
OUTLIERS: Feb. 4, 2005, R. Dudley, 18.465 notes 

A rough definition of an outlier is that it’s an observation far away from the bulk of 
the data. There may be multiple outliers in a given data set, especially if it’s large. For 
example, Bill Gates’s wealth would be an outlier among those of all individuals. 

One of the main ideas of robustness is to use statistical procedures that are not 
sensitive to outliers. If there are outliers in a data set X1, ..., Xn, then at least one of the 
extreme order statistics X(1) or X(n) must be an outlier. 

1The ordinary sample mean X and sample variance s2 = 
n−1 

�n
j=1(Xj −X)2 are not X 

2robust because X and, even more, sX are sensitive to outliers. If just one large observation 
2X(n) becomes arbitrarily large, then both X and sX go to +∞. 

On the other hand, nonparametric methods based on ranks, such as the Wilcoxon 
rank-sum test and the runs test, are not at all sensitive to outliers. If X(n) is made larger 
it still keeps the same rank, n, so the values of the nonparametric statistics don’t change 
at all. The same is true if X(1) → −∞, when it keeps the same rank 1. 

But, what is an outlier? It turns out to be even harder to give a precise definition 
than for a sample quantile. Some books give examples of outliers and a few try to give 
specific rules for identifying them. 

An example, given in a book by D. Freedman, Pisani, and R. Purves, is that an 
observation 5 standard deviations away from the mean would be an outlier. For a normal 
distribution, the probability of such an observation is less than 6 · 10−7, so from  a  truly  
normal distribution, such a thing wouldn’t happen except very rarely or in a large data set. 
Put another way, normal distributions don’t tend to produce outliers: as n gets large, X(n)√ 
tends to grow, but only slowly, of the order of log n, so  X(n) won’t be much larger than 
X(n−1), and so on. Or, if one thinks one has a normal distribution but gets an observation 
5 standard deviations from the mean, in a sample with not too large n, say  n <  10, 000, 
that observation must not really be from the normal distribution, it must be from some 
other distribution, sometimes called a contaminating distribution. It might have resulted 
from some error, or a wrong normality assumption. 

There’s a problem though with defining outliers in terms of standard deviations if the 
standard deviation is estimated from the sample, because the sample standard deviation is 
itself so much influenced by the outlier. Specifically, just looking at the formula for sample 
variance, to have an observation Xj five or more sample standard deviations away from 
the sample mean,  |Xj − X | ≥  5sX , requires a sample size easily seen to be at least 26 
(since 26-1=25) and in fact at least 27. But we can recognize outliers in smaller samples 
than that. If you take Bill Gates’s wealth, together with that of 9 other people chosen at 
random from the population to form a sample of size 10, you will see that Gates’s wealth 
is an outlier by the rough definition. 

Other people have tried to define outliers precisely as follows. Define the lower quartile 
of the sample q1 as the 1/4 quantile and the upper quartile q3 as the 3/4 quantile (recalling 
however that for samples, quantiles have slightly varying definitions). The interquartile 
range IQR is defined as q3 − q1. That’s a scale statistic that’s robust, not sensitive to 
outliers: if we move data in the lower quarter or upper quarter of the order statistics 
outward, it won’t change the IQR. An attempted definition of outlier is an observation 
that’s distant by at least 3IQR from the interval [q1, q3]. 
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But here’s an example where that definition doesn’t work well. Let Xj be observations 
on amount of precipitation (rain, or water equivalent of snow) per day over a year. Suppose 
that on at least 3/4 of all days in the year, there is no measurable rain or snow at a given 
location (maybe, a relatively dry one, but not all that dry). Then q1 and q3 will both be 
0, so IQR = 0. So by the attempted definition, any precipitation at all would be called an 
outlier, which doesn’t seem right. 

If there was precipitation on more than 1/4 of all days, but less than half, it could 
be that q3, although positive, is quite small and so IQR, which equals q3 in this case, is 
small. So we’d be calling amounts of rain “outliers” if they were larger than 4q3 which 
might still not be that large.  

By the way, the median rainfall per day in either case would be 0, which is very 
uninformative about rainfall. 

It seems that we might only want to call a daily amount of rain or snow an outlier if 
we compared it to for example the 10 or 20 days with most rain in a typical year. So the 
choice of what to call an outlier may depend on what kind of data we’re looking at, not 
on any universal numerical rule. 

2




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


