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Non-existence of some affinely equivariant location functionals in dimension d ≥ 2 

An affine transformation from Rd to itself is one of the form Ax = Bx + v for all 
x ∈ R

d where B is a linear transformation (d × d matrix) and v is a fixed vector. Then A 
will be called non-singular if and only if B is. Here x and v are d × 1 column vectors. 

For any probability measure P and random variable X , which may be vector-valued, 
we have another probability measure P ◦ X−1, the distribution of X or image measure of 
P by X . For example, if P is defined on Rd and xj is the jth coordinate function on Rd , 

−1then P ◦ x is the jth marginal of P , on  R.j 

Let P be a collection of probability measures on Rd and m a function from P into Rd . 
Then m will be called an affinely equivariant location functional on P iff whenever P ∈ P  
and A is a non-singular affine transformation, we have P ◦ A−1 ∈ P  and m(P ◦ A−1) =  
Am(P ). Also, m(·) will be called singularly affine(ly) equivariant if the same holds when 
A may be singular. 

When d = 1, the median is a singularly affine equivariant location functional defined 
on the class of all probability measures on R. For  d = 1, a singular linear transformation 
B is just multiplication by 0, and so for any P , P ◦ A−1 is concentrated in the point v. 
It turns out not to be restrictive to say that for such a distribution m should equal v. 
For d ≥ 2, however, there are more singular matrices, and we will see that singular affine 
equivariance becomes very restrictive. 

Recall that δx(A) := 1A(x) := 1  if  x ∈ A and 0 otherwise. For n = 1, 2, ..., and 
1 
n 

�n
d = 1, 2, ..., let Pn,d be the class of all empirical measures Pn = j=1 δxj 

on Rd where 
each xj = (x1j, ..., xdj)′ ∈ R

d . Clearly, for any transformation A from Rd into itself (affine 
1 
n 

�nor not) and Pn as given, Pn ◦ A−1 = j=1 δA(xj) ∈ Pn,d. Here is the main fact in this 
handout: 

Theorem (Obenchain, 1971). Let d ≥ 2 and suppose m is a singularly affine equivariant 
location functional defined on Pn,d for a given n. Then  m(Pn) =  

� 
x dPn = x = 

�n
j=1 xj/n 

for all Pn ∈ Pn,d. 

Remark. For  d = 1 there are some robust singularly affine equivariant location func-
tionals such as the median (and trimmed means, e.g. Randles and Wolfe, problem 7.4.2 
pp. 246-247). But the sample mean x has breakdown point 0 for all n, so a singularly 
affine equivariant location functional on Pn,d for d ≥ 2 can’t have any robustness. Thus, 
researchers consider affinely (not singularly) equivariant functionals, not defined on all of 
Pn,d, e.g. not defined on Pn ◦ A−1 for A singular. 

Proof. For  Xj ∈ R
d , j = 1, ..., n, with  Xj = (X1j, ..., Xdj)′, let  X be the d × n data 

matrix Xij for i = 1, ..., d and j = 1, ..., n, so that  Xj is the jth column of X . Let  

n 

�n
Pn := 1 

j=1 δXj 
∈ Pn,d. Then  m(Pn) is a function of X , say  m(Pn) ≡ M (X). Let B be 

any d × d matrix. Then the data matrix for BX1, ..., BXn is BX , i.e. the jth column of 
BX is BXj, so  

M (BX) =  m(Pn ◦ B−1) =  Bm(Pn) =  BM (X) 

by singular affine equivariance. 
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Some special choices of B will be made. First, for each u = 1, ..., d, let  B(u) = 0  if  ir 

i ≥ 2 or if  i = 1  and  r � 1u = u, with  B(u) := 1. Let X(u) denote the uth row of X , so that  
(X (u))j ≡ Xuj for j = 1, ..., n. For any 1 × n vector V , let  Ṽ be the d × n matrix whose 

˜first row is V and whose other rows are all 0’s. Then B(u)X = X (u), so  

M (X̃ (u)) =  M (B(u)X ) =  B(u)M (X) =  (Mu(X ), 0, ..., 0)′ , 

where M (X) =  (M1(X ), ..., Md(X ))′. Thus  

(1) M1(X̃ (u)) ≡ Mu(X ). 

a, Ba,b Next, for any real numbers a and b, define a d×d matrix Ba,b by Ba,b := := b,11 12 

and Ba,b := 0 for all other i and j, i.e. for i ≥ 2 or  j ≥ 3. Then Ba,bX = (aX(1)+bX(2))∼ ,ij 

so 

M ([aX(1) + bX(2)(2) ]∼) =  M (Ba,bX ) =  Ba,bM (X) =  (aM1(X ) +  bM2(X ), 0, ..., 0)′ . 

By (1), M1(X ) =  M1( ˜ X (2)). Equating first components in (2) X (1)) and  M2(X ) =  M1( ˜
gives 

X (2)) =  M1(aX (1) + b ˜X (1)) +  bM1( ˜ ˜ X(2)).aM1( ˜

For any (row vector( y ∈ Rn,  we have a map  y � y) which is linear since X(1) → L(y) :=  M1(˜
and X(2) can be any two 1 × n vectors and a, b any two real numbers. Thus M1(ỹ) ≡ yz 
for some column vector z ∈ Rn . 

Now for any data matrix X , we  have by  (1)  

M (X) =  (M1(X ), ..., Md(X ))′ = (M1( ˜ X (d)))′X (1)), ..., M1( ˜

= (X(1)z, ..., X(d)z)′ = Xz.  

Next, any permutation of the columns Xj of X gives the same Pn and thus the same 
M (X) =  m(Pn), so the components of z are all equal, z = (z1, ..., z1)′. Thus  M (X) ≡ 
nz1X. 

Now suppose all Xj equal some v �= 0  and  let  Ax ≡ 2x − v. Then  Av = v, so  
M (AX) =  M (X) =  nz1v = AM (X) =  2nz1v−v. It follows that z1 = 1/n and M (X) ≡ X, 
proving the theorem. � 

Remarks. If an affinely invariant location functional m is defined on all of Pn,d and M 
is continuous as a function of X1, ..., Xn, then  m must be singularly affine equivariant and 
so is equal to X . 

Recall that a sequence Qn of probability measures is said to converge weakly to Q0 if � 
fdQn → 

� 
fdQ0 for every bounded continuous function f . (This form of convergence is 

used in the central limit theorem, for example.) Let Qn = (n − 1)δ0/n + δn/n. Suppose m 
is an affinely equivariant location functional defined on Pn,d for all n for a given d ≥ 2 and  
that m is continuous for weak convergence. Then it is continuous in X1, ..., Xn for fixed n, 
so it is singularly affine equivariant, and by Obenchain’s theorem, m(Qn) =  

� 
xdQn = 1  
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for all n. But  Qn converge weakly to δ0, for  which  m(δ0) = 0, contradicting the weak 
continuity, so no such m exists. 

Note. The theorem is essentially contained in the statement and proof of Obenchain 
(1971, Lemma 1). 
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