18.465, April 5, 2005
Non-existence of some affinely equivariant location functionals in dimension d > 2

An affine transformation from R? to itself is one of the form Ax = Bz + v for all
r € R? where B is a linear transformation (d x d matrix) and v is a fixed vector. Then A
will be called non-singular if and only if B is. Here x and v are d x 1 column vectors.

For any probability measure P and random variable X, which may be vector-valued,
we have another probability measure P o X !, the distribution of X or image measure of
P by X. For example, if P is defined on R¢ and x; is the jth coordinate function on R?,
then P o xj_l is the jth marginal of P, on R.

Let P be a collection of probability measures on R% and m a function from P into RZ.
Then m will be called an affinely equivariant location functional on P iff whenever P € P
and A is a non-singular affine transformation, we have Po A=1 € P and m(Po A™!) =
Am(P). Also, m(-) will be called singularly affine(ly) equivariant if the same holds when
A may be singular.

When d = 1, the median is a singularly affine equivariant location functional defined
on the class of all probability measures on R. For d = 1, a singular linear transformation
B is just multiplication by 0, and so for any P, P o A~! is concentrated in the point v.
It turns out not to be restrictive to say that for such a distribution m should equal v.
For d > 2, however, there are more singular matrices, and we will see that singular affine
equivariance becomes very restrictive.

Recall that §,(A) := 1a(x) := 1if z € A and 0 otherwise. For n = 1,2, ..., and
d=1,2,.., let P, q be the class of all empirical measures P, = %Z?:l 0z, on R where

each z; = (21, ..., 74)" € R%. Clearly, for any transformation A from R? into itself (affine
or not) and P, as given, P, 0 A71 =1 Z?zl 0A(z;) € Pn,a- Here is the main fact in this

~n
handout:

Theorem (Obenchain, 1971). Let d > 2 and suppose m is a singularly affine equivariant
location functional defined on P, 4 for a given n. Then m(P,)) = [z dP, =7 = 2?21 zj/n
for all P, € Py 4.

Remark. For d = 1 there are some robust singularly affine equivariant location func-
tionals such as the median (and trimmed means, e.g. Randles and Wolfe, problem 7.4.2
pp. 246-247). But the sample mean T has breakdown point 0 for all n, so a singularly
affine equivariant location functional on P, 4 for d > 2 can’t have any robustness. Thus,
researchers consider affinely (not singularly) equivariant functionals, not defined on all of
Pn.d, €.g. not defined on P, o A~! for A singular.

Proof. For X; € R, j = 1,...,n, with X; = (Xij,..., Xg4j)’, let X be the d x n data
matriz X;; for i« = 1,...,d and j = 1,...,n, so that X; is the jth column of X. Let
P, = %Z?:l 0x; € Pn,a- Then m(P,) is a function of X, say m(P,) = M(X). Let B be

any d x d matrix. Then the data matrix for BXy, ..., BX,, is BX, i.e. the jth column of
BX is BXj, so

M(BX) = m(P,oB™Y) = Bm(P,) = BM(X)

by singular affine equivariance.



Some special choices of B will be made. First, for each v = 1,...,d, let Bi(:f) = 0 if
it >2orifi=1and r # u, with B§“) := 1. Let X denote the uth row of X, so that

u

(X(“))j = X, for j =1,...,n. For any 1 x n vector V, let V be the d x n matrix whose
first row is V and whose other rows are all 0’s. Then B™WX = X 5o

M(X™W) = M(BWX) = BWM(X) = (M,(X),0,...,0),
where M (X) = (M;(X), ..., My(X))". Thus
(1) M (X™W) = M, (X).

Next, for any real numbers a and b, define a dx d matrix B*? by B%:? .= a, BYY := b,
and ij’b := 0 for all other i and j, i.e. fori > 2 or j > 3. Then B**X = (XM +bX2))~
S

2) M([aXD +bXP]™) = M(B**X) = B**M(X) = (aM(X) + bM>(X),0,...,0)".

By (1), My(X) = M;(XM) and My(X) = M;(X®). Equating first components in (2)
gives

aMy (XY + M (X@)) = My(aXD + X @),

For any (row vector( y € R", we have a map y — L(y) := M;(§) which is linear since X (")
and X2 can be any two 1 x n vectors and a, b any two real numbers. Thus M;(§) = yz
for some column vector z € R™.

Now for any data matrix X, we have by (1)

M(X) = (My(X),..., Mg(X)) = (My(XD), ..., My(X (D))

= (XWz, . XDz = Xz

Next, any permutation of the columns X; of X gives the same P, and thus the same
M(X) = m(P,), so the components of z are all equal, z = (z1,...,21)". Thus M(X) =
TLZly.

Now suppose all X; equal some v # 0 and let Az = 22 —v. Then Av = v, so

M(AX)=M(X)=nzv=AM(X) = 2nz;v—v. It follows that z; = 1/nand M(X) = X,
proving the theorem. O

Remarks. If an affinely invariant location functional m is defined on all of P,, 4 and M
is continuous as a function of X1, ..., X,,, then m must be singularly affine equivariant and
so is equal to X.

Recall that a sequence @),, of probability measures is said to converge weakly to Qg if
[ fdQ, — [ fdQo for every bounded continuous function f. (This form of convergence is
used in the central limit theorem, for example.) Let Q,, = (n—1)dp/n + §,,/n. Suppose m
is an affinely equivariant location functional defined on P,, 4 for all n for a given d > 2 and
that m is continuous for weak convergence. Then it is continuous in X1, ..., X,, for fixed n,
so it is singularly affine equivariant, and by Obenchain’s theorem, m(Q,,) = [zdQ, =1

2



for all n. But @, converge weakly to dg, for which m(dy) = 0, contradicting the weak
continuity, so no such m exists.

Note. The theorem is essentially contained in the statement and proof of Obenchain
(1971, Lemma 1).
REFERENCE

Obenchain, R. L. (1971). Multivariate procedures invariant under linear transforma-
tions. Ann. Math. Statist. 42, 1569-1578.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


