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Recall : We consider continuous time Markov chain on countable state
space with the following requirement

@ (Homogeneity) P[Xis = y | Xs = x] = Pi(x, )
@ (Right-continuity for the chain) For any t > 0, there exists € > 0,
such that X;;s = X; for all s € [0, €]
Today’s Goal :
@ More words about the regularity of continuous time Markov chain
@ Infinitesimal generator
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Jump process

Consider a continuous time Markov chain (X;)>o.
Define the jump times of the chain : Jy, J;, o, ...

Jo=0, Jnp1=inf{t > dp: Xt # X,,},n>0.
Define the holding times of the chain : Sy, S, ...
Sn :Jn_Jn_'],nZ 1
Define the jump process of the chain : Yy, Yi, ...
Yn - XJn, n Z O

@ By right-continuity, we have S, > 0.

@ If J,11 = oo for some n, set X = X,
Example Let (X;):>o be a Poisson process. Then

the jump process : Y, =n
the holding times : (Sp),>1 are i.i.d exponential.

Hao Wu (MIT) 18.445 06 May 2015



Explosion time

Define the explosion time ¢ by
{=supdp=) _ Sp
n n

We only consider the chains with £ = co.
Summary We consider continuous time Markov chain on countable
state space with the following requirement
@ (Homogeneity) P[Xi1s = y | Xs = x] = Pi(x, )
@ (Right-continuity for the chain) For any t > 0, there exists € > 0,
such that X;, s = X; for all s € [0, €]

@ (Non explosion) The explosion time £ = co
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Continuous time Markov chain

Summary We consider continuous time Markov chain on countable
state space with the following requirement
@ (Homogeneity) P[Xi1s = ¥ | Xs = x] = Pi(x,y)
@ (Right-continuity for the chain) For any t > 0, there exists € > 0,
such that X;;s = X; for all s € [0, €]
@ (Non explosion) The explosion time £ = co
@ (Right-continuity in the semigroup) P. — Py =1las e — 0,
pointwise for each entry.
Consider the transition semigroup (Pt)¢>o
("] PO =/
@ P;is stochastic forall t > 0
@ Prys = PtPs
@ P. -Py=1laselO0
Remark Combining (3) and (4), the semigroup is right continuous for
Il t.
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Infinitesimal generator

Theorem
Let (Pt)t>o be a right-continuous transition semigroup.
@ For any state x, the limit exists
Qx = I!fg“ — Pe(x,x))/e = 0.

@ For any distinct states x, y, the limit exists

Lemma

Letf: (0,00) — R be a nonnegative function such thatlim o f(e) = 0,
and assume that f is subadditive, that is,

f(t+s) < f(t)+1(s), Vt,s>0.

Then the limitlim,| f(e)/e exists and equals sup;-q f(t)/t.




|
Infinitesimal generator

Definition
Set
G = ~Ge = IM(P(x.X) = 1)/e. Gy =limPe(x.y)/e.

Then the matrix A = (qxy)x,yeq is called the infinitesimal generator of
the semigroup.

o QXXSO
@ gy, >0fory #x
>, qy=0
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Examples

Example 1 Let (X;):>o be the Poisson process with intensity A > 0.
Then
qi = -\, Qiit+1 =\

Example 2 Let (X;,),>0 be a discrete time Markov chain with transition
matrix Q. Let (Nt)s>o be an independent Poisson process with intensity
A > 0. Define

X; =Xy, t>0.

Then (X;)t>0 is a continuous time Markov chain with generator
A=XQ-).
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B ——
Infinitesimal generator and the jumping process
Recall : (X;)t>0 is a continuous time Markov chain starting from Xo = x.

J1:inf{t:Xt7£x}, Y1:XJ1.

Theorem
For x #+ y, we have

Peldi > t,X), = y] = e Y.
Qqx
In particular,
@ Pyldy > 1] = e !

@ Py[Xy, = ¥] = Qxy/ax
@ Ji and X, are independent.

Remark : if gx = 0, we say that x is absorbing.
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