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Random point process

A random point process is a countable random set of points of the real
line which corresponds to the sequence of the times of occurrence of
some event. For instance, the arrival times of customers.

Definition
A random point process on R is a sequence of random variables
(Th)n>o such that

00=T<Ti<Th<---

@ lim, T, =

Definition
The interevent sequence : S, = T, — T4 for n > 1.
The counting process : For (a, b] C R, define

ab] Z1ab(7—n

n>1
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Counting process

Definition
The counting process : For (a, b] C R, define

N(a, bl => 1(ap(Tn)-
n>1
In particular, set Ny = N(O, t]. Then
@ Np=0
@ N(a,b] = Ny — Ny
@ t— N;is right-continuous
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Poisson process

Definition
A point process N on R is called a Poisson process with intensity
A > 0if
@ Foranyk>1,any0 <t <t <--- < tg, the random variables
N(ti, tiq],i =1,...,k — 1 are independent.

@ For any interval (a, b] C R, the variable N(a, b] is a Poisson
random variable with mean A\(b — a), i.e.

g (A(b— @)k
P[N(a, b] = k] = e P )((k!a)).

Theorem

The interevent sequence (Sp),>1 of a Poisson process with intensity A
is I.i.d. with exponential distribution of parameter .
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Poisson process — Markov property

Theorem (Markov property)
Let (Nt)t>0 be a Poisson process. Then, Vs > 0,

@ the process (Ni1s — Ns)i>o Is also a Poisson process
@ and it is independent of (Ny)u<s

Theorem (Strong Markov property)

Let (Nt)t>0 be a Poisson process. Suppose that T is a stopping time,
then conditional on [T < o],

@ the process (N1 — Nt)t>0 is also a Poisson process
@ and it is independent of (Ny)y<1
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Poisson process — Superposition
Theorem

Let (N');>1 be a family of independent Poisson processes with
respective positive intensities (\;)j>1. Then

@ two distinct Poisson processes in this family have no points in
common

© ifY ;o1 A=A < oo, then Ny =", N] defines the counting
process of a Poisson process with intensity .

Theorem

In this situation of the above theorem with >~ \j = A < oo. Denote by Z

the first event time of N = 3" N’ and by J the index of the Poisson
process responsible for it. Then

PlU=iZ>a =BlJ= ] x B[Z > a = 2ea.
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Poisson process — Characterization

Theorem

Let (Xt)t>0 be an increasing right-continuous process taking values in
{0,1,2,...} with X, = 0. Let A > 0. Then the following statements are
equivalent.

@ (Xt)t>0 is @ Poisson process with intensity \.

@ X has independent increments, and as ¢ | 0, uniformly in t, we
have

IP)[XH_e — Xt = O] =1—- e+ 0(6);
P[XtJrG —X; = 1] = e + 0(6).

@ X has independent and stationary increments, and for allt > 0 we
have X; ~ Poisson(\t).
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