18.465 PS3, due Tuesday, March 8, 2005

1. Let fo(x) =1 — |z| for |z| <1 and 0 elsewhere. Let fy(x) = fo(x — 0). If we have i.i.d.
observations X1, ..., X,, with density fg, we can estimate 6 by (a) the sample mean X, (b)
the sample median m,,, or (c) the Hodges-Lehmann estimator Az . For each estimator
T = T,, find the limiting distribution of /n(7,, — #). A smaller variance means the
estimator is more efficient. Rank the estimators in order of efficiency in this case.

2. For fy a Cauchy distribution, X no longer converges to 6, so one might say that the
asymptotic variance is infinite. Proceed as in problem 1 for the other two estimators and
compare them for efficiency.

3. Randles and Wolfe, problem 11.5.4, but omit the distribution-free question, just find
the null distribution.

4. Let F,, be an empirical distribution function for F' and independent of it let G,, be an
empirical distribution function for GG, each based on i.i.d. observations. Let

Cnn(@) 1= ()= (B = G (@),

Under the null hypothesis Hy : F = G, (p,n converges as m,n — oo in distribution to
Yr(z) Where y;, 0 <t <1 is a Brownian bridge process. Let K.S,,, be the Kolmogorov-
Smirnov statistic

KSm,n = Sup|Cm,n($>|-

If F = G is continuous then for large m,n, this has asymptotically the distribution of
SUPg<¢<1 |¥¢| given by RAP, Proposition 12.3.4. Assuming that the asymptotic distribution
is valid, would Hy be rejected at the a = 0.05 level if K.S,, , = 1.57

5. Find an ng such that for m,n > ng it can be proved from the Bretagnolle-Massart
theorem 1.1 that Py(KS,, , > 2) < 0.05. Hint: In the Bretagnolle-Massart handout, make
the right side of (1.2) < 0.005. This determines z. Find n such that P(sup, |y:| > n) < 0.04
and find n large enough so that (z + c-logn)/v/n < (2 —1n)/2 Try ng = v - 10° for some
single-digit integer v.
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