5 C Fr.
If X = (Xn)n0 is a process, define X7 = (X )p>0 by X, = X7n.
o X7 is adapted.
@ If X is integrable, then X is also integrable.
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|
Optional Stopping Theorem

Goal : E[XT] = E[Xo] ?

Theorem
Let X = (Xn)n>0 be a martingale.
@ If T is a stopping time, then X is also a martingale.
In particular, E[X7pn] = E[Xo]-
@ /fS < T are bounded stopping times, then E[ Xt | Fs] = Xs, a.s.
In particular, E[X1] = E[Xg].
© Ifthere exists an integrable random variable Y such that | X,| <Y
for all n, and T is a stopping time which is finite a.s., then
E[X7] = E[Xo].
© If X has bounded increments, i.e. 3M > 0 such that
| Xni1 — Xn| < M forall n, and T is a stopping time with E[T] < oo,
then E[XT] = E[Xo]
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Gambler’s ruin

The gambler’s situation can be modeled by a Markov chain on the
state space {0,1,..., N} :

@ Xp : initial money in purse

@ X, : the gambler’s fortune at time n

@ P[Xy 1 =X+ 1|Xp]=1/2,

@ P[Xy 1 =X, —1|Xp]=1/2.

@ The states 0 and N are absorbing.

@ 7 : the time that the gambler stops.

Theorem
Assume that Xo = k forsome 0 < k < N. Then

P[X, = N] = % E[r] = k(N — k).
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Optional Stopping Theorem

Theorem
Let X = (Xn)n>0 be a martingale.
@ If T is a stopping time, then X is also a martingale.
In particular, E[X1xn] = E[Xo].
@ IfS < T are bounded stopping times, then E[ Xt | Fs] = Xs, a.s.
In particular, E[X7] = E[Xs].
© If there exists an integrable random variable Y such that | X,| <Y
for all n, and T is a stopping time which is finite a.s., then
E[X7] = E[Xo].
© If X has bounded increments, i.e. IM > 0 such that
| Xnt1 — Xn| < M forall n, and T is a stopping time with E[T] < oo,
then E[X7] = E[Xp].
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Optional Stopping Theorem

Theorem
Let X = (Xn)n>0 be a supermartingale.
@ If T is a stopping time, then X is also a supermartingale.
In particular, E[ X1 xn] <E[Xp].
@ IfS < T are bounded stopping times, then E[ Xt | Fs]<Xs, a.s.
In particular, E[X7]<E[Xs].
© Ifthere exists an integrable random variable Y such that | X,| < Y
for all n, and T is a stopping time which is finite a.s., then
E[XT]<E[Xo]-
© If X has bounded increments, i.e. 3M > 0 such that
| Xni1 — Xn| < M forall n, and T is a stopping time with E[T] < oo,
then E[XT]<E[Xo].
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|
Optional Stopping Theorem

Theorem
Let X = (Xn)n>0 be a supermartingale.
@ If T is a stopping time, then X is also a supermartingale.
In particular, E[ X1 xn] <E[Xp].
@ IfS < T are bounded stopping times, then E[ Xt | Fs]<Xs, a.s.
In particular, E[X7]<E[Xs].
© Ifthere exists an integrable random variable Y such that | X,| < Y
for all n, and T is a stopping time which is finite a.s., then
E[XT]<E[Xo]-
© If X has bounded increments, i.e. 3M > 0 such that
| Xni1 — Xn| < M forall n, and T is a stopping time with E[T] < oo,
then E[XT]<E[Xo].
© Suppose that X is a non-negative supermartingale. Then for any
stopping time T which is finite a.s., we have E[XT]<E[Xo].
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