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Recall

@ Martingale : E[X, | Fm] = Xm for n > m.

@ Optional Stopping Theorem : E[X7] = E[Xp] ?
Today’s goal

@ a.s.martingale convergence

@ Doob’s maximal inequality

@ convergence in LP for p > 1
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Various convergences

Spaces
@ L' space : E[|X]] < oco.
e L'-norm:||X||1 = E[|X]].
e triangle inequality : || X + Y||1 < [|X]]1 + || Y]}1-
@ [Pspaceforp>1:E[X|P] <
o LP-norm : ||X||, = E[|X|P]'/P.
e triangle inequality : || X + Y||p < [|X|lp + || Y|p-

Lemma
Forp > 1, LP is contained in L.

different notions of convergence
@ almost sure convergence : X, — X, a.s.
@ convergence in LP : X, — X, in LP.
@ convergence in L' : X, — X, in L',
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A.S. Martingale Convergence

Theorem

Let X = (Xn)n>0 be a supermartingale which is bounded in L', i.e.
sup, E[|Xn|] < oo. Then

Xn — Xx, almostsurely,as n— oo,

for some X, € L.

Proof Attached on the website.

Corollary

Let X = (Xn)n>0 be a non-negative supermartingale. Then Xy
converges a.s. to some a.s. finite limit.
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Examples

Example 1 Let (¢;);>1 be independent random variables with mean
zero such that 377 E[|¢)]] < co. Set

n
Xo=0, Xo=)_¢
j=1

@ (Xn)n>0 is @ martingale bounded in L.
@ X, converges a.s. to Xoo = 3774 §;.
@ In fact, X, also converges to X, in L'.

Example 2 Let (¢;);~1 be non-negative independent random variables

with mean one. Set
XO - 1, Xn - I_I]n:-lgj

@ (Xn)n>0 is @ non-negative martingale.
@ X, converges a.s. to some limit X, € L'.
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Question

Suppose that a martingale X is bounded in L', then we have the a.s.
convergence.

Question : Do we have E[X,]| = E[Xp] ?

Answer : It is true when we have convergence in L' .
@ Convergence in LP for p > 1 implies convergence in L. (Today)
@ Convergence in L'. (Next lecture)
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|
Doob’s maximal inequality

Theorem

Let X = (Xn)n>0 be a non-negative submartingale. Define
X, = maxo<k<n Xk. Then

APIX; > A] < E[Xp10X > A]] < E[Xq).

Theorem

Let X = (Xn)n>0 be a non-negative submartingale. Define
X, = maxo<k<n Xk. Then, for all p > 1, we have

. p
[ Xallp < pﬁHXan-

Recall Holder inequality : p > 1,9 >1and 1/p+1/g =1, then
E[| XY < E[X|P]'/P x B[ Y|9"/9.
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LP Convergence for p > 1

Theorem

Let X = (Xn)n>0 be a martingale and p > 1, then the following
statements are equivalent.

@ X is bounded in LP :sup,>q || Xallp < o0

@ X converges a.s and in LP to a random variable X.
© There exists a random variable Z € LP such that

X, =E[Z|F,] as.

Corollary
LetZ € LP. Then

E[Z|Fn] — E[Z| Fx], a.s.andinLP.
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Example

Let (§;);>1 be independent random variables with mean zero such that
Y24 E[€7] < oo. Set

n
Xo=0, Xo=)_¢
j=1

@ (Xn)n>0 is @ martingale bounded in L2.
@ X, converges to X, = >y & a.s. and in L2,

o E[X2] = Y%, E[e?).
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Example

Let (§;);>1 be non-negative independent random variables with mean
one. Set
Xo=1, Xp=NL.
@ (X»)n>o is a non-negative martingale.
@ X, converges a.s. to some limit X, € L'.
Question :
@ Do we have E[X,]=17?
Answer : Set a; = E[,/¢]] € (0,1].
@ If Mg > 0, then X converges in L' and E[X.] = 1. (Next lecture)
Q IfM;a; =0, then X, =0 a.s.
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