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1. WHAT IS MACHINE LEARNING (IN THIS COURSE)?

This course focuses on statistical learning theory, which roughly means understanding the
amount of data required to achieve a certain prediction accuracy. To better understand
what this means, we first focus on stating some differences between statistics and machine
learning since the two fields share common goals.

Indeed, both seem to try to use data to improve decisions. While these fields have evolved
in the same direction and currently share a lot of aspects, they were at the beginning quite
different. Statistics was around much before machine learning and statistics was already
a fully developed scientific discipline by 1920, most notably thanks to the contributions of
R. Fisher, who popularized mazimum likelihood estimation (MLE) as a systematic tool for
statistical inference. However, MLE requires essentially knowing the probability distribution
from which the data is draw, up to some unknown parameter of interest. Often, the unknown
parameter has a physical meaning and its estimation is key in better understanding some
phenomena. Enabling MLE thus requires knowing a lot about the data generating process:
this is known as modeling. Modeling can be driven by physics or prior knowledge of the
problem. In any case, it requires quite a bit of domain knowledge.

More recently (examples go back to the 1960’s) new types of datasets (demographics,
social, medical,...) have become available. However, modeling the data that they contain
is much more hazardous since we do not understand very well the input/output process
thus requiring a distribution free approach. A typical example is image classification where
the goal is to label an image simply from a digitalization of this image. Understanding
what makes an image a cat or a dog for example is a very complicated process. However,
for the classification task, one does not need to understand the labelling process but rather
to replicate it. In that sense, machine learning favors a blackbox approach (see Figure 1).
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Figure 1: The machine learning blackbox (left) where the goal is to replicate input/output
pairs from past observations, versus the statistical approach that opens the blackbox and
models the relationship.

These differences between statistics and machine learning have receded over the last
couple of decades. Indeed, on the one hand, statistics is more and more concerned with
finite sample analysis, model misspecification and computational considerations. On the
other hand, probabilistic modeling is now inherent to machine learning. At the intersection
of the two fields, lies statistical learning theory, a field which is primarily concerned with
sample complexity questions, some of which will be the focus of this class.



2. STATISTICAL LEARNING THEORY

2.1 Binary classification

A large part of this class will be devoted to one of the simplest problem of statistical learning
theory: binary classification (aka pattern recognition [DGL96]). In this problem, we observe
(X1,Y1),...,(Xy,Y,) that are n independent random copies of (X,Y) € X x {0,1}. Denote
by Pxy the joint distribution of (X,Y’). The so-called feature X lives in some abstract
space X (think IR?) and Y € {0,1} is called label. For example, X can be a collection of
gene expression levels measured on a patient and Y indicates if this person suffers from
obesity. The goal of binary classification is to build a rule to predict Y given X using
only the data at hand. Such a rule is a function h : X — {0,1} called a classifier. Some
classifiers are better than others and we will favor ones that have low classification error
R(h) =P(h(X) #Y). Let us make some important remarks.

Fist of all, since Y € {0,1} then Y has a Bernoulli distribution: so much for distribution
free assumptions! However, we will not make assumptions on the marginal distribution of
X or, what matters for prediction, the conditional distribution of Y given X. We write,
Y|X ~ Ber(n(X)), where n(X) =P(Y = 1|X) = E[Y|X] is called the regression function
of Y onto X.

Next, note that we did not write Y = n(X). Actually we have Y = n(X) + &, where
e =Y —n(X) is a “noise” random variable that satisfies IE[¢| X] = 0. In particular, this noise
accounts for the fact that X may not contain enough information to predict Y perfectly.
This is clearly the case in our genomic example above: it not whether there is even any
information about obesity contained in a patient’s genotype. The noise vanishes if and only
if n(z) € {0,1} for all x € X. Figure 2.1 illustrates the case where there is no noise and the
the more realistic case where there is noise. When 7(z) is close to .5, there is essentially no
information about Y in X as the Y is determined essentially by a toss up. In this case, it
is clear that even with an infinite amount of data to learn from, we cannot predict Y well
since there is nothing to learn. We will see what the effect of the noise also appears in the
sample complexity.

Figure 2: The thick black curve corresponds to the noiseless case where Y = n(X) € {0,1}
and the thin red curve corresponds to the more realistic case where n € [0, 1]. In the latter
case, even full knowledge of 1 does not guarantee a perfect prediction of Y.

In the presence of noise, since we cannot predict Y accurately, we cannot drive the
classification error R(h) to zero, regardless of what classifier h we use. What is the smallest
value that can be achieved? As a thought experiment, assume to begin with that we have all



the information that we may ever hope to get, namely we know the regression function 7(-).
For a given X to classify, if 7(X) = 1/2 we may just toss a coin to decide our prediction
and discard X since it contains no information about Y. However, if n(X) # 1/2, we have
an edge over random guessing: if 7(X) > 1/2, it means that P(Y = 1|X) > IP(Y = 0|X)
or, in words, that 1 is more likely to be the correct label. We will see that the classifier
h*(X) = I(n(X) > 1/2) (called Bayes classifier) is actually the best possible classifier in
the sense that
R(h") ;L?.gR(h),

where the infimum is taken over all classifiers, i.e. functions from X to {0,1}. Note that
unless n(z) € {0,1} for all x € X (noiseless case), we have R(h*) # 0. However, we can
always look at the excess risk £(h) of a classifier h defined by

£(h) = R(h) — R(h*) > 0.

In particular, we can hope to drive the excess risk to zero with enough observations by
mimicking h* accurately.

2.2 Empirical risk

The Bayes classifier h*, while optimal, presents a major drawback: we cannot compute it
because we do not know the regression function 7. Instead, we have access to the data
(X1,Y7),...,(X,,Y,), which contains some (but not all) information about n and thus h*.
In order to mimic the properties of h* recall that it minimizes R(h) over all h. But the
function R(-) is unknown since it depends on the unknown distribution Pxy of (X,Y’). We
estimate it by the empirical classification error, or simply empirical risk ]%n() defined for
any classifier h by

Ra(h) = = 3" M(A(X0) # Vi)
=1

Since B[I(h(X;) # ;)] = P(h(X;) # Y;) = R(h), we have IE[R,(h)] = R(h) so R,(h) is
an unbiased estimator of R(h). Moreover, for any h, by the law of large numbers, we have
Ry (h) — R(h) as n — oo, almost surely. This indicates that if n is large enough, R, (h)
should be close to R(h).

As a result, in order to mimic the performance of h*, let us use the empirical risk
minimizer (ERM) h defined to minimize R, (k) over all classifiers h. This is an easy enough
task: define h such h(X;) = Y; foralli =1,...,n and h(z) = 0if = ¢ {X1,..., X,}. We
have Rn(ﬁ) = 0, which is clearly minimal. The problem with this classifier is obvious: it
does not generalize outside the data. Rather, it predicts the label 0 for any x that is not in
the data. We could have predicted 1 or any combination of 0 and 1 and still get R, (h) = 0.
In particular it is unlikely that IE[R(h)] will be small.



Important Remark: Recall that R(h) = IP(h(X) #Y). X
If h(-) = h({(X1,Y1),...,(Xn,Yy)};-) is constructed from the data, R(h) denotes
the conditional probability

R(h) = P(A(X) # Y|(X1, Y1), - -, (Xn, Ya)) -

rather than IP(h(X) # Y). As a result R(h) is a random variable since it depends on the
randomness of the data (X1,Y7),...,(X,,Y,). One way to view this is to observe t}}at
we compute the deterministic function R(-) and then plug in the random classifier h.

This problem is inherent to any method if we are not willing to make any assumption
on the distribution of (X,Y") (again, so much for distribution freeness!). This can actually
be formalized in theorems, known as no-free-lunch theorems.

Theorem: For any integer n > 1, any classifier 4 built from (X1,Y7),...,(X,,Y,) and
any € > 0, there exists a distribution Pxy for (X,Y") such that R(h*) =0 and

ER(hy,) >1/2 —¢.

To be fair, note that here the distribution of the pair (X,Y") is allowed to depend on
n which is cheating a bit but there are weaker versions of the no-free-lunch theorem that
essentially imply that it is impossible to learn without further assumptions. One such
theorem is the following.

Theorem: For any classifier A built from (X1,Y1),...,(X,,,Y,) and any sequence
{an}n > 0 that converges to 0, there exists a distribution Pxy for (X,Y) such that
R(h*) =0 and

ER(hy) > a,, foralln>1

In the above theorem, the distribution of (X,Y") is allowed to depend on the whole sequence
{an}n > 0 but not on a specific n. The above result implies that the convergence to zero of
the classification error may be arbitrarily slow.

2.3 Generative vs discriminative approaches

Both theorems above imply that we need to restrict the distribution Pxy of (X,Y’). But
isn’t that exactly what statistical modeling is? The is answer is not so clear depending on
how we perform this restriction. There are essentially two schools: generative which is the
statistical modeling approach and discriminative which is the machine learning approach.

GENERATIVE: This approach consists in restricting the set of candidate distributions Px y .
This is what is done in discriminant analysistwhere it is assumed that the condition dis-

! Amusingly, the generative approach is called discriminant analysis but don’t let the terminology fool
you.



tributions of X given Y (there are only two of them: one for Y = 0 and one for Y = 1) are
Gaussians on X = IR? (see for example [HTF09] for an overview of this approach).

Di1SCRIMINATIVE: This is the machine learning approach. Rather than making assumptions
directly on the distribution, one makes assumptions on what classifiers are likely to perform
correctly. In turn, this allows to eliminate classifiers such as the one described above and
that does not generalize well.

While it is important to understand both, we will focus on the discriminative approach
in this class. Specifically we are going to assume that we are given a class H of classifiers
such that R(h) is small for some h € H.

2.4 Estimation vs. approximation

Assume that we are given a class H in which we expect to find a classifier that performs well.
This class may be constructed from domain knowledge or simply computational convenience.
We will see some examples in the class. For any candidate classifier ﬁn built from the data,
we can decompose its excess risk as follows:

~

E(hn) = R(hn) — R(h*) = R(hn) — inf R(h)+ inf R(R) = R(W") .

estimation error approximation error

On the one hand, estimation error accounts for the fact that we only have a finite
amount of observations and thus a partial knowledge of the distribution Px y. Hopefully
we can drive this error to zero as n — oco. But we already know from the no-free-lunch
theorem that this will not happen if H is the set of all classifiers. Therefore, we need to
take H small enough. On the other hand, if H is too small, it is unlikely that we will
find classifier with performance close to that of h*. A tradeoff between estimation and
approximation can be made by letting H = H,, grow (but not too fast) with n.

For now, assume that H is fixed. The goal of statistical learning theory is to understand
how the estimation error drops to zero as a function not only of n but also of H. For the
first argument, we will use concentration inequalities such as Hoeffding’s and Bernstein’s
inequalities that allow us to control how close the empirical risk is to the classification error
by bounding the random variable

S () £ V)~ P((X) £ )
i=1

with high probability. More generally we will be interested in results that allow to quantify
how close the average of independent and identically distributed (i.i.d) random variables is
to their common expected value.

Indeed, since by definition, we have R, (h) < R, (h) for all h € H, the estimation error
can be controlled as follows. Define h € H to be any classifier that minimizes R(-) over H
(assuming that such a classifier exist).

R(hy) — jnf R(h) = R(hn) — R(h)




Since h is deterministic, we can use a concentration inequality to control !Rn(ﬁ) — R(ﬁ)!.
However,

Rullin) = = 3" 10 (X:) £ 3)
i=1

is not the average of independent random variables since fln depends in a complicated
manner on all of the pairs (X;,Y;),7 = 1,...,n. To overcome this limitation, we often use
a blunt, but surprisingly accurate tool: we “sup out” h,,,

|Rn(iln) - R(iln)‘ < sup |I:£n(iln) - R(ﬁn)‘ :

heH
Controlling this supremum falls in the scope of suprema of empirical processes that we will
study in quite a bit of detail. Clearly the supremum is smaller as H is smaller but H should
be kept large enough to have good approximation properties. This is the tradeoff between
approximation and estimation. It is also know in statistics as the bias-variance tradeoff.



18.657: Mathematics of Machine Learning
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Part 1

Statistical Learning Theory

1. BINARY CLASSIFICATION

In the last lecture, we looked broadly at the problems that machine learning seeks to solve
and the techniques we will cover in this course. Today, we will focus on one such problem,
binary classification, and review some important notions that will be foundational for the
rest of the course.

Our present focus on the problem of binary classification is justified because both binary
classification encompasses much of what we want to accomplish in practice and because the
response variables in the binary classification problem are bounded. (We will see a very
important application of this fact below.) It also happens that there are some nasty surprises
in non-binary classification, which we avoid by focusing on the binary case here.

1.1 Bayes Classifier

Recall the setup of binary classification: we observe a sequence (X1,Y1),...,(X,,Y,) of n
independent draws from a joint distribution Pxy. The variable Y (called the label) takes
values in {0, 1}, and the variable X takes values in some space X representing “features” of
the problem. We can of course speak of the marginal distribution Px of X alone; moreover,
since Y is supported on {0, 1}, the conditional random variable Y| X is distributed according
to a Bernoulli distribution. We write Y| X ~ Bernoulli(n(X)), where

n(X) =P(Y =1X) = E[Y|X].

(The function 7 is called the regression function.)

We begin by defining an optimal classifier called the Bayes classifier. Intuitively, the
Bayes classifier is the classifier that “knows” n—it is the classifier we would use if we had
perfect access to the distribution Y| X.

Definition: The Bayes classifier of X given Y, denoted h*, is the function defined by the

rule
o1 ifg(a) > 1)2
W(z) = {0 if 7777(.@) <1/2.

In other words, h*(X) = 1 whenever P(Y = 1|X) > P(Y = 0|X).

Our measure of performance for any classifier h (that is, any function mapping X to
{0,1}) will be the classification error: R(h) = IP(Y # h(X)). The Bayes risk is the value
R* = R(h*) of the classification error associated with the Bayes classifier. The following
theorem establishes that the Bayes classifier is optimal with respect to this metric.



Theorem: For any classifier h, the following identity holds:
R(h) - R(h") = /h o 20 =1 Pl = B[00 ~ 1) £ 1) (L)

Where h = h* is the (measurable) set {z € X | h(z) # h*(z)}.

In particular, since the integrand is nonnegative, the classification error R* of the
Bayes classifier is the minimizer of R(h) over all classifiers h.

Moreover,

R(h") = Efmin(n(X),1 —n(X))] < (1.2)

l\')\}—t

Proof. We begin by proving Equation (1.2). The definition of R(h) implies
R(h) =P(Y # h(X)) =P = 1,h(X) = 0) + P(Y = 0,h(X) = 1),

where the second equality follows since the two events are disjoint. By conditioning on X
and using the tower law, this last quantity is equal to

E[E[L1Y =1,A(X) =0)|X]]+ E[E[1(Y =0,h(X) =1)|X]]
Now, h(X) is measurable with respect to X, so we can factor it out to yield
E[1(h(X) = 0)n(X) + 1(h(X) = 1)(1 = n(X))]], (1.3)

where we have replaced E[Y|X] by n(X).
In particular, if h = h*, then Equation 1.3 becomes

E[1(n(X) <1/2)n(X) + 1(n(x) > 1/2)(1 — n(X))].
But 7(X) < 1/2 implies n(X) <1 —n(X) and conversely, so we finally obtain

| /\

R(p") = E[1(n(X) < 1/2)n(X) + 1(n(x) > 1/2)(1 - n(X))]
= E[(1(n(X) <1/2) + 1(n(z) > 1/2)) min(n(X), 1 — n(X))]
= E[min(n(X), 1 —n(X))],

as claimed. Since min(n(X),1 —n(X)) < 1/2, its expectation is also certainly at most 1/2
as well.
Now, given an arbitrary h, applying Equation 1.3 to both A and h* yields

R(h) — R(h*) = E[1(h(X) = 0)n(X) + 1(A(X) = 1)(1 — n(X))]
—1(P*(X) = 0)n(X) + 1(h*(X) = 1)(1 — n(X))]],
which is equal to
E[(1(h(X) =0) = 1(r*(X) = 0))n(X) + (1(h(X) =1) — 1(A*(X) = 1))(1 — n(X))].

Since h(X) takes only the values 0 and 1, the second term can be rewritten as —(1(h(X) =
0) — 1(h*(X) = 0)). Factoring yields

E[(2n(X) = DA (A(X) = 0) = 1(A*(X) = 0))].



The term 1(h(X) =0) — 1(h*(X) = 0) is equal to —1, 0, or 1 depending on whether h
and h* agree. When h(X) = h*(X), it is zero. When h(X) # h*(X), it equals 1 whenever
h*(X) =0 and —1 otherwise. Applying the definition of the Bayes classifier, we obtain

E[(2n(X) — 1)1(h(X) # k" (X)) sign(n — 1/2)] = E[|2n(X) — 1|1(R(X) # h"(X))],
as desired. ]

We make several remarks. First, the quantity R(h) — R(h*) in the statement of the
theorem above is called the excess risk of h and denoted £(h). (“Excess,” that is, above
the Bayes classifier.) The theorem implies that £(h) > 0.

Second, the risk of the Bayes classifier R* equals 1/2 if and only if n(X) = 1/2 almost
surely. This maximal risk for the Bayes classifier occurs precisely when Y “contains no
information” about the feature variable X. Equation (1.1) makes clear that the excess risk
weighs the discrepancy between h and h* according to how far 7 is from 1/2. When 7 is
close to 1/2, no classifier can perform well and the excess risk is low. When 7 is far from
1/2, the Bayes classifier performs well and we penalize classifiers that fail to do so more
heavily.

As noted last time, linear discriminant analysis attacks binary classification by putting
some model on the data. One way to achieve this is to impose some distributional assump-
tions on the conditional distributions X|Y =0 and X|Y = 1.

We can reformulate the Bayes classifier in these terms by applying Bayes’ rule:

P(X = 2]Y = )P(Y =1)

nz)=PY =1X =z) = P(X =z|Y =1)P(Y =1)+P(X = z[Y = 0)[P(Y =0)°

(In general, when Px is a continuous distribution, we should consider infinitesimal proba-
bilities IP(X € dx).)

Assume that X|Y = 0 and X|Y = 1 have densities pg and p;, and P(Y = 1) = 7 is
some constant reflecting the underlying tendency of the label Y. (Typically, we imagine
that 7 is close to 1/2, but that need not be the case: in many applications, such as anomaly
detection, Y =1 is a rare event.) Then A*(X) = 1 whenever n(X) > 1/2, or, equivalently,
whenever

p1(x) S 1—m

po(x) T
When 7 = 1/2, this rule amounts to reporting 1 or 0 by comparing the densities p;
and po. For instance, in Figure 1, if 7 = 1/2 then the Bayes classifier reports 1 whenever
p1 > po, i.e., to the right of the dotted line, and 0 otherwise.
On the other hand, when 7 is far from 1/2, the Bayes classifier is weighed towards the
underlying bias of the label variable Y.

1.2 Empirical Risk Minimization

The above considerations are all probabilistic, in the sense that they discuss properties of
some underlying probability distribution. The statistician does not have access to the true
probability distribution Py y; she only has access to i.i.d. samples (X1,Y1),...,(Xn,Ys).
We consider now this statistical perspective. Note that the underlying distribution Py y
still appears explicitly in what follows, since that is how we measure our performance: we
judge the classifiers we produced on future i.i.d. draws from Pxy .



h*(xz) =0 h*(z) =1

Figure 1: The Bayes classifier when 7 = 1/2.

Given data D,, = {(X1,Y1),..., (X, Y,)}, we build a classifier h,,(X), which is random
in two senses: it is a function of a random variable X and also depends implicitly on the
random data D,. As above, we judge a classifier according to the quantity & (ﬁn) This is
a random variable: though we have integrated out X, the excess risk still depends on the
data D,,. We therefore will consider bounds both on its expected value and bounds that
hold in high probability. In any case, the bound & (ﬁn) > 0 always holds. (This inequality
does not merely hold “almost surely,” since we proved that R(h) > R(h*) uniformly over
all choices of classifier h.)

Last time, we proposed two different philosophical approaches to this problem. In
particular, generative approaches make distributional assumptions about the data, attempt
to learn parameters of these distributions, and then plug the resulting values into the model.
The discriminative approach—the one taken in machine learning—will be described in great
detail over the course of this semester. However, there is some middle ground, which is worth
mentioning briefly. This middle ground avoids making explicit distributional assumptions
about X while maintaining some of the flavor of the generative model.

The central insight of this middle approach is the following: since by definition h*(z) =
1(n(X) > 1/2), we estimate n by some #, and thereby produce the estimator h, =
1(7,(X) > 1/2). The result is called a plug-in estimator.

Of course, achieving good performance with a plug-in estimator requires some assump-
tions. (No-free-lunch theorems imply that we can’t avoid making an assumption some-
where!) One possible assumption is that n(X) is smooth; in that case, there are many
nonparamteric regression techniques available (Nadaraya-Watson kernel regression, wavelet
bases, etc.).

We could also assume that 7(X) is a function of a particular form. Since n(X) is only
supported on [0, 1], standard linear models are generally inapplicable; rather, by applying
the logit transform we obtain logistic regression, which assumes that n satisfies an identity

of the form (x)
Ui T
log <> =0 X.
1 —n(X)

Plug-in estimators are called “semi-paramteric” since they avoid making any assumptions
about the distribution of X. These estimators are widely used because they perform fairly
well in practice and are very easy to compute. Nevertheless, they will not be our focus here.

In what follows, we focus here on the discriminative framework and empirical risk min-
imization. Our benchmark continues to be the risk function R(h) = IE1(Y # h(X)), which

10



is clearly not computable based on the data alone; however, we can attempt to use a naive
statistical “hammer” and replace the expectation with an average.

Definition: The empirical risk of a classifier h is given by

Ru(h) = 13" 1(%; # h(X0).

i=1

Minimizing the empirical risk over the family of all classifiers is useless, since we can
always minimize the empirical risk by mimicking the data and classifying arbitrarily other-
wise. We therefore limit our attention to classifiers in a certain family H.

Definition: The Empirical Risk Minimizer (ERM) over H is any element: h™ of the set
argming cq, Ry (h).

In order for our results to be meaningful, the class H must be much smaller than the
space of all classifiers. On the other hand, we also hope that the risk of herm will be close
to the Bayes risk, but that is unlikely if H is too small. The next section will give us tools
for quantifying this tradeoff.

1.3 Oracle Inequalities

An oracle is a mythical classifier, one that is impossible to construct from data alone but
whose performance we nevertheless hope to mimic. Specifically, given H we define h to be
an element of argming, 4, R(h)—a classifier in H that minimizes the true risk. Of course,
we cannot determine h, but we can hope to prove a bound of the form

R(h) < R(h) + something small. (1.4)

Since h is the best minimizer in H given perfect knowledge of the distribution, a bound of
the form given in Equation 1.4 would imply that & has performance that is almost best-in-
class. We can also apply such an inequality in the so-called improper learning framework,
where we allow A to lie in a slightly larger class H' D H; in that case, we still get nontrivial
guarantees on the performance of  if we know how to control R(h)

There is a natural tradeoff between the two terms on the right-hand side of Equation 1.4.
When H is small, we expect the performance of the oracle h to suffer, but we may hope
to approximate h quite closely. (Indeed, at the limit where H is a single function, the
“something small” in Equation 1.4 is equal to zero.) On the other hand, as H grows the
oracle will become more powerful but approximating it becomes more statistically difficult.
(In other WOI:dS, we need a larger sample size to achieve the same measure of performance.)

Since R(h) is a random variable, we ultimately want to prove a bound in expectation
or tail bound of the form

P(R(h) < R(h) + Ans(H)) > 13,

where A, 5(#) is some explicit term depending on our sample size and our desired level of
confidence.

. n fact, even an approximate solution will do: our bounds will still hold whenever we produce a classifier
h satisfying Ry (h) < infrcy Rn(h) + €.

1"



In the end, we should recall that
E(h) = R(h) = R(h*) = (R(h) — R(R)) + (R(h) — R(h")).

The second term in the above equation is the approximation error, which is unavoidable
once we fix the class H. Oracle inequalities give a means of bounding the first term, the
stochastic error.

1.4 Hoeffding’s Theorem

Our primary building block is the following important result, which allows us to understand
how closely the average of random variables matches their expectation.

Theorem (Hoeffding’s Theorem): Let Xi,...,X,, be n independent random vari-
ables such that X; € [0,1] almost surely.
Then for any t > 0,
P (

In other words, deviations from the mean decay exponentially fast in n and ¢.

1 n
EZXi—IEXi

=1

> t) < 26_2"t2.

Proof. Define centered random variables Z; = X; — IEX;. It suffices to show that

1 _
]P<nZZi>t> < g2t

since the lower tail bound follows analogously. (Exercise!)
We apply Chernoff bounds. Since the exponential function is an order-preserving bijec-
tion, we have for any s > 0

P (:L Z Z; > t> =1Ip (exp (SZ Zi) > esm> < e ME[e* %] (Markov)
= 5" H E[e*Zi], (1.5)

where in the last equality we have used the independence of the Z;.

We therefore need to control the term IE[e*%i], known as the moment-generating func-
tion of Z;. If the Z; were normally distributed, we could compute the moment-generating
function analytically. The following lemma establishes that we can do something similar
when the Z; are bounded.

Lemma (Hoeffding’s Lemma): If Z € [a, b] almost surely and IEZ = 0, then

2 2
s“(b—a)
Ee?? <e s

Proof of Lemma. Consider the log-moment generating function 1 (s) = log IE[e*?], and note

that it suffices to show that 1(s) < s%(b — a)?/8. We will investigate 1) by computing the

12



first several terms of its Taylor expansion. Standard regularity conditions imply that we
can interchange the order of differentiation and integration to obtain

E[Ze?]
(e} —
¢ (8) - ]E[GSZ] ’
Z2 sZ sZ) _ 7 sZ12 sZ sZ 2
'IIZ)”(S) — IE[ € ]E[e ] ]E[ € ] — ]E Z2 € _ Z €
IE[@SZ]2 E[esZ] E[esZ]
Since E[ R Z} integrates to 1, we can interpret ¢ (s) as the variance of Z under the probability

measure dF = WCHE' ‘We obtain

Y (s) = varp(Z) = varp <Z - ;_ b> ,

b b—
) < b2

since the variance is unaffected under shifts. But |Z — 5

Z € |a,b] almost surely, so
a+b\?
7 —
(%)

b
varg <Z—ajL > <F
2
Finally, the fundamental theorem of calculus yields

9= [ [ i< =t

This concludes the proof of the Lemma. O

almost surely since

(b—a)?

<
- 4

Applying Hoeffding’s Lemma to Equation (1.5), we obtain

1 2 2
P(= Z; t] < e—stn s?/8 _ _ns?/8—stn
(n E > > <e | | e e ,

for any s > 0. Plugging in s = 4t > 0 yields

< >z >t> e 2

as desired. ]

Hoeffding’s Theorem implies that, for any classifier h, the bound

- log(2/9)
_ < 4 22\ETT
[Ba(h) — R(R)| < (/<52
holds with probability 1 — §. We can immediately apply this formula to yield a maximal
inequality: if H is a finite family, i.e., H = {hy,...,hpr}, then with probability 1 — §/M
the bound
- log(2M/96)

[Ry(hy) — R(hy)| < 5

13



holds. The event that max; | R, (h;)—R(h;)| > t is the union of the events |R,,(h;)—R(h;)| >
t for j =1,..., M, so the union bound immediately implies that

X log(2M/6)
mjax |Rn(hj) — R(h;)| < \/7

with probability 1—9. In other words, for such a family, we can be assured that the empirical
risk and the true risk are close. Moreover, the logarithmic dependence on M implies that
we can increase the size of the family H exponentially quickly with n and maintain the
same guarantees on our estimate.

14



18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 3
Scribe: JAMES HIRST Sep. 16, 2015

1.5 Learning with a finite dictionary

Recall from the end of last lecture our setup: We are working with a finite dictionary
H = {h1,...,ha} of estimators, and we would like to understand the scaling of this problem
with respect to M and the sample size n. Given H, one idea is to simply try to minimize
the empirical risk based on the samples, and so we define the empirical risk minimizer, h*™,
by
he™ ¢ argmin Ry, (h).
heH

In what follows, we will simply write h instead of h®™ when possible. Also recall the

definition of the oracle, h, which (somehow) minimizes the true risk and is defined by

h € argmin R(h).
heH

The following theorem shows that, although h cannot hope to do better than h in
general, the difference should not be too large as long as the sample size is not too small
compared to M.

Theorem: The estimator h satisfies

2log(2M/9)

R(h) < R(h) + -

with probability at least 1 — . In expectation, it holds that

2log(2M)
-

E[R(R)] < R(h) +

Proof. From the definition of h, we have R, (k) < R,(h), which gives
R(h) < R(h) + [Rn(h) — R(R)] + [R(h) — R (R)).

The only term here that we need to control is the second one, but since we don’t have
any real information about A, we will bound it by a maximum over H and then apply
Hoeffding;:

[Rn(h) — R(R)] + [R(h) — Ru(h)] < 2mjax\Rn(hj) _ R(h)| <2 w

with probability at least 1 — §, which completes the first part of the proof.

15



To obtain the bound in expectation, we start with a standard trick from probability
which bounds a max by its sum in a slightly more clever way. Here, let {Z;}; be centered
random variables, then

1 1
E [max]Zj]] =3 log exp (sIE [max\Zﬂ}) < glogIE [exp <smax]Zj\>} ,
J j J

where the last inequality comes from applying Jensen’s inequality to the convex function
exp(-). Now we bound the max by a sum to get

2M
: 1 2 log (20
< ;logjz_:lIE[exp(SZj)] < Tlog (zMeXp <§_n>> _log2M) | s

s 8n’

where we used Z; = R,,(h;) — R(h;) in our case and then applied Hoeffding’s Lemma. Bal-
ancing terms by minimizing over s, this gives s = 24/2nlog(2M) and plugging in produces

E [max |R,,(h;) — R(hy)|

] | < /E=20

on

which finishes the proof. U

2. CONCENTRATION INEQUALITIES

Concentration inequalities are results that allow us to bound the deviations of a function of
random variables from its average. The first of these we will consider is a direct improvement
to Hoeffding’s Inequality that allows some dependence between the random variables.

2.1 Azuma-Hoeffding Inequality

Given a filtration {F;}; of our underlying space X, recall that {A;}; are called martingale
differences if, for every i, it holds that A; € F; and IE[A;|F;] = 0. The following theorem
gives a very useful concentration bound for averages of bounded martingale differences.

Theorem (Azuma-Hoeffding): Suppose that {A;}; are margingale differences with
respect to the filtration {F;};, and let A;, B; € F;_1 satisfy A; < A; < B; almost surely
for every i. Then

1 2n?t?
P|{—) A;>t| <exp <— - ) .
[n 2 ] ST 1B - Al

In comparison to Hoeffding’s inequality, Azuma-Hoeffding affords not only the use of
non-uniform boundedness, but additionally requires no independence of the random vari-
ables.

Proof. We start with a typical Chernoff bound.

P [ZAZ > t] <E [eszAi] " [IE [esZAiu_-n_lH ot

16



- E [6827%1 AiE[eSAn’fn_l]} e st < E[esZ"’l AVES 652(B7L—An)2/8]e—st7

where we have used the fact that the A;, i < n, are all F,, measureable, and then applied
Hoeffding’s lemma on the inner expectation. Iteratively isolating each A; like this and
applying Hoeffding’s lemma, we get

2 n
S 2 —st
Ei Ai>t < exp <§ Z:EIHBZ—AZHOO>€ .

Optimizing over s as usual then gives the result. O

P

2.2 Bounded Differences Inequality

Although Azuma-Hoeffding is a powerful result, its full generality is often wasted and can
be cumbersome to apply to a given problem. Fortunately, there is a natural choice of the
{Fi}i and {A;};, giving a similarly strong result which can be much easier to apply. Before
we get to this, we need one definition.

Definition (Bounded Differences Condition): Let g : X — IR and constants ¢; be
given. Then g is said to satisfy the bounded differences condition (with constants ¢;) if

sup  |g(z1,. . 2n) —gl@r, .. 2w < G
L1, yTn, T,

for every i.
Intuitively, g satisfies the bounded differences condition if changing only one coordinate
of g at a time cannot make the value of g deviate too far. It should not be too surprising

that these types of functions thus concentrate somewhat strongly around their average, and
this intuition is made precise by the following theorem.

Theorem (Bounded Differences Inequality): If g : X — IR satisfies the bounded
differences condition, then

2t2
P (lg(X1, .., Xn) — Blg(X1, ..., Xo)| > 1] < 2exp <‘2—> |

Proof. Let {F;}; be given by F; = o(Xy,...,X;), and define the martingale differences

{Ai}i by
Ai =1 [g(Xl, e ,Xn)|.7:2] —IE [g(Xl, e 7Xn)|]:i—1] .

Then
P [|ZAZ-| >t] =P [|g(X1,..., Xn) — Elg(X1,..., X,)| > 1],

exactly the quantity we want to bound. Now, note that

Ai < E |:SUPQ(X1,. ey Ly 7Xn)|‘7:2 - ]E[g(le s 7Xn)|]:i—1]

17



=1E [Supg(Xl,...,aji,...,Xn) —g(Xl,...,Xn)|]:i_1] =: B;.
x;

Similarly,
Ai > IE |:1ng(X1, sy Ly e 7Xn) - g(X17' . 7Xn)|]:i—1:| = Az

At this point, our assumption on g implies that ||B; — A;|lcc < ¢ for every i, and since
A; < A; < B; with A;, B; € F;_1, an application of Azuma-Hoeffding gives the result.
]

2.3 Bernstein’s Inequality

Hoeffding’s inequality is certainly a powerful concentration inequality for how little it as-
sumes about the random variables. However, one of the major limitations of Hoeffding is
just this: Since it only assumes boundedness of the random variables, it is completely obliv-
ious to their actual variances. When the random variables in question have some known
variance, an ideal concentration inequality should capture the idea that variance controls
concentration to some degree. Bernstein’s inequality does exactly this.

Theorem (Bernstein’s Inequality): Let Xi,...,X,, be independent, centered ran-
dom variables with |X;| < ¢ for every i, and write 02 = n=1 Y, Var(X;) for the average

variance. Then
P |l ZX >t < nt’
— ; exp| ————| .
n < ! = &P 202 + %tc

Here, one should think of ¢ as being fixed and relatively small compared to n, so that
strength of the inequality indeed depends mostly on n and 1/02.

Proof. The idea of the proof is to do a Chernoff bound as usual, but to first use our
assumptions on the variance to obtain a slightly better bound on the moment generating
functions. To this end, we expand

0 ok k-2

k!

E[e*¥] =1+ E[sX;] +E <1+ Var(X;)

k=2

Z k!
k=2

where we have used IE[X}F] < IE[X?|X;|F72] < Var(X;)c*~2. Rewriting the sum as an
exponential, we get

B e —sc—1
e Xz] < 32Var(Xz')9(3)7 9(s) = 282

The Chernoff bound now gives

1 . 9 : 2 2
Z ) < . _ - . _
P - ZXZ > t] < exp (;gg[s (Z Var(X;))g(s) nst]) exp <n ;I;%[S og(s) st]> ,
1 (2
and optimizing this over s (a fun calculus exercise) gives exactly the desired result. O



3. NOISE CONDITIONS AND FAST RATES

To measure the effectiveness of the estimator &, we would like to obtain an upper bound
on the excess risk £(h) = R(h) — R(h*). Tt should be clear, however, that this must depend
significantly on the amount of noise that we allow. In particular, if n(X) is identically equal
to 1/2, then we should not expect to be able to say anything meaningful about & (ﬁ) in
general. Understanding this trade-off between noise and rates will be the main subject of

this chapter.

3.1 The Noiseless Case

A natural (albeit somewhat naive) case to examine is the completely noiseless case. Here,
we will have n(X) € {0,1} everywhere, Var(Y|X) = 0, and

E(h) = R(h) — R(h*) = E[]2n(X) — 1[L(A(X) # h*(X))] = P[A(X) # h*(X)].

Let us now denote B R
Zi = W(h(X:) # Vi) — W(h(X,) £ Y0),

and write Z; = Z; — IE[Z;]. Then notice that we have
1] = L(h(X;) # h(X)),

and
Var(Z) < E[Z2] = P[h(X;) # h(X,)].

For any classifier h; € H, we can similarly define Z;(h;) (by replacing h with h; through-
out). Then, to set up an application of Bernstein’s inequality, we can compute

%ZVar(Zi(hj)) < Pl (X:) # h(X;)] = o2,
=1

At this point, we will make a (fairly strong) assumption about our dictionary #, which
is that h* € H, which further implies that h = h*. Since the random variables Z; compare
to h, this will allow us to use them to bound & (ﬁ), which rather compares to h*. Now,
applying Bernstein (with ¢ = 2) to the {Z;(h;)}; for every j gives

1 <. = nt? 1)
P |- Zi(h;) >t| < —— | =,
n; il ]) = xp 203»—!— %t M

and a simple computation here shows that it is enough to take

o2log(M/§
29+(/),?jinlog(M/5) =:10(J)

t > max

for this to hold. From here, we may use the assumption h = h* to conclude that

~

P [5(/3) > to(j)} <6, h;=h
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However, we also know that 052, <¢& (ﬁ), which implies that

£(h) < max (\/ 26 (h) log(M/3) 4log(M/5))

n "3n
with probability 1 — 9, and solving for £ (ﬁ) gives the improved rate

g(;}) < QM‘
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 4
Scribe: CHENG MAO Sep. 21, 2015

In this lecture, we continue to discuss the effect of noise on the rate of the excess risk
E(h) = R(h) — R(h*) where h is the empirical risk minimizer. In the binary classification
model, noise roughly means how close the regression function 7 is from % In particular, if

n= % then we observe only noise, and if n € {0,1} we are in the noiseless case which has

been studied last time. Especially, we achieved the fast rate bgTM in the noiseless case by
assuming h* € H which implies that h = h*. This assumption was essential for the proof

and we will see why it is necessary again in the following section.

3.2 Noise conditions

The noiseless assumption is rather unrealistic, so it is natural to ask what the rate of excess
risk is when the noise is present but can be controlled. Instead of the condition n € {0, 1},
we can control the noise by assuming that 7 is uniformly bounded away from %, which is
the motivation of the following definition.

Definition (Massart’s noise condition): The noise in binary classification is said
to satisfy Massart’s condition with constant v € (0, %] if In(X) — %] > v almost surely.

Once uniform boundedness is assumed, the fast rate simply follows from last proof with
appropriate modification of constants.

Theorem: Let cE (ﬁ) denote the excess risk of the empirical risk minimizer h = he™.
If Massart’s noise condition is satisfied with constant ~y, then

log(M/9)

eh) < =0

with probability at least 1 — §. (In particular v = % gives exactly the noiseless case.)

Proof. Define Z;(h) = I(h(X;) #Y:) — T(h(X;) # Y;). By the assumption h = h* and the
definition of h = h®™,

E(h) = R(h) — R(h)
= Rulh) = BalR) + FoulF) — Rulh) — (R(E) — R(R) (31)
g% (Z:(h) — E(Z:(h). (3.2)
=1

Hence it suffices to bound the deviation of ), Z; from its expectation. To this end, we
hope to apply Bernstein’s inequality. Since

Var[Z;(h)] < E[Z;(h)?] = P[h(X;) # h(X))],

21



we have that for any 1 < j < M,

Bernstein’s inequality implies that

Ly nt? )
P ;(Zi(hj) ~ Bl > ] S o (- pamg) = 57

Applying a union bound over 1 < j < M and taking
207 log(M/d) 2log(M /)

t =to(j) := max ( - , ™

),
we get that
S (i) ~ ELZ(h) < toll) (33)
i=1

for all 1 < j < M with probability at least 1 — 4.
Suppose i = h;. It follows from (3.2) and (3.3) that with probability at least 1 — 4,

E(h) < to(j)-

(Note that so far the proof is exactly the same as the noiseless case.) Since |n(X) — | > v

a.s. and h = h*, i
£(h) = Blj2n(X) — 1L(h(X) # h* (X)) 2 24P [h;(X) # h(X)] = 2907,

Therefore,

£(h) < max ( E(h) log(M/é)’ 2log(M/5))’ (3.4)
yn 3n
so we conclude that with probability at least 1 — 6,
£(hy < 128M/9).
N
O

The assumption that h = h* was used twice in the proof. First it enables us to ignore
the approximation error and only study the stochastic error. More importantly, it makes
the excess risk appear on the right-hand side of (3.4) so that we can rearrange the excess
risk to get the fast rate.

Massart’s noise condition is still somewhat strong because it assumes uniform bounded-
ness of 1 from % Instead, we can allow 7 to be close to % but only with small probability,

and this is the content of next definition.
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Definition (Tsybakov’s noise condition or Mammen-Tsybakov noise condi-
tion): The noise in binary classification is said to satisfy Tsybakov’s condition if there
exists a € (0,1), Cp > 0 and ¢y € (0, 3] such that

1 o
Pln(X) - 2] < 1] < Cot s

for all t € [0, to].

In particular, as a — 1, tToa — 0, so this recovers Massart’s condition with v = ¢y and
we have the fast rate. As @ — 0, tToa — 1, so the condition is void and we have the slow
rate. In between, it is natural to expect fast rate (meaning faster than slow rate) whose
order depends on o. We will see that this is indeed the case.

Lemma: Under Tsybakov’s noise condition with constants a, Cy and ty, we have
PIh(X) # h*(X)] < CE(h)°

for any classifier A where C' = C(«, Cy, 1) is a constant.

Proof. We have
£(h) = E[|20(X) ~ 1T(A(X) # h*(X))]
> W20(X) ~ 11((X) - 3| > HUAX) # b (X))]
> 91IP((X) ~ 3| > £, A(X) £ 1 (X)]
> 2P[H(X) # 1 (X)] — 20P[}n(X) — 5| < 1
> 2%P[h(X) £ h*(X)] — 2Cot1-a

where Tsybakov’s condition was used in the last step. Take t = cIP[h(X) # h*(X )]FTQ for
some positive ¢ = ¢(a, Cp, tg) to be chosen later. We assume that ¢ < ¢y to guarantee that
t € [0,tp]. Since a € (0,1),

E(h) > 26P[h(X) £ h*(X)]V® — 2CpcT=a P[R(X) # h*(X)]Y/*
> cP[h(X) # h*(X)]V/®

by selecting ¢ sufficiently small depending on « and Cj. Therefore

Ph(X) 4 h*(X)] < —&(h)°

S
and choosing C' = C(a, Cy, tg) := ¢~ completes the proof. O

Having established the key lemma, we are ready to prove the promised fast rate under
Tsybakov’s noise condition.
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Theorem: If Tsybakov’s noise condition is satisfied with constant «, Cy and tg, then
there exists a constant C' = C'(«, C, tp) such that

log (/)

1
) 2—«
n

E(h) <O

with probability at least 1 — §.
This rate of excess risk parametrized by « is indeed an interpolation of the slow (o — 0)
and the fast rate (« — 1). Futhermore, note that the empirical risk minimizer hA does not

depend on the parameter « at alll It automatically adjusts to the noise level, which is a
very nice feature of the empirical risk minimizer.

Proof. The majority of last proof remains valid and we will explain the difference. After
establishing that

we note that the lemma gives

It follows that

£y < max \/ 208 (h)° log(M/0) 21og(M/3)

n 3n

and thus

M
2Clog7)ﬁ 2log(M/5)>'
n ’ 3n

E(h) < max ((

4. VAPNIK-CHERVONENKIS (VC) THEORY

The upper bounds proved so far are meaningful only for a finite dictionary H, because if
M = |H| is infinite all of the bounds we have will simply be infinity. To extend previous
results to the infinite case, we essentially need the condition that only a finite number of
elements in an infinite dictionary H really matter. This is the objective of the Vapnik-
Chervonenkis (VC) theory which was developed in 1971.

4.1 Empirical measure

Recall from previous proofs (see (3.1) for example) that the key quantity we need to control
is

2sup (Ry(h) — R(h)).
heH
Instead of the union bound which would not work in the infinite case, we seek some bound
that potentially depends on n and the complexity of the set H. One approach is to consider
some metric structure on H and hope that if two elements in H are close, then the quantity
evaluated at these two elements are also close. On the other hand, the VC theory is more
combinatorial and does not involve any metric space structure as we will see.
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By definition

n

> (W(h(X,) # Vi) — B[I(A(X;) # V7).

i=1

Let Z = (X,Y) and Z; = (X;,Y;), and let A denote the class of measurable sets in the
sample space X x {0,1}. For a classifier h, define A, € A by

{Zi € Ap} = {h(X;) # Yi}.

Moreover, define measures p, and yu on A by

1
n

pin(A) = %ZH: I(Zi€ A) and p(A) =IP[Z; € A]
i=1

for A € A. With this notation, the slow rate we proved is just

5 oy - B [log(2|A]/0)
;SLEQR”(]]) R(h)—AEEl lun(A) — p(A)] < oy

Since this is not accessible in the infinite case, we hope to use one of the concentration
inequalities to give an upper bound. Note that p,(A) is a sum of random variables that may
not be independent, so the only tool we can use now is the bounded difference inequality.

If we change the value of only one z; in the function

21y yZn > SUp |pn(A) — p(A4)],
AeA

the value of the function will differ by at most 1/n. Hence it satisfies the bounded difference
assumption with ¢; = 1/n for all 1 < ¢ < n. Applying the bounded difference inequality, we
get that

log(2/9)

sup [jin(4) = p(A)] = Elsup |un(4) — (]| < /22
AcA AcA n

with probability at least 1 — . Note that this already precludes any fast rate (faster than
n~1/ 2). To achieve fast rate, we need Talagrand inequality and localization techniques which
are beyond the scope of this section.

It follows that with probability at least 1 — ¢,

sup |pn(A) — p(A)] < E[sup |pn(A) — p(A)]] + log;ﬂ‘
AeA AeA n

We will now focus on bounding the first term on the right-hand side. To this end, we need
a technique called symmetrization, which is the subject of the next section.

4.2 Symmetrization and Rademacher complexity

Symmetrization is a frequently used technique in machine learning. Let D = {Z3,...,Z,}
be the sample set. To employ symmetrization, we take another independent copy of the
sample set D' = {Z],...,Z]}. This sample only exists for the proof, so it is sometimes
referred to as a ghost sample. Then we have

p(A) = P2 € A| =B (7 € A =Bl 3" W(Z € A)D] = By, (4)|]
i=1 1=1
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where i/, := 231" | I(Z] € A). Thus by Jensen’s inequality,
E[sup |1 (A) — u(A)l] = B[ sup |1 (A) — E[u,(4)|D]]]
AcA AeA
< B[ sup [ un(A) — pr,(A)] D]
AeA
< B[ sup |pn(A) — 1 (A)]
AeA

n

_ E[jua‘% S (1(Z € 4)— 1(Z € A))]].
€ i=1

Since D’ has the same distribution of D, by symmetry I(Z; € A) — I(Z] € A) has the same
distribution as o;(1(Z; € A) — 1(Z! € A)) where o1,...,0, are iid. Rad(3), ie.

and o;’s are taken to be independent of both samples. Therefore,

n

Efsup [1(4) ~ p(A)]) < B[ sup |~ > ai(1(z; € )~ 1(Z < )]

< 2IE[223 !% ZJJI(ZZ- € 4)|]. (4.5)

Using symmetrization we have bounded IE[sup 4¢ 4 |1tn(A) —p(A)|] by a much nicer quantity.
Yet we still need an upper bound of the last quantity that depends only on the structure
of A but not on the random sample {Z;}. This is achieved by taking the supremum over
all z; € X x {0,1} =: ).

Definition: The Rademacher complexity of a family of sets A in a space ) is defined
to be the quantity

1 n

Ru(A)= sup IE|sup|— oill(z € A)|].
A 21,2 €Y [AeA‘n ; ( |

The Rademacher complexity of a set B C IR" is defined to be

1 n
(B) [gg}g\n;U |

We conclude from (4.5) and the definition that

E[iléli [un(A) — p(A)[] < 2R (A).

In the definition of Rademacher complexity of a set, the quantity ‘% Sy aibi| measures
how well a vector b € B correlates with a random sign pattern {o;}. The more complex
B is, the better some vector in B can replicate a sign pattern. In particular, if B is the
full hypercube [—1,1]", then R, (B) = 1. However, if B C [—1,1]" contains only k-sparse
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vectors, then R, (B) = k/n. Hence R, (B) is indeed a measurement of the complexity of
the set B.
The set of vectors to our interest in the definition of Rademacher complexity of A is

T(z) :={(I(z € A),..., (2, € A))T, A c A}.

Thus the key quantity here is the cardinality of T'(z), i.e., the number of sign patterns these
vectors can replicate as A ranges over A. Although the cardinality of .A may be infinite,
the cardinality of T'(z) is bounded by 2".
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 5
Scribe: VIRA SEMENOVA and PHILIPPE RIGOLLET Sep. 23, 2015

In this lecture, we complete the analysis of the performance of the empirical risk mini-
mizer under a constraint on the VC dimension of the family of classifiers. To that end, we
will see how to control Rademacher complexities using shatter coefficients. Moreover, we
will see how the problem of controlling uniform deviations of the empirical measure pu,, from
the true measure p as done by Vapnik and Chervonenkis relates to our original classification
problem.

4.1 Shattering

Recall from the previous lecture that we are interested in sets of the form
T(z) :={(I(z1 € A),..., U(z, € A), A€ A}, z=(21,...,2n). (4.1)

In particular, the cardinality of T'(2), i.e., the number of binary patterns these vectors
can replicate as A ranges over A, will be of critical importance, as it will arise when
controlling the Rademacher complexity. Although the cardinality of A may be infinite, the
cardinality of T'(z) is always at most 2. When it is of the size 2", we say that A shatters
the set z1,...,2z,. Formally, we have the following definition.

Definition: A collection of sets A shatters the set of points {z1, 22, ..., 2, }

card{(I(z; € A),...,I(z, € A)),A e A} =2".

The sets of points {z1, 29, ..., 2, } that we are interested are realizations of the pairs 7, =
(X1,1),...,Z, = (X,,Y,) and may, in principle take any value over the sample space.
Therefore, we define the shatter coefficient to be the largest cardinality that we may obtain.

Definition: The shatter coefficients of a class of sets A is the sequence of numbers
{S4(n)}n>1, where for any n > 1,

Sa(n) = sup card{(LI(z; € A),...,1(z, € A)),A € A}

Z1y-e9%n

and the suprema are taken over the whole sample space.

By definition, the nth shatter coefficient S4(n) is equal to 2™ if there exists a set {z1, 22, ..., 2 }
that A shatters. The largest of such sets is precisely the Vapnik-Chervonenkis or VC di-
mension.

Definition: The Vapnik-Chervonenkis dimension, or VC-dimension of A is the largest
integer d such that S4(d) = 2%. We write VC(A) = d.
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If S4(n) = 2™ for all positive integers n, then VC(A) := oo

In words, A shatters some set of points of cardinality d but shatters no set of points of
cardinality d + 1. In particular, A also shatters no set of points of cardinality d’ > d so that
the VC dimension is well defined.

In the sequel, we will see that the VC dimension will play the role similar to of cardinality,
but on an exponential scale. For interesting classes A such that card(A) = oo, we also may
have VC(A) < oo. For example, assume that A is the class of half-lines, A = {(—o0,al,a €
IR} U {[a,0),a € R}, which is clearly infinite. Then, we can clearly shatter a set of size
2 but we for three points z1, zo, 23, € IR, if for example z1 < 29 < z3, we cannot create the
pattern (0,1,0) (see Figure 4.1). Indeed, half lines can can only create patterns with zeros
followed by ones or with ones followed by zeros but not an alternating pattern like (0, 1,0).

Goa f f f
= I I > 100 +
10 4 a = N 110 ———
41 | |
01

| —=
EI > 001 B .

U ;o ——
101 _H_i_‘_ 2

Figure 1: If A = {halflines}, then any set of size n = 2 is shattered because we can
create all 2" = 4 0/1 patterns (left); if n = 3 the pattern (0, 1,0) cannot be reconstructed:
Sa(3) = 7 < 23 (right). Therefore, VC(A) = 2.

-
-

——
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4.2 The VC inequality

We have now introduced all the ingredients necessary to state the main result of this section:
the VC inequality.

Theorem (VC inequality): For any family of sets A with VC dimension VC(A) = d,
it holds
2dlog(2en/d)

E sup |11 (4) — pu(4)] < 2
AcA n

Note that this result holds even if A is infinite as long as its VC dimension is finite. Moreover,
observe that log(|.A|) has been replaced by a term of order dlog (2en/d).
To prove the VC inequality, we proceed in three steps:
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1. Symmetrization, to bound the quantity of interest by the Rademacher complexity:

E[jléli [ (A) = p(A)[] < 2R (A).

We have already done this step in the previous lecture.

2. Control of the Rademacher complexity using shatter coefficients. We are going to
show that

2log (25.4(n))

n

Rn(A) <

3. We are going to need the Sauer-Shelah lemma to bound the shatter coefficients by

the VC dimension. It will yield
en

Sa(n) < (?)d, d=VC(A).

Put together, these three steps yield the VC inequality.

STEP 2: CONTROL OF THE RADEMACHER COMPLEXITY
We prove the following Lemma.

Lemma: For any B C IR", such that |B| < oo :, it holds

2log(2|B
Rn(B) = E[rlgleaé(bZalb ] < max\bbw

where | - | denotes the Euclidean norm.

Proof. Note that
1
Rn(B) = EE[%leaE)%{ ‘ZbH ,

where Z, = > | 0;b;. In particular, since —|b;| < o;]b;| < |bi], a.s., Hoeffding’s lemma
implies that the moment generating function of Zj is controlled by

E[ exp(sZy)] HIE [exp(soib;) Hexp (5267 /2) = exp(s?|b|3/2) (4.2)
i=1 i=1

Next, to control IE[maXbe B ‘Zbﬂ, we use the same technique as in Lecture 3, section 1.5.
To that end, define B = B U {—B} and observe that for any s > 0,

1 1
E {max ]Zb]] =E {ma_x Zb} = —log exp (sIE [ma_x Zgi) < -loglE {exp (s max Zb>] )
beB beB S beB S beB

where the last inequality follows from Jensen’s inequality. Now we bound the max by a
sum to get

log |B| | s|bl3
E 7 -1 E 7
[rgleax| b@ ogZ [exp(sZp)] < . + == o,
beB
where in the last inequality, we used (4.2). Optimizing over s > 0 yields the desired
result. O
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We apply this result to our problem by observing that

Ru(A) = sup Rn(T(2))

215920

where T'(z) is defined in (4.1). In particular, since T'(z) C {0,1}, we have |[bls < /n
for all b € T'(z). Moreover, by definition of the shatter coefficients, if B = T'(z), then
|B| < 2|T(2)] < 284(n). Together with the above lemma, it yields the desired inequality:

210g(25.4(n)

Rn(A)

STEP 3: SAUER-SHELAH LEMMA

We need to use a lemma from combinatorics to relate the shatter coefficients to the VC
dimension. A priori, it is not clear from its definition that the VC dimension may be at
all useful to get better bounds. Recall that steps 1 and 2 put together yield the following
bound

E[sup |un(A) — p(A)]] <2 2log(25.4(n))

sup - (4.3)

In particular, if S4(n) is exponential in n, the bound (4.3) is not informative, i.e., it does
not imply that the uniform deviations go to zero as the sample size n goes to infinity. The
VC inequality suggest that this is not the case as soon as VC(A) < oo but it is not clear a
priori. Indeed, it may be the case that S4(n) = 2" for n < d and S4(n) =2" —1 for n > d,
which would imply that VC(A) = d < oo but that the right-hand side in (4.3) is larger than
2 for all n. It turns our that this can never be the case: if the VC dimension is finite, then
the shatter coefficients are at most polynomial in n. This result is captured by the Sauer-
Shelah lemma, whose proof is omitted. The reading section of the course contains pointers
to various proofs, specifically the one based on shifting which is an important technique in
enumerative combinatorics.

Lemma (Sauer-Shelah): If VC(A) = d, then Vn > 1,
4 in en\d
< <!l—) .

SA(”)—Z<k> <(7)

Together with (4.3), it clearly yields the VC inequality. By applying the bounded difference
inequality, we also obtain the following VC inequality that holds with high probability. This
is often the preferred from for this inequality in the literature.

Corollary (VC inequality): For any family of sets A such that VC(A) = d and any
0 € (0,1), it holds with probability at least 1 — ¢,

2dlog(2en/d) N \/10g(2/5)

n 2n

sup [1n(A) — p(A)| < 2\/
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Note that the logarithmic term log(2en/d) is actually superfluous and can be replaced
by a numerical constant using a more careful bounding technique. This is beyond the scope
of this class and the interested reader should take a look at the recommending readings.

4.3 Application to ERM

The VC inequality provides an upper bound for sup 4¢ 4 |itn(A) — (A)| in terms of the VC
dimension of the class of sets A. This result translates directly to our quantity of interest:

\/2VC(A) log (&) L [loa2/9)

n 2n

sup |Ry(h) — R(h)| < 2

(4.4)

where A = {4, : h € H} and A, = {(z,y) € X x {0,1} : h(x) # y}. Unfortunately, the
VC dimension of this class of subsets of X x {0,1} is not very natural. Since, a classifier h
is a {0, 1} valued function, it is more natural to consider the VC dimension of the family

A={{h=1}: heH}.

Definition: Let H be a collection of classifiers and define
A={{h=1} : he H} ={A:Fhe H,h()=1(- € A)}.

We define the VC dimension VC(#H) of H to be the VC dimension of A.

It is not clear how VC(A) relates to the quantity VC(A), where A = {A; : h € H} and
Ap =A{(z,y) € X x{0,1} : h(z) # y} that appears in the VC inequality. Fortunately, these
two are actually equal as indicated in the following lemma.

Lemma: Define the two families for sets: A = {4, : h € H} € 28{01} where
Ap ={(z,y) € X x{0,1} : h(z) #y} and A= {{h =1} : he H} €2V,

Then, S 1(n) = Sz(n) for all n > 1. It implies VC(A) = VC(A).

Proof. Fix x = (z1,...,x,) € X™ and y = (y1,92, ..., yn) € {0,1}" and define

T($7y) = {(H(h($1) #* y1)7 cee ]I(h(xn) a yn))v h € H}

and

T(x) = {(H(h(xl) = 1)7 ) I[(h(xn) = 1))7h € H}

To that end, fix v € {0,1} and recall the XOR (exclusive OR) boolean function from {0, 1}
to {0,1} defined by u ® v = T(u # v). It is clearly a bijection since (u @ v) ® v = u.

!One way to see that is to introduce the “spinned” variables @ = 2u — 1 and ¥ = 2v — 1 that live in
{-1,1}. Then u @ v = @ -0, and the claim follows by observing that (%-?) -9 = 4. Another way is to simply
write a truth table.
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When applying XOR componentwise, we have

L(h(x1) # y1) I(h(z1) =1) Y1
Wh(e) £w) | =| Qo) =1 |o]| u
() # yn) () = 1) o

Since XOR is a bijection, we must have card[T(z,y)] = card[T(z)]. The lemma follows
by taking the supremum on each side of the equality. O

It yields the following corollary to the VC inequality.

Corollary: Let H be a family of classifiers with VC dimension d. Then the empirical
risk classifier h®™ over H satisfies

2dlog(2en/d) N \/log(2/6)

n 2n

R(h®™) < min R(h 4\/
( )—2%173 (h) +

with probability 1 — 4.

Proof. Recall from Lecture 3 that

he™) — min R(h) < 2 Rn(h) — R(h
R(h*™) — min R(h) < EEE‘R() R(h)|

The proof follows directly by applying (4.4) and the above lemma. O
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 6
Scribe: ALI MAKHDOUMI Sep. 28, 2015

5. LEARNING WITH A GENERAL LOSS FUNCTION

In the previous lectures we have focused on binary losses for the classification problem and
developed VC theory for it. In particular, the risk for a classification function h : X — {0, 1}
and binary loss function the risk was

R(h) = P(h(X) #Y) = E[I(h(X) # )]

In this lecture we will consider a general loss function and a general regression model where
Y is not necessarily a binary variable. For the binary classification problem, we then used
the followings:

e Hoeffding’s inequality: it requires boundedness of the loss functions.
e Bounded difference inequality: again it requires boundedness of the loss functions.
e VC theory: it requires binary nature of the loss function.

Limitations of the VC theory:

e Hard to find the optimal classification: the empirical risk minimization optimization,
i.e.,

R
min ;]I(h(Xi) #Y;)

is a difficult optimization. Even though it is a hard optimization, there are some
algorithms that try to optimize this function such as Perceptron and Adaboost.

e This is not suited for regression. We indeed know that classification problem is a
subset of Regression problem as in regression the goal is to find IE[Y|X] for a general
Y (not necessarily binary).

In this section, we assume that Y € [—1,1] (this is not a limiting assumption as all the
results can be derived for any bounded Y') and we have a regression problem where (X,Y) €
X x [—1,1]. Most of the results that we preset here are the analogous to the results we had
in binary classification. This would be a good place to review those materials and we will
refer to the techniques we have used in classification when needed.

5.1 Empirical Risk Minimization

5.1.1 Notations

Loss function: In binary classification the loss function was I(h(X) # Y). Here, we
replace this loss function by 4(Y, f(X)) which we assume is symmetric, where f € F,
f: X — [—1,1] is the regression functions. Examples of loss function include
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e /(a,b) = T(a # b) ( this is the classification loss function).
o ((a,b) =]a—b|.

e {(a,b) = (a —b)%

e /(a,b) =]a—"bP,p>1.

We further assume that 0 < ¢(a,b) < 1.
Risk: risk is the expectation of the loss function, i.e.,

R(f) = Exy[((Y, f(X))],

where the joint distribution is typically unknown and it must be learned from data.
Data: we observe a sequence (X1,Y7),...,(X,,Y,) of n independent draws from a joint
distribution Pxy, where (X,Y) € X x [-1,1]. We denote the data points by D, =

{(Xla Yi)) ceey (XTH Yn)}
Empirical Risk: the empirical risk is defined as

Rallf) = U0V, T (X0),
i=1

and the empirical risk minimizer denoted by form (or f) is defined as the minimizer of
empirical risk, i.e.,

argmin R, (f).
fer

In order to control the risk of f we shall compare its performance with the following oracle:

f € argmin R(f).
fer

Note that this is an oracle as in order to find it one need to have access to Pxy and then
optimize R(f) (we only observe the data D). Since f is the minimizer of the empirical
risk minimizer, we have that R, (f) < R,(f), which leads to

R(f) < R(f) = Ru(f) + Ra(f) — Ru(f) + Ru(F) — R() + R(f)
< R(f) + R(f) = Ru(f) + Ru(f) = R(f) < R(f) +2 sup |Rn(f) — R(f)|-

Therefore, the quantity of interest that we need to bound is

sup [R,(f) = R(f)|-
feF

Moreover, from the boundefi difference inequality, we know that since the loss function #(-,
is bounded by 1, supser |R,(f) — R(f)| has the bounded difference property with ¢; =
for i =1,...,n, and the bounded difference inequality establishes

>t <exp iﬂ = exp (—2nt2)
- — Z c2 9

)

)
i

sup [ Ry (f) = R(f) |
fer

P [sup [Ru(f) = R(f) | — E
fer

which in turn yields

log (1/delta)

sup | ()~ R(J)| o

ferF

sup |R,,(f) — R(f)| < E
feF

, w.p. 1 —=0.

As a result we only need to bound the expectation IE[sup;cr |R,.(f) — R(f)]].
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5.1.2 Symmetrization and Rademacher Complexity

Similar to the binary loss case we first use symmetrization technique and then intro-
duce Rademacher random variables. Let D, = {(X1,Y7),...(X,,Yn)} be the sample set
and define an independent sample (ghost sample) with the same distribution denoted by
D], = {(X1,Y]),... (X}, Y))}( for each i, (X/,Y/) is independent from D,, with the same
distribution as of (Xi,Y;)). Also, let 0; € {—1,+1} be i.i.d. Rad(3) random variables
independent of D,, and D],. We have

[sup |— ZE Yi, f(X3)) — E[(Y;, f(X3))] |]

fer nz 1
—IE[sup\—ZB Y, f(X Zﬁ ]
[sup [IE [ Z€ Y, f(Xi)) — EZE(}/;/7f(XZ())’Dn] ’]
i=1
D

fer N i—1
fer
a

<IE [supIE [ Zf Yi, f(Xi)) — %ZE(YZ/JC(X{))‘ ’
i=1

fer

[sup|—Z€ Y, f(X _EZE(Y/ f(XD))
i=1

f]:nzl

—
=

| /\

—~

OFD [sup |l Z oi (0(Y3, f(Xy)) — (Y], f(X]))) |]

n

(<) 2IE [sup \—ZUZ (Y;, f(X ))’]

n
fer i=1

Dn |feF M

<2suplE [sup !—Zdz yzaf(xl))‘] :

where (a) follows from Jensen’s inequality with convex function f(x) = |z|, (b) follows from
the fact that (X;,Y;) and (X/,Y/) has the same distributions, and (c) follows from triangle
inequality.

Rademacher complexity: of a class F of functions for a given loss function ¢(-,-) and
samples D,, is defined as

Dn, fer i

Rn(loF)=suplE [sup |— Zal yl,f(:nl))|] .
Therefore, we have
I |sup | 37 A%, F(X) — BV, f(Xi))H] < 2Ry (0 )
and we only require to bour_ld the Rademacher complexity.

5.1.3 Finite Class of functions

Suppose that the class of functions F is finite. We have the following bound.
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Theorem: Assume that F is finite and that ¢ takes values in [0, 1]. We have

2log(2
Ruto F) < 1) 2108CIFD,

n

Proof. From the previous lecture, for B C R", we have that

1< V/2log(2|B
R.(B)=E [max |— Z aibi|] < max |b|2M.
beB 'n =1 beB n

Here, we have

£y, f(z1))
B = : ,feF

E(yn, f(n))

Since ¢ takes values in [0, 1], this implies B C {b : |b]s < v/n}. Plugging this bound in the
previous inequality completes the proof. O

5.2 The General Case

Recall that for the classification problem, we had F C {0,1}*. We have seen that the
cardinality of the set {(f(z1),...,f(zn)), f € F} plays an important role in bounding the
risk of ferm (this is not exactly what we used but the XOR argument of the previous lecture
allows us to show that the cardinality of this set is the same as the cardinality of the set
that interests us). In this lecture, this set might be uncountable. Therefore, we need to
introduce a metric on this set so that we can treat the close points in the same manner. To
this end we will define covering numbers (which basically plays the role of VC dimension
in the classification).

5.2.1 Covering Numbers

Definition: Given a set of functions F and a pseudo metric d on F ((F,d) is a metric
space) and € > 0. An e-net of (F,d) is a set V such that for any f € F, there exists
g € V such that d(f,g) < e. Moreover, the covering numbers of (F,d) are defined by

N(F,d,e) =inf{|V]| : V is an e-net}.

For instance, for the F shown in the Figure 5.2.1 the set of points {1,2,3,4,5,6} is a
covering. However, the covering number is 5 as point 6 can be removed from V and the
resulting points are still a covering.

Definition: Given = = (z1,...,x,), the conditional Rademacher average of a class of

37



functions F is defined as

RZ =E [sup |lZJZf(xZ)|] .

fer N 4

Note that in what follows we consider a general class of functions F. However, for
applying the results in order to bound empirical risk minimization, we take x; to be (x;,y;)
and F to be £ o F. We define the empirical [; distance as

A (f.9) = = D17 ) — gl
=1

Theorem: If 0 < f <1 for all f € F, then for any x = (z1,...,x,), we have

(2N (F,di,¢))

}.

) 21
Re(F) < inf {e+ \/ o8
>0

Proof. Fix x = (x1,...,2,) and € > 0. Let V be a minimal e-net of (F,d]). Thus,
by definition we have that |V| = N(F,d],e). For any f € F, define f© € V such that
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di(f, f°) <e. We have that

RI(F) =B [sup H chf(acm]

n
fer Mo

sup [~ S oi(f(ws) — £(w0)|

1 n
<IE +IE [sup|= ) oif°(z
pudep s fe}"’n; ( )!]
1 n
<e+IE — if (2
<e+t f;lea‘gilngaf(m)!]
2log(2|V])
n
:E+\/2log(2N(}“,d5f,€))'
n

Since the previous bound holds for any e, we can take the infimum over all € > 0 to obtain

2log(2N (F,df,€))
n

b

71( ) —€>0{ \/
D

The previous bound clearly establishes a trade-off because as ¢ decreases N(F,d7,¢) in-
creases.

5.2.2 Computing Covering Numbers

As a warm-up, we will compute the covering number of the ¢5 ball of radius 1 in R? denoted
by Bs. We will show that the covering is at most (%)d. There are several techniques to
prove this result: one is based on a probabilistic method argument and one is based on
greedily finding an e-net. We will describe the later approach here. We select points in V
one after another so that at step k, we have uy € Bg \ U;?:lB(uj, ). We will continue this
procedure until we run out of points. Let it be step N. This means that V' = {uy,...,un}
is an e-net. We claim that the balls B(u;, 5) and B(uj, 5) for any i,j € {1,...,N} are
disjoint. The reason is that if v € B(u;, 5) N B(uj, §), then we would have

e €

lui = ujllz < i = vlla +[lo —ujll2 < 5 + 5 =

[\)
[\)

which contradicts the way we have chosen the points. On the other hand, we have that
Ué-vle(uj, 5) € (14 5)B2. Comparing the volume of these two sets leads to

VI(5)ol(By) < (14 5)vol(By).

where vol(B3) denotes the volume of the unit Euclidean ball in d dimensions. It yields,

+

vy<l

()
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For any p > 1, define

S

d?(f,g) = <%Z | f(xi) —g(ﬂfz’)\p> )

i=1
and for p = oo, define
&%.(f, 9) = max | (:) — gl

Using the previous theorem, in order to bound ﬁﬁ we need to bound the covering number
with df norm. We claim that it is sufficient to bound the covering number for the infinity-

norm. In order to show this, we will compare the covering number of the norms dj(f, g) =
1

(L5 | f(2) — g(x;)|P) for p > 1 and conclude that a bound on N(F,d%,,¢) implies a

bound on N (F,dy,¢) for any p > 1.

Proposition: For any 1 < p < ¢ and £ > 0, we have that

N(F,d®,e) < N(F,d?,e).

s Yps » Yg»

Proof. First note that if ¢ = oo, then the inequality evidently holds. Because, we have
1 & 1
G 2 llt)r < gl
1=

which leads to B(f,d%,,e) C B(f,dy,¢) and N(f,dw,e) > N(f,dp,e). Now suppose that
1 <p < q < oo. Using Holder’s inequality with r = % > 1 we obtain

1 n % 1 n (1_%)% n p% 1 n %
(15er) ot (1) (L) = (ES0er)
i=1 1=1 i=1 i=1

This inequality yeilds
B(f,dg.e) ={g : dg(f.9) < e} € B(f,dy,e),
which leads to N(f,dg,€) > N(f,dp,¢). O

Using this propositions we only need to bound N (F,d% ,¢).

Let the function class be F = {f(z) = (f,x), f € B,z € B}, where % + % = 1. This
leads to |f] < 1.
Claim: N(F,d%,¢) < (%)%

This leads to

2dlog(4/¢)

(7 < |
Ry(F) < gg{ﬁ }

Taking ¢ = O( dl(;lg"), we obtain

Ri(F) < O(
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 7
Scribe: ZACH 1zz0 Sep. 30, 2015

In this lecture, we continue our discussion of covering numbers and compute upper
bounds for specific conditional Rademacher averages R%(F). We then discuss chaining and
conclude by applying it to learning.

Recall the following definitions. We define the risk function

R(f) =ElX, f(X))], (X,)Y)edx x[-1,1],

for some loss function £(-,-). The conditiona Rademacher average that we need to control

is
Zaz Vi, | 551 ] .

Furthermore, we defined the conditional Rademacher average for a point = = (x1,...,2y)

to be
Zng T; ] .

Lastly, we define the e-covering number N (F,d, z-:) to be the minimum number of balls (with
respect to the metric d) of radius € needed to cover F. We proved the following theorem:

sup
fer

R(llo F)= sup
(xl’yl)v“'v(xn:yn)

RE(F) = E [sup

feF|Mn

Theorem: Assume |f| <1 for all f € F. Then

R2(F) < mf{ \/2log(2N(f, dff,e))}7

e>0 n

where df is given by

dw f, Z|f xz - $Z ’

We make use of this theorem in the following example. Define Bg ={zeR?: |z[, <1}.
Then take f(z) = (a,z), set F = {{a,-) : a € BL}, and X = B{. By Holder’s inequality,
we have

[f(2)] < lalool2lr <1,

so the theorem above holds. We need to compute the covering number N(F,d7,c). Note
that for all a € B4, there exists v = (v1,...,v,) such that v; = g(z;) and

1 n
= [a,zi) —vi| <e
nz’:l

for some function g. For this case, we will take g(z) = (b, x), so v; = (b, z;). Now, note the
following. Given this definition of g, we have

& (f,9) Z|a:1:1 (b,x;)| = Z| —b,zi)| < |a—blos
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by Hoélder’s inequality and the fact that |z|; = 1. So if |[a —b|x < €, we can take v; = (b, z;).
We just need to find a set of {b1,...,byr} C IR? such that, for any a there exists b; such
that |a — bjlc < 00. We can do this by dividing B into cubes with side length & and
taking the b;’s to be the set of vertices of these cubes. Then any a € Bgo must land in one
of these cubes, 50 |a — bj|o < € as desired. There are ¢/ of such b;’s for some constant
c¢ > 0. Thus

N (B, d¥,e) < /e

We now plug this value into the theorem to obtain

RE(F) < inf {e—l— ng(c/gd)}.

e>0 n

Optimizing over all choices of ¢ gives

e dlngl(n) N RE(F) < c /dloqu(n).

Note that in this final inequality, the conditional empirical risk no longer depends on
x, since we “sup’d” x out of the bound during our computations. In general, one should
ignore x unless it has properties which will guarantee a bound which is better than the sup.
Another important thing to note is that we are only considering one granularity of F in our
final result, namely the one associated to €*. It is for this reason that we pick up an extra
log factor in our risk bound. In order to remove this term, we will need to use a technique
called chaining.

5.4 Chaining

We have the following theorem.

Theorem: Assume that |f| <1 for all f € F. Then

RE < inf 14 —|—12/1\/10 (N(F,dz,t))dt
n_;go £ \/ﬁs g y Y2 .

(Note that the integrand decays with t.)

Proof. Fix = (z1,...,%,), and for all j = 1,..., N, let V; be a minimal 277/-net of F
under the dj metric. (The number N will be determined later.) For a fixed f € F, this
process will give us a “chain” of points f which converges to f: d3(f7, f) < 277,

Define F' = {(f(x1),..., f(zn))", f € F} C [~1,1]". Note that

. 1
Ru(F) = ;Eiggw, f)

where ¢ = (o1, ...,0y). Observe that for all N, we can rewrite (o, f) as a telescoping sum:

<07f>:<O-af_f](<l>+<O-vf](i/_flif—1>+"'+<0-7ff_f8>
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where f§ := 0. Thus

RE(F) < 1Esup|<af fN|+Z E;up|< > — £
j=1

We can control the two terms in this inequality separately. Note first that by the Cauchy-
Schwarz inequality,
a3 (f, )

1
—Esup (o, f — fX)| <o
JEsu (0,1 = )1 < lo ™2

Since |o|2 = /n and d(f, f3) < 27, we have

flEsupK Sl
feF

Now we turn our attention to the second term in the inequality, that is

N
1
S:E —IEsup |{(c, f{ — 7 )]
j:1n fGFK J J 1>|

Note that since f7 € V; and f7_; € Vj_1, there are at most |Vj||V;_1| possible differences
f3 = fj—1. Since V1| < [V;1/2, |[V}||Vjma| < |V;1?/2 and we find ourselves in the finite
dictionary case. We employ a risk bound from earlier in the course to obtain the inequality

2log(2| B
Ro(B) < max bl Y2108 CIB)
beB n

In the present case, B = {fjo —fio1.f € F} so that |B| <|V;|?/2. Tt yields

2log 2V, Nog |V
R (B) ST.#:QT.ﬂ

n n

where r = supscp | f; — f7_1]2. Next, observe that

f5 = fioale = V- d5(fF, f520) < Vn(d5(f5, f) +d5(f, f5-1)) <3-279V/n.

by the triangle inequality and the fact that d( 7o f ) < 277, Substituting this back into our
bound for R, (B), we have

Rn(B) <6277

log|Vill _ ¢ o \/loguv(f, d3,277))
n n

since V; was chosen to be a minimal 277/-net.
The proof is almost complete. Note that 277 = 2(277 — 27771) 50 that

N
IZQ I\ log(N(F, 5, 2-7) TZ —27971), log(N(F, dg, 27))

Next, by comparing sums and integrals (Figure 1), we see that

Jj—1 iy
Z —2757), flog(N (F. g, 27) /2

7j=1

1/2

VIos(N(F.d5. 1))t

(N+1)



\/ sqrt(log[N(F, d;: t)l)

2-[n+1:| z-n 1,1"2 1

Figure 1: A comparison of the sum and integral in question.

So we choose N such that 2= (V+2) < ¢ < 2-(N+1D and by combining our bounds we obtain

1
VIog(N(F. 5, 1))dt < de + / VIog(N, F, )dt
€

R 192 1/2
RE(F 32—N+/
%) NWE

—(N+1)

since the integrand is non-negative. (Note: this integral is known as the “Dudley Entropy
Integral.”) O

Returning to our earlier example, since N (F,d%,¢) < ¢/e¢, we have

5 12 1
Ry (F) < ;I>1f(; {4E+ \/ﬁ/s \/log((c'/t) )dt} .
Since f01 V/log(c/t)dt = ¢ is finite, we then have

RE(F) < 12e\/d/n.

Using chaining, we’ve been able to remove the log factor!

5.5 Back to Learning
We want to bound

iZUiE(yhf(xi))

Rn(loF)= sup E [sup
xnyyn) =1

(xlvyl)a"'v( fE]-'

] |

We consider RZ(® o F) = IE [sup e 7 |15 0i® o f(x;)|] for some L-Lipschitz function
®, that is |®(a) — ®(b)| < L|a — b| for all a,b € [—1,1]. We have the following lemma.
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Theorem: (Contraction Inequality) Let ® be L-Lipschitz and such that ®(0) = 0,
then R R
Ry(®oF) <2L- Ry (F).

The proof is omitted and the interested reader should take a look at [LT91, Kolll] for
example.

As a final remark, note that requiring the loss function to be Lipschitz prohibits the use
of R-valued loss functions, for example £(Y,-) = (Y — )2
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 8
Scribe: QUAN LI Oct. 5, 2015
Part 11

Convexity

1. CONVEX RELAXATION OF THE EMPIRICAL RISK MINIMIZATION

In the previous lectures, we have proved upper bounds on the excess risk R(ﬁorm) — R(h*)
of the Empirical Risk Minimizer

n

“ 1
A = argmin — 1(Y; # h(X3)). 1.1
smin 300 £ H(CX) (11)

However due to the nonconvexity of the objective function, the optimization problem
(1.1) in general can not be solved efficiently. For some choices of H and the classification
error function (e.g. 1(+)), the optimization problem can be NP-hard. However, the problem
we deal with has some special features:

dlogn
n

1. Since the upper bound we obtained on the excess risk is O( ), we only need to

dlogn)

approximate the optimization problem with error up to O( -

2. The optimization problem corresponds to the average case problem where the data
(X1, Y;) "~ Py y.

3. H can be chosen to be some 'natural’ classifiers, e.g. H = {half spaces}.

These special features might help us bypass the computational issue. Computational
issue in machine learning have been studied for quite some time (see, e.g. [Kea90]), especially
in the context of PAC learning. However, many of these problems are somewhat abstract
and do not shed much light on the practical performance of machine learning algorithms.

To avoid the computational problem, the basic idea is to minimize a convex upper bound
of the classification error function 1I(-) in (1.1). For the purpose of computation, we shall
also require that the function class H be a convex set. Hence the resulting minimization
becomes a convex optimization problem which can be solved efficiently.

1.1 Convexity

Definition: A set C is convex if for all z,y € C and A € [0,1], Ae + (1 = Ny € C.
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Definition: A function f: D — IR on a convex domain D is convex if it satisfies

FOz+ 1 =Ny) <Af(@)+ (1 =Nf(y), Ve,yeD, and A €[0,1].

1.2 Convex relaxation
The convex relaxation takes three steps.
Step 1: Spinning.
Using a mapping Y — 2Y — 1, the i.i.d. data (X1,Y7), (X2, Y2),...,(X,,Y,) is transformed

to lie in X x {—1,1}. These new labels are called spinned labels. Correspondingly, the task
becomes to find a classifier h : X — {—1,1}. By the relation

MX)#Y < —h(X)Y >0,

we can rewrite the objective function in (1.1) by
1 1
- Z I(h(X;) #Y;) = - Z 1(—h(X;)Y:) (1.2)
i=1 =1

where p1(z) = I(z > 0).

Step 2: Soft classifiers.
The set H of classifiers in (1.1) contains only functions taking values in {—1,1}. As a result,
it is non convex if it contains at least two distinct classifiers. Soft classifiers provide a way
to remedy this nuisance.

Definition: A soft classifier is any measurable function f : X — [—1,1]. The hard
classifier (or simply “classifier”) associated to a soft classifier f is given by h = sign(f).

Let F C RY be a convex set soft classifiers. Several popular choices for F are:

e Linear functions:

F:={{a,x):a € A}.

for some convex set A € IR?. The associated hard classifier h = sign(f) splits IR? into
two half spaces.

e Majority votes: given weak classifiers hq,..., hyy,
M M
F = {Z/\]hj(:E) : )\j > 0,2/\]' = 1}.
j=1 j=1

o Let j, 7 =1,2,... a family of functions, e.g., Fourier basis or Wavelet basis. Define
Fi={)_0jp;(x): (61,6s,...) € O},
j=1

where © is some convex set.
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Step 3: Convex surrogate.
Given a convex set F of soft classifiers, using the rewriting in (1.2), we need to solve that
minimizes the empirical classification error

min — > er(—f(X)Y)),

feFn 4
i=1

However, while we are now working with a convex constraint, our objective is still not
convex: we need a surrogate for the classification error.

Definition: A function ¢ : R +— IRy is called a convex surrogate if it is a convex
non-decreasing function such that ¢(0) =1 and ¢(z) > ¢g(z) for all z € R.
The following is a list of convex surrogates of loss functions.
e Hinge loss: ¢(z) = max(1 + z,0).
e Exponential loss: ¢(z) = exp(z).
e Logistic loss: ¢(z) = logy(1 4 exp(2)).

To bypass the nonconvexity of ¢g(-), we may use a convex surrogate ¢(-) in place of
¢1(+) and consider the minimizing the empirical ¢-risk R, , defined by

. 1 —
Ry o(f) = - Z p(=Yif(Xi))
i=1
It is the empirical counterpart of the yp-risk R, defined by

Ry(f) = Elp(=Y f(X))].

1.3 -risk minimization

In this section, we will derive the relation between the ¢-risk R, (f) of a soft classifier f and
the classification error R(h) = IP(h(X) # Y) of its associated hard classifier h = sign(f)
Let

[ = argmin E[p(=Y f(X))]
fERX

where the infimum is taken over all measurable functions f : X — IR.

To verify that minimizing the ¢ serves our purpose, we will first show that if the convex
surrogate ¢(-) is differentiable, then sign(f5(X)) > 0 is equivalent to n(X) > 1/2 where
n(X) =P =1] X). Conditional on {X = x}, we have

Elp(=Y f(X)) | X = 2] = n(z)p(—f(2)) + (1 — n(z))e(f(z)).
Let
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so that

folz) = arfer%in Hy(a), and Ry = flg]li%%( Ry(f) = ggﬁ Hy@y(a) .

Since () is differentiable, setting the derivative of H, () to zero gives f(z) = &, where

(@) = —n(2)¢'(=a) + (1 = n(x))¢'(a) =0,

which gives
nx) ¥
=@ P-a)
Since (+) is a convex function, its derivative ¢'(+) is non-decreasing. Then from the equation
above, we have the following equivalence relation

1 ) .
n(z) > 5 ©a > 0 & sign(f(z)) > 0. (1.4)
Since the equivalence relation holds for all z € X,

n(X) > % = sign(f;(X)) > 0.

The following lemma shows that if the excess p-risk R, (f) — R, of a soft classifier f is
small, then the excess-risk of its associated hard classifier sign(f) is also small.

Lemma (Zhang’s Lemma [Zha04]): Let ¢ : R — IR} be a convex non-decreasing
function such that ¢(0) = 1. Define for any n € [0, 1],

() = inf Ha)

If there exists ¢ > 0 and v € [0,1] such that

-5l <ell—rm), Vnelo1], (15)

then
R(sign(f)) — R* < 2¢(Ry(f) — Ry,)”

Proof. Note first that 7(n) < H,(0) = ¢(0) = 1 so that condition (2.5) is well defined.
Next, let h* = argmin,c(_ 13x P[R(X) # Y] = sign(n—1/2) denote the Bayes classifier,
where n = P[Y = 1|X = z], . Then it is easy to verify that

R(sign(f)) — R* = E[|2n(X) — 1[T(sign(f (X)) # h*(X))]
= E[[2n(X) — 1[T(f(X)(n(X) —1/2) <0)]
< 2cE[((1 = 7(n(X)NA(f(X)(n(X) —1/2) <0))7]
< 2¢(B[(1 - 7(n(X))A(f(X)(n(X) - 1/2) <O)])7,

where the last inequality above follows from Jensen’s inequality.
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We are going to show that for any z € X', it holds

(1 =7)A(f(x)(n(x) —1/2) < 0)] < Elp(=Y f(z)) | X = z] - R. (1.6)

This will clearly imply the result by integrating with respect to x.
Recall first that

Elp(-Y f(z)) | X = 2] = Hy)(f(z))  and  Rj =minH,(e) = 7(n(z)).

so that (2.6) is equivalent to

(1 =7)U(f (=) (n(x) - 1/2) <0)] < Hy@)(a) = 7(n(x))

Since the right-hand side above is nonnegative, the case where f(z)(n(x)—1/2) > 0 follows
trivially. If f(z)(n(z) —1/2) <0, (2.6) follows if we prove that H,,)(a) > 1. The convexity

of ¢(-) gives

Hy (@) = n(z)e(—f(x)) + (1 —n(z))e(f(z))
(=n(x)f(z) + (1 —n(z))f(x))
(1 =2n(z)) f(x))

0) =1,

where the last inequality follows from the fact that ¢ is non decreasing and f(z)(n(x) —
1/2) < 0. This completes the proof of (2.6) and thus of the Lemma. O

IT is not hard to check the following values for the quantities 7(7), ¢ and « for the three
losses introduced above:

e Hinge loss: 7(n) =1— |1 —2n| with c=1/2 and v = 1.
e Exponential loss: 7(1) = 24/n(1 —7n) with ¢ = 1/v/2 and v = 1/2.
e Logistic loss: 7(n) = —nlogn — (1 —n)log(1 —n) with ¢ = 1/v/2 and v = 1/2.
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 9
Scribe: XUHONG ZHANG Oct. 7, 2015

Recall that last lecture we talked about convex relaxation of the original problem

. 1 &
h = argmin — I(h(X;) #Y;
i 3T # Y9

by considering soft classifiers (i.e. whose output is in [—1,1] rather than in {0,1}) and
convex surrogates of the loss function (e.g. hinge loss, exponential loss, logistic loss):

o 1
f = argmin R, ,(f) = argmin — Z o(=Yif(X3))
fer fer niT

And h = sign(f) will be used as the ‘hard’ classifier.

We want to bound the quantity R@(f’) — Ry (f), where f = argmin e r Ry (f).

(1) f=argming.r Ry, (f), thus

2) Let us first focus on E[sup Ron f)— Ry(f)|]. Using the symmetrization trick as
feF |+, (2
before, we know it is upper-bounded by 2R, (¢oF), where the Rademacher complexity

1 n
RolpoF)=  sup  E[sup|= Y oip(=Yif (X))l
le"'7X7L7Y17"-7Y!L fe]: n =1

One thing to notice is that ¢(0) = 1 for the loss functions we consider (hinge loss,
exponential loss and logistic loss), but in order to apply contraction inequality later,
we require ¢(0) = 0. Let us define ¢(-) = ¢(:) — 1. Clearly ¥(0) = 0, and

n

Efsup [~ S (o(~Yif (X)) — Elp(=Yif (X))

Fn
fe i=1
n

— Efsup |~ S (0(-Yif (X)) ~ ERb(~Yif (X))

fer D
< 2R, (Y o F)
(3) The Rademacher complexity of 1 o F is still difficult to deal with. Let us assume

that o(-) is L-Lipschitz, (as a result, ¢(-) is also L-Lipschitz), apply the contraction

inequality, we have
R, (¢ o F) <2LR,(F)

51



(4) Let Z; = (X;,Y;),i=1,2,...,n and

n

921, 2, Z0) = 0 R F) R )] = sup | S (oY F(X0)~Blp(~Yif (X))
feF fer i

Since ¢(+) is monotonically increasing, it is not difficult to verify that V21, Zs, ..., Z,, Z!

1 2L

n n

The last inequality holds since g is L-Lipschitz. Apply Bounded Difference Inequality,

P(| sup [Ren(f) = Re(f)] = E[sup | R (f) = Ro(NI > £) < 2exp(~ =53
feF feF > ic1(57)

Set the RHS of above equation to 4, we get:

s () = R ()] < Elsp B () = R ()] + 28 25200
with probability 1 — 6.
(5) Combining (1) - (4), we have
; log(2/0)

Ry(f) < R,(f) + 8LR,(F) + 2L o

with probability 1 — 9.

1.4 Boosting

In this section, we will specialize the above analysis to a particular learning model: Boosting.
The basic idea of Boosting is to convert a set of weak learners (i.e. classifiers that do better
than random, but have high error probability) into a strong one by using the weighted
average of weak learners’ opinions. More precisely, we consider the following function class

M
F = {Z Oihi(-) 101 < 1,h; : X —[-1,1],5 € {1,2,..., M} are classifiers}
j=1
and we want to upper bound R, (F) for this choice of F.

1 n 1 M n
Rn(F)= sup Elsup|— 0.Y;f(X;)|]] = — sup E|sup 0, Yoihi(X;
(P = s Bl |2 oS (X)) = 5 s, Blawp 33653 Viewhs ()]

Let g(0) = |E]Ai1 0; > 1 Yioihi(X;)|. It is easy to see that g(0) is a convex function, thus
supjg|, <1 9(f) is achieved at a vertex of the unit £; ball {6 : [|f[|; < 1}. Define the finite set

Yihi(X1) Yiho(X7) Yiha (X1)
ow ] [emO) Yaha(Xs) Yahnt(Xa)
XY — : ) . Yoty .
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Then
Rn(F) = sup Rn(Bx,y) -
XY
Notice maxpepy v [bl2 < v/n and [Bx y| = 2M. Therefore, using a lemma from Lecture 5,
we get

V210g(2[Bx v[) _ \/210g(4M)

Rn(B)gy) S [ber%ax ‘b‘g] n

XY
Thus for Boosting,
log(2/5
oL % with probability 1 - &

To get some ideas of what values L usually takes, consider the following examples:

. _ 2log(4M
Ro(f) < R () + 81/ 220D
(1) for hinge loss, i.e. p(z) = (1+ )4, L =1.
(2) for exponential loss, i.e. p(z) =e€", L =e.
(3) for logistic loss, i.e. p(x) = logy(1 +€”), L = 1% logy(e) =~ 2.43

N —

Now we have bounded R,(f) — Ry(f), but this is not yet the excess risk. Excess risk is
defined as R(f) — R(f*), where f* = argming R,(f). The following theorem provides a
bound for excess risk for Boosting.

Theorem: Let F = {Z]M:1 Oih; - [|0]]1 < 1,hjs are weak classifiers} and ¢ is an L-
Lipschitz convex surrogate. Define f = argmin fer Ron(f) and h = sign(f). Then

Y Y
R(ﬁ)—R*S20(}161]fER¢(f)—Rw(f*))7+2c<8L w> +2c<2L %)

with probability 1 — ¢

Proof.
R(h) — R* < 2¢(R,(f) — Rp(f7))

v
v

K v
< 2¢( inf Ry(f) — Ry(f*))” + 2c<8L W) + 2c<2L M)

fer 2n
Here the first inequality uses Zhang’s lemma and the last one uses the fact that for a; > 0
and v € [0,1], (a1 + a2 + a3)? < a] +aj +ai. O
1.5 Support Vector Machines

In this section, we will apply our analysis to another important learning model: Support
Vector Machines (SVMs). We will see that hinge loss ¢(x) = (1 + z)4 is used and the
associated function class is F = {f : |[fllw < A} where W is a Hilbert space. Before
analyzing SVMs, let us first introduce Reproducing Kernel Hilbert Spaces (RKHS).
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1.5.1 Reproducing Kernel Hilbert Spaces (RKHS)
Definition: A function K : X x X — IR is called a positive symmetric definite kernel
(PSD kernel) if
(1) V2’ € X, K(z,2") = K(2/, x)

(2) Vn € Zy, Va1, 72, ..., Ty, the n x n matrix with K (z;,z;) as its element in i*" row

and j* column is positive semi-definite. In other words, for any a1, as, ..., an € R,

g aa; K x,,mj )>0

Let us look at a few examples of PSD kernels.

Example 1 Let X =R, K(z,2') = (z,2')ga is a PSD kernel, since Vay,as, ...,a, € R

Zaiaj<$i,$j>Rd = Z(alznl,ajaz] Rd = Zalznl,z%xj Rd = | Zazﬂfzu]ad >0
,J

,J

2 ,) is also a PSD kernel.

Example 2 The Gaussian kernel K (z, ') = exp(— ||z — ' |l fa

Note that here and in the sequel, || - [[w and (-,-)w denote the norm and inner product
of Hilbert space W.

Definition: Let W be a Hilbert space of functions X — IR. A symmetric kernel K (-, -)
is called reproducing kernel of W if

(1) Vx € X, the function K(x,-) € W.

(2) Ve e X, feWw, <f(),K($, )>W = f(x)
If such a K (z,-) exists, W is called a reproducing kernel Hilbert space (RKHS).

Claim: If K(-,-) is a reproducing kernel for some Hilbert space W, then K(-,-) is a
PSD kernel.

Proof. Vai,as,...,a, € IR, we have

ZaiajK(:Ei,:Ej Zalaj (xi,-), K(xj4,-)) (since K(-,-) is reproducing)
Z ai kK (x5, ) Z a;K(zj,°)
= || Zaz (i, - ||W >0

54



In fact, the above claim holds both directions, i.e. if a kernel K(-,-) is PSD, it is also a
reproducing kernel.

A natural question to ask is, given a PSD kernel K (-, -), how can we build the corresponding
Hilbert space (for which K (-, ) is a reproducing kernel)? Let us look at a few examples.

Example 3 Let @1, 99, ..., o0 be a set of orthonormal functions in Ls([0,1]), i.e. for any
Jke{l,2,..., M}

/wj(fc)(ﬁk(ﬂ?)dﬂ? = (P, Px) = Oji,

Let K(z,2') = Zj\il wi(z)pj(z"). We claim that the Hilbert space

M
W = {Z aji(-) s a1, ag,...,am € R}

equipped with inner product (-,)r, is a RKHS with reproducing kernel K(-,-).
Proof. (1) K(z,-) = zjj‘il ©i(z)p;() € W. (Choose a; = p;(x)).

(2) I f() = Zg 10595 ()s

(f(), K Z%@J Z Zaﬁpy (z)

(3) K(z,2') is a PSD kernel: Vaq,as,...,a, € R,

Z a;a; K(xi, ;) Z a;a;pr(x;)pr(x;) Z Z a;or(x;))
,J

1,5,k

O

Example 4 If X = R? and K(z,2") = (x,2')ga, the corresponding Hilbert space is
W = {{w,-) : w € R} (i.e. all linear functions) equipped with the following inner product:

if f=(w,), 9= 1(v,"), {f,9) = (w,v)pa.

Proof. (1) Yz € RY, K(x,-) = (x,-)ga € W.
(2) Vf = (w,)ra € W, Yz € RY, (f, K(2,")) = (w, 2)pa = f(2)
(3) K(x,2') is a PSD kernel: Vay,as, ...,a, € R,

ZaiajK(xi,a:j) = Zaiaj<xi,a;j> = <Z aixi,Zajxj>Rd = H ZazxZH]ZRd >0
0,J &3 g J i
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 10
Scribe: ADEN FORROW Oct. 13, 2015

Recall the following definitions from last time:

Definition: A function K : X x X — R is called a positive symmetric definite kernel
(PSD kernel) if

1. Vo, 2’ € X, K(x,2') = K(2/, x)

2. Vn € Z4,Vxy, 29, ..., Ty, the n x n matrix with entries K (x;, ;) is positive defi-
nite. Equivalently, Va1, as,...,a, € R,

n
Z aiajK(xi,xj) Z 0
1,j=1

Definition: Let W be a Hilbert space of functions X — R. A symmetric kernel K (-, )
is called a reproducing kernel of W if

1. Va € X, the function K(z,-) € W.
2. Ve e X, VfeW, (f(),K(z, )w = f(z).
If such a K (z,-) exists, W is called a reproducing kernel Hilbert space (RKHS).
As before, (-,-)w and || - ||w respectively denote the inner product and norm of W. The

subscript W will occasionally be omitted. We can think of the elements of W as infinite
linear combinations of functions of the form K(z,-). Also note that

(K(z,-), K(y,-))w = K(z,y)

Since so many of our tools rely on functions being bounded, we’d like to be able to
bound the functions in W. We can do this uniformly over z € X if the diagonal K (x,x) is
bounded.

Proposition: Let W be a RKHS with PSD K such that sup,cy K(z,2) = knax is
finite. Then Vf € W,

sup [f (@) < [1Flw v/ Kmax

Proof. We rewrite f(z) as an inner product and apply Cauchy-Schwartz.

f@)={f, Kz, ))w < [[fllwlK(,-)llw

Now [|K(z, )|}, = (K(z,-), K(z,"))w = K(2,2) < kmax. The result follows immediately.
U
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1.5.2 Risk Bounds for SVM

We now analyze support vector machines (SVM) the same way we analyzed boosting. The
general idea is to choose a linear classifier that maximizes the margin (distance to classifiers)
while minimizing empirical risk. Classes that are not linearly separable can be embedded
in a higher dimensional space so that they are linearly separable. We won’t go into that,
however; we’ll just consider the abstract optimization over a RKHS W.

Explicitly, we minimize the empirical ¢-risk over a ball in W with radius A:

f = min R
! FEW,| fllw <A nio(f)

The soft classifier f is then turned into a hard classifier h = sign( f ). Typically in SVM ¢
is the hinge loss, though all our convex surrogates behave similarly. To choose W (the only
other free parameter), we choose a PSD K (z1, z2) that measures the similarity between two
points z1 and xs.

As written, this is an intractable minimum over an infinite dimensional ball { f, || f|lw <
A}. The minimizers, however, will all be contained in a finite dimensional subset.

Theorem: Representer Theorem. Let W be a RKHS with PSD K and let G :
R" — R be any function. Then

fevﬁ\iﬁ\gk G(f(z1), ..., fzn)) = fewrﬂr;”gG(f(:ﬂl),---,f(:r:n))

= i G (0% yrr oy Jo n bl
e gy 19200 galon))
where .
W ={f € WIf() = ga() = D> aiK (w;,-)}
i=1
and ]I{ij = K(CEZ,CC])

PT’OOJE Since W, is a linear subspace of W, we can decompose any f € W uniquely as
f=f+frwith f € W, and f+ € W;-. The Pythagorean theorem then gives

LI = L1 + £ 1

Moreover, since K (z;,-) € Wy,
fri) = (F5 K (2, ))w =0
So f(z;) = f(z;) and

Because f* does not contribute to G, we can remove it from the constraint:

_min G(f(x1), ..., f(xn)) = min G(f(x1),..., flzn)).
FEWIFIPHIS AP <A FEW,IF]P<A?
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Restricting to f € W,, now does not change the minimum, which gives us the first equality.
For the second, we need to show that ||g,[lw < A is equivalent to o' Ka < A2,

I” = (ga,ga>

E a; K (x;,-) E a; K (xj,)

= Z a0 (K (24, ), K(xj,-))

i,j=1
n
= E a@ag]((xi,xj)
ij=1
=a Ka

Hga

O

We’ve reduced the infinite dimensional problem to a minimization over « € R™. This
works because we’re only interested in GG evaluated at a finite set of points. The matrix
IK here is a Gram matrix, though we will not not use that. IK should be a measure of the
similarity of the points 2;. For example, we could have W = {(z, )4, € R?} with K (z,y
the usual inner product K(z,y) = (2, y)pa.

We’ve shown that f only depends on K through IK, but does R, . depend on K(z,y)
for x,y ¢ {x;}7 It turns out not to:

j{:go Yiga(zi)) = 25399 YYZE:C% $],$Z

The last expression only involves IK. This makes it easy to encode all the knowledge about
our problem that we need. The hard classifier is

h(x) = sign(f(x)) = sign(ga(x)) = sign Zaj (2,2

If we are given a new point z,.1, we need to compute a new column for IK. Note that
Zn+1 Must be in some way comparable or similar to the previous {z;} for the whole idea of
extrapolating from data to make sense.

The expensive part of SVMs is calculating the n x n matrix IK. In some applications,
IK may be sparse; this is faster, but still not as fast as deep learning. The minimization
over the ellipsoid o' Ko requires quadratic programming, which is also relatively slow. In
practice, it’s easier to solve the Lagrangian form of the problem

argmin — Z o(=Yiga(z:) + Na Ka
acR™ 1

This formulation is equivalent to the constrained one. Note that A and ) are different.
SVMs have few tuning parameters and so have less flexibility than other methods.
We now turn to analyzing the performance of SVM.
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Theorem: Excess Risk for SVM. Let ¢ be an L-Lipschitz convex surrogate and
W a RKHS with PSD K such that max, |K (2, )| = kmax < 00. Let hy, . = sign fn 0
where f,, is the empirical @-risk minimizer over F = {f € W.||f|lw < A} (that is,

Rn,cp(an) < JA%,W(f)Vf € F). Suppose AV kpax < 1. Then

v Y
R(Bn,g,) —R*<2¢ <}2§(R¢(f) _ R$)>7+2C <8L>\ /k:n?;ax> 42 <2L 210g7§2/5)>

with probability 1 — §. The constants ¢ and  are those from Zhang’s lemma. For the
hinge loss, ¢ = % and v = 1.

Proof. The first term comes from optimizing over a restricted set F instead of all classifiers.
The third term comes from applying the bounded difference inequality. These arise in
exactly the same way as they do for boosting, so we will omit the proof for those parts. For
the middle term, we need to show that Ry, ,(F) < \y/ Kmex,

First, | f(z)| < || fllwVkmax < AWEkmax < 1 for all f € F, so we can use the contraction
inequality to replace R, ,(F) with R, (F). Next we’ll expand f(z;) inside the Rademacher
complexity and bound inner products using Cauchy-Schwartz.

n

%me(xi)

R, (F)= sup E |sup

Tlye5Tm fer i=1
1

= — sup sup ZUZ (@i, ), f
nmlzn feF | =
1

= — sup sup ZO’Z (i), f
nmlzn feF| =

A
< — sup

N xy,..,zn

1> ok (i, ')II%V]
1=1

Now,

=E EUZ (24, ), Eaj (xj,-)

—Z (21,), K (25,))El0io;]

1,7=1

=) K(i,3,)8

i,j=1

[uzaz "

< nkmax
So R, (F) < A k“‘% and we are done with the new parts of the proof. The remainder follows

as with boosting, using symmetrization, contraction, the bounded difference inequality, and
Zhang’s lemma. U
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2. CONVEX OPTIMIZATION FOR MACHINE LEARNING

In this lecture, we will cover the basics of convex optimization as it applies to machine
learning. There is much more to this topic than will be covered in this class so you may be
interested in the following books.

Convex Optimization by Boyd and Vandenberghe

Lecture notes on Convexr Optimization by Nesterov

Convex Optimization: Algorithms and Complexity by Bubeck

Online Convex Optimization by Hazan
The last two are drafts and can be obtained online.

2.1 Convex Problems

A convex problem is an optimization problem of the form mig f(x) where f and C are
e

convex. First, we will debunk the idea that convex problems are easy by showing that
virtually all optimization problems can be written as a convex problem. We can rewrite an
optimization problem as follows.

min f(z) < min t & min ¢
Xex t>f(x)x€X (z,t)€epi(f)

where the epigraph of a function is defined by

epi(f) ={(z,t) e X xR :t > f(x)}

flx)

Figure 1: An example of an epigraph.
Source: https://en.wikipedia.org/wiki/Epigraph_(mathematics)
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Now we observe that for linear functions,

minc' z= min c¢'x

zeD x€conv(D)

where the convex hull is defined
N N
conv(D)={y:3IN € Zy,x1,...,zy € D,a; > O,Zai =1,y= Zaixi}
i=1 i=1

To prove this, we know that the left side is a least as big as the right side since D C conv(D).
For the other direction, we have

N
. T . . . T L
min ¢ xr=min min min ¢ oG
z€conv(D) N z1,..xy€ED ai,...,an 1
1=
N
. . . T T
= min min min o;Cc T; 2 minc x
N @1,2NED ooy 4 zeD
1=
N
> min min min E Q; min '
N zi,..,.xNyED ai,...,aN 4 1 z€D
1=
=minc'z
xeD
Therefore we have
min f(z) < min t
rzeX (z,t)€conv(epi(f))

which is a convex problem.
Why do we want convexity? As we will show, convexity allows us to infer global infor-
mation from local information. First, we must define the notion of subgradient.

Definition (Subgradient): Let C ¢ R?, f : C — R. A vector g € R? is called a
subgradient of f at x € C if

fl@)—fly)<g'(x—y) VyecC.

The set of such vectors g is denoted by df(z).

Subgradients essentially correspond to gradients but unlike gradients, they always ex-
ist for convex functions, even when they are not differentiable as illustrated by the next
theorem.

Theorem: If f : C — IR is convex, then for all z, 9f(x) # (. In addition, if f is
differentiable at x, then df(z) = {Vf(x)}.

Proof. Omitted. Requires separating hyperplanes for convex sets. O
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Theorem: Let f,C be convex. If x is a local minimum of f on C, then it is also global
minimum. Furthermore this happens if and only if 0 € 0f(z).

Proof. 0 € 9f(x) if and only if f(z) — f(y) <0 for all y € C. This is clearly equivalent to
x being a global minimizer.
Next assume « is a local minimum. Then for all y € C there exists € small enough such

that f(z) < f((l—e)x+€y> <(Q—-¢)f(x)+efly) = f(x) < f(y) forally € C. O

Not only do we know that local minimums are global minimums, looking at the subgra-
dient also tells us where the minimum can be. If ¢'(z — y) < 0 then f(z) < f(y). This
means f(y) cannot possibly be a minimum so we can narrow our search to ys such that
g"(z —y). In one dimension, this corresponds to the half line {y € R : y <z} if g > 0 and
the half line {y € R : y >z} if g < 0. This concept leads to the idea of gradient descent.

2.2 Gradient Descent

y ~ x and f differentiable the first order Taylor expansion of f at x yields f(y) =~ f(x) +

g' (y — x). This means that
min f(z+eh) ~ min f(2) +g' (eh)
Hi2=
which is minimized at (i = —ﬁ. Therefore to minimizes the linear approximation of f at

x, one should move in direction opposite to the gradient.
Gradient descent is an algorithm that produces a sequence of points {x;};>1 such that

(hopefully) f(zj41) < f(x;)-

f(z)
f(z1) + g1 (x — z1)

S=2) + g3 (x — z2)
f(»vz) + g3 (& — x2)

T R

Figure 2: Example where the subgradient of x; is a singleton and and the subgradient of
T9 contains multiple elements.
Source: https://optimization.mccormick.northwestern.edu/index.php/
Subgradient_optimization
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Algorithm 1 Gradient Descent algorithm

Input: z; € C, positive sequence {ns}s>1
fors=1tok—1do

Tsi1 = Ts —NsGs, Gs € Of(xs)
end for

return FEither z = — sz or z° € argmin f(z)
s=1 xe{xlv 7k}

Theorem: Let f be a convex L-Lipschitz function on IR? such that z* € argminga f(z)

exists. Assume that |x; — 2*[o < R. Then if ny =n = Iff for all s > 1, then

and

lglslgkf(ws) - f(a") < 7

Proof. Using the fact that g5 = %(3354_1 — ) and the equality 2a"b = ||a>+b]|* — ||a — b||?,
* T * 1 T *
f(xs) — f(2") < g4 (x5 — 27) :H(ms_xs-f—l) (zs — %)
1 * *
=2 lzs = o1l + [l — 21 = [lwssr — 27|
n 1
= §Hgs\|2 + %(52 03 11)

where we have defined 05 = ||xs — 2*||. Using the Lipschitz condition
fl) = f@7) < D12+ (02— 02)
=9 2,’7 s+

Taking the average from 1, to k we get

k

1 o 7 U o, B
%Zf(ﬂfs)—f(%)SiL S (52 03i1) < 2L2+ﬁ51_* 2+%
s=1
Taking n = f to minimize the expression, we obtain
. LR
_ _ ) < T
P2 )~ ) <
k
Noticing that the left-hand side of the inequality is larger than both f(> zs) — f(z*) by
s=1
Jensen’s inequality and 1I<ni£1k f(xs) — f(x*) respectively, completes the proof. O
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One flaw with this theorem is that the step size depends on k. We would rather have
step sizes 75 that does not depend on k so the inequalities hold for all k. With the new step
sizes,

k k i
Z—;nS[f(xS) - f(x*)] = Z % % s+1 < (Zns> . R

After dividing by 25:1 ns, we would like the right-hand side to approach 0. For this to

2
happen we need %Zi — 0 and > _7ns — 0o. One candidate for the step size is 75 = % since

k k
then 3. 72 < ¢1G?log(k) and 3 75 > coGVk. So we get
s=1 s=1

. ... _aGLlogk R?
(;ns) D mlfles) — fa] € S

Choosing G appropriately, the right-hand side approaches 0 at the rate of LR bgk Notice
that we get an extra factor of \/log k. However, if we look at the sum from k/2 to k instead

k
of 1 to k, z n? < G? and Y ns > bGVk. Now we have
S

3—5 =1
ELNLE cLR
pin, f(e) = f@) < min f(a) = [6) < (Zk ) D milfw) — F@) < o

which is the same rate as in the theorem and the step sizes are independent of k.

Important Remark: Note this rate only holds if we can ensure that |xk/2 —z*la <R
since we have replaced z1 by zy /o in the telescoping sum. In general, this is not true for
gradient descent, but it will be true for projected gradient descent in the next lecture.

One final remark is that the dimension d does not appear anywhere in the proof. How-
ever, the dimension does have an effect because for larger dimensions, the conditions f is
L-Lipschitz and |z; — 2*|3 < R are stronger conditions in higher dimensions.
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2.3 Projected Gradient Descent

In the original gradient descent formulation, we hope to optimize min,cc f(z) where C and
f are convex, but we did not constrain the intermediate x;. Projected gradient descent will
incorporate this condition.

2.3.1 Projection onto Closed Convex Set

First we must establish that it is possible to always be able to keep x; in the convex set C.
One approach is to take the closest point m(zy) € C.

Definition: Let C be a closed convex subset of IR?. Then Yz € IR?, let n(x) € C be
the minimizer of

lz = ()| = min ||z — 2|
where || - || denotes the Euclidean norm. Then 7(z) is unique and,
(r(z) —z,m(x) —2) <0 Vzel (2.1)

Proof. From the definition of 7 := m(z), we have ||z — 7|* < || — v||* for any v € C. Fix
w € C and define v = (1 — t)7 + tw for ¢t € (0,1]. Observe that since C is convex we have
v € C so that
2 2 2
[l =" < [lo —of|" =[]z =7 = t(w — 7]
Expanding the right-hand side yields

lz —xl* < llz —7|* = 2t (2 — 7w — ) + £ 0 — ]®

This is equivalent to
(@—mw—m) <t|w- |

Since this is valid for all ¢ € (0,1), letting ¢ — 0 yields (2.1).
Proof of Uniqueness. Assume mq, m € C satisfy

<7T1—(£,7T1—Z>§0 VzeC
<7T2—(£,7T2—Z>§0 VzeC

Taking z = w9 in the first inequality and z = m; in the second, we get

<7T1 — T, —7T2> § 0
<w—7T2,7T1 —7T2> § O
Adding these two inequalities yields ||, — m2||* < 0 so that 7 = . O
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2.3.2 Projected Gradient Descent

Algorithm 1 Projected Gradient Descent algorithm
Input: z; € C, positive sequence {ns}s>1
for s=1to k—1do
Ys+1 = Ts —Nsgs, UGs € af(xs)

Ls+1 = 7T(ys+1)
end for

k
1
return Either 7 = z Z:L’S or z° € argmin f(x)

s=1 xe{xlv"'vxk}

Theorem: Let C be a closed, nonempty convex subset of IR such that diam(C) < R.
Let f be a convex L-Lipschitz function on C such that z* € argmin,c, f(z) exists.
Then if ny, =n = 7 then

R

k

f(x)—f(x*)SL—f; and  f(3°) - f(z") <

Moreover, if ny = %, then de > 0 such that

LR
k

f(@) - fa") < L—j; and  f(2°) - f(a%) < c2m

Proof. Again we will use the identity that 2a"b = ||a||® + ||b]|* — ||a — b]|.
By convexity, we have

flas) = f(2*) < g (w5 — )
1

= 5@~ yst1) | (xs — 2%)

= 5= [loe = veral + e = "I = s = a*|]
Next,
lyss1 = 2°11° = lyss1 — s [I* + 1zsr — 2|7 + 2 (Yop1 — Top1, w51 — %)

= [|ys+1— ZL”s+1H2 + [[Ts41 — x*||2 + 2 Ys+1 — T(Yst1), T(Ys+1) — %)

> |lwspr — 2|
where we used that (x —7(x),m(x) —2) > 0Vz € C, and z* € C. Also notice that
s — yss1l|® = n?|lgs|* < n2L2 since f is L-Lipschitz with respect to ||-||. Using this
we find
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Minimizing over n we get %2 =gop — = completing the proof

_R_
IVE’

B . RL
f(x)_f(x)ﬁﬁ

2
Moreover, the proof of the bound for f(z _k Ts) — f(x¥) is identical because Ha:k —z¥|| <
2 2

R? as well. 0

2.3.3 Examples

Support Vector Machines
The SVM minimization as we have shown before is

1l
min -~ max (0,1 Yifa(Xy))
ozT]KozSC2 i=1

where fo(X;) = o' Ke; = > -1 ;K (X, X;). For convenience, call g;(a) = max (0,1 — Y fo (X

In this case executing the projection onto the ellipsoid {« : a'Ka < C?} is not too hard,
but we do not know about C, R, or L. We must determine these we can know that our
bound is not exponential with respect to n. First we find L and start with the gradient of

gi(Q):
Vgi(a) = I(1 - Y; fa(Xi) = 0)YiKe;

With this we bound the gradient of the p-risk Ry, ,(fa) = + =Y i gila).

' —H Zw < 3 Ked
i=1

by the triangle inequality and the fact that that T(1 — Y;f,(X;) > 0)Y; < 1. We can now
use the properties of our kernel K. Notice that ||IKe;|| is the £5 norm of the it column so
1

| Ke; ||, = (Z?:l K(Xj,XZ-)Q) >, We also know that

6

8(1 n(fa)

K(Xj,X3)? = (K (X, ), K(Xi,)) < K (X5, 1K (X, ) g < ks

max

Combining all of these we get

Jos7

To find R we try to evaluate diam{a'Ka < C?} = 2 _max VaTa. We can use the
aKalC

2

1
E Z Z:: kmax = kmax\/_ =L

=1

8

Ja

condition to put bounds on the diameter

2C

C2 > CYTIKOé > )\m'm(]K)OzTa - diam{aTIKa < Cz} < W

We need to understand how small \,,;, can get. While it is true that these exist random
samples selected by an adversary that make Ay, = 0, we will consider a random sample of
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X, X, N i (0,1). This we can write these d-dimensional samples as a d X n matrix

X. We can rewrite the matrix IK with entries IK;; = K(X;, X;) = (X;, Xj)pa as a Wishart
matrix IK = X'X (in particular, éXTX is Wishart). Using results from random matrix
theory, if we take n,d — oo but hold 2 as a constant -, then Ayin (%) — (1—/7)?. Taking
an approximation since we cannot take n,d to infinity, we get

n d
rnin]I(2 1-24/= 2_
o) = (1-27) 25

using the fact that d > n. This means that Ay, becoming too small is not a problem when
we model our samples as coming from multivariate Gaussians.
Now we turn our focus to the number of iterations k. Looking at our bound on the

excess risk
n

TN /o kmax
k>\nlin (]I()

we notice that our all of the constants in our stochastic term can be computed given the
number of points and the kernel. Since statistical error is often %, to be generous we want

Rn,cp(fa%,) < min Rn,cp(fa) +C

ol Ka<C?

to have precision up to % to allow for fast rates in special cases. This gives us

3k2 02

k max
o )\mln(]I()
which is not bad since n is often not very big.

In [Bubl5], the rates for many a wide rage of problems with various assumptions are
available. For example, if we assume strong convexity and Lipschitz we can get an exponen-
tial rate so k ~ logn. If gradient is Lipschitz, then we get get % instead of ﬁ in the bound.
However, often times we are not optimizing over functions with these nice properties.

Boosting
We already know that ¢ is L-Lipschitz for boosting because we required it before.
Remember that our optimization problem is

rél]g;VEE p(—Yifa(Xi))
e}
lai<1 =1

where f, = Z;V: 1a;f; and f; is the 4t weak classifier. Remember before we had some rate

like ¢4/ lOgN and we would hope to get some other rate that grows with log N since N can
be very large. Taking the gradient of the -loss in this case we find

V ngp fa = Z(‘D onc Z))(_YZ)F(XZ)

where F(z) is the column vector [fi(z),..., fy(x)]T. Since |V;| < 1 and ¢’ < L, we can
bound the 5 norm of the gradient as

wau;%

ZHF X;)| < LVN
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using triangle inequality and the fact that F(X;) is a N-dimensional vector with each
component bounded in absolute value by 1.
Using the fact that the diameter of the ¢; ball is 2, R = 2 and the Lipschitz associated

with our (-risk is Lv/ N where L is the Lipschitz constant for ¢. Our stochastic term R—\/%

becomes 2L,/ % Imposing the same 1 error as before we find that k ~ N2n, which is very

n
bad especially since we want log V.

2.4 Mirror Descent

Boosting is an example of when we want to do gradient descent on a non-Euclidean space,
in particular a ¢; space. While the dual of the ¢s-norm is itself, the dual of the ¢; norm is
the £, or sup norm. We want this appear if we have an ¢; constraint. The reason for this
is not intuitive because we are taking about measures on the same space IR%, but when we
consider optimizations on other spaces we want a procedure that does is not indifferent to
the measure we use. Mirror descent accomplishes this.

2.4.1 Bregman Projections

Definition: If ||-|| is some norm on IR?, then ||-||, is its dual norm.

Ezample: 1f dual norm of the £, norm ||-||,, is the £, norm ||-||,, then % + % = 1. This is the
limiting case of Holder’s inequality.

In general we can also refine our bounds on inner products in IR to 2Ty < ||z|| [y, if
we consider x to be the primal and y to be the dual. Thinking like this, gradients live in
the dual space, e.g. in g;r(x —x*), x — z* is in the primal space, so g, is in the dual. The
transpose of the vectors suggest that these vectors come from spaces with different measure,
even though all the vectors are in IR%.

Definition: Convex function ® on a convex set D is said to be
(i) L-Lipschitz with respect to ||-|| if ||g]|, < L Vg€ 0®(x) Yx € D
(i) a-strongly convex with respect to ||-|| if

(y) > (@) +g' (y— )+ 5 Iy — alf

for all z,y € D and for g € 0f(x)

Ezample: If ® is twice differentiable with Hessian H and ||-|| is the ¢3 norm, then all
eig(H) > a.

Definition (Bregman divergence): For a given convex function ® on a convex set
D with z,y € D, the Bregman divergence of y from x is defined as

Da(y,z) = ®(y) — ®(z) — V(2) ' (y — )
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This divergence is the error of the function ®(y) from the linear approximation at x.
Also note that this quantity is not symmetric with respect to x and y. If ® is convex then
Dg(y,x) > 0 because the Hessian is positive semi-definite. If ® is a-strongly convex then
De(y,z) > 5 |ly — 2||? and if the quadratic approximation is good then this approximately
holds in equality and this divergence behaves like Euclidean norm.

Proposition: Given convex function ® on D with z,y,z € D

(V®(z) — V&(y))" (z — 2) = Da(z,y) + Da(2,2) — Da(2,y)

Proof. Looking at the right hand side

=d(z) — 0(y) — VE(y) (& — y) + D(2) — B(2) — V(2) (2 — x)
— [®(2) = D(y) - VO(y) " (2 — v)

=Vo(y) (y—r+z—y) —Ve(z) (z — )

= (VO(z) - Vo(y))" (z —2)

Definition (Bregman projection): Given z € IR?, ® a convex differentiable function
on D C IR¢ and convex C' C D, the Bregman projection of z with respect to ® is

7% (z) € argmin Dy(z, 2)
zeC
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Previously, we analyzed the convergence of the projected gradient descent algorithm.
We proved that optimizing the convex L-Lipschitz function f on a closed, convex set C with
diam(C) < R with step sizes ns = LLQE would give us accuracy of f(Z) < f(z*) + L—\/}g after
k iterations.

Although it might seem that projected gradient descent algorithm provides dimension-
free convergence rate, it is not always true. Reviewing the proof of convergence rate, we
realize that dimension-free convergence is possible when the objective function f and the
constraint set C are well-behaved in Euclidean norm (i.e., for all x € C and g € df(x), we
have that |z|s and |g|2 are independent of the ambient dimension). We provide an examples

of the cases that these assumptions are not satisfied.

e Consider the differentiable, convex function f on the Euclidean ball By, such that
IVf(@)||loo < 1, Yz € By,. This implies that |V f(z)|2 < y/n and the projected

gradient descent converges to the minimum of f in By, at rate \/% Using the
method of mirror descent we can get convergence rate of %

To get better rates of convergence in the optimization problem, we can use the Mirror
Descent algorithm. The idea is to change the Euclidean geometry to a more pertinent
geometry to a problem at hand. We will define a new geometry by using a function which
is sometimes called potential function ®(x). We will use Bregman projection based on
Bregman divergence to define this geometry.

The geometric intuition behind the mirror Descent algorithm is the following: The
projected gradient described in previous lecture works in any arbitrary Hilbert space H so
that the norm of vectors is associated with an inner product. Now, suppose we are interested
in optimization in a Banach space D. In other words, the norm (or the measure of distance)
that we use does not derive from an inner product. In this case, the gradient descent does
not even make sense since the gradient V f(z) are elements of dual space. Thus, the term
x —nV f(z) cannot be performed. (Note that in Hilbert space used in projected gradient
descent, the dual space of H is isometric to H. Thus, we didn’t have any such problems.)

The geometric insight of the Mirror Descent algorithm is that to perform the optimiza-
tion in the primal space D, one can first map the point € D in primal space to the dual
space D*, then perform the gradient update in the dual space and finally map the optimal
point back to the primal space. Note that at each update step, the new point in the primal
space D might be outside of the constraint set C C D, in which case it should be projected
into the constraint set C. The projection associate with the Mirror Descent algorithm is
Bergman Projection defined based on the notion of Bergman divergence.

Definition (Bregman Divergence): For given differentiable, a-strongly convex func-

tion ®(x) : D — R, we define the Bregman divergence associated with ® to be:

Da(y,z) = ®(y) — ®(z) — V()" (y — 2)
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We will use the convex open set D C R™ whose closure contains the constraint set C C D.
Bregman divergence is the error term of the first order Taylor expansion of the function ®
in D.

Also, note that the function ®(x) is said to be a-strongly convex w.r.t. a norm ||.|| if

o
O(y) — O(x) - VO(2) (y — z) > Sy = z|?.
We used the following property of the Euclidean norm:
2a"b = [lal* + [|B]]* = [la — b]>

in the proof of convergence of projected gradient descent, where we chose a = 5 —ys4+1 and
b=z, —x*.

To prove the convergence of the Mirror descent algorithm, we use the following property
of the Bregman divergence in a similar fashion. This proposition shows that the Bregman di-
vergence essentially behaves as the Euclidean norm squared in terms of projections:

Proposition: Given a-strongly differentiable convex function ® : D — R, for all

x,y,z €D,

[V&(x) = V(y)]" (v — 2) = Da(w,y) + Da(z,2) — Da(2,y).

As described previously, the Bregman divergence is used in each step of the Mirror descent
algorithm to project the updated value into the constraint set.

Definition (Bregman Projection): Given a-strongly differentiable convex function
®:D — R and for all x € D and closed convex set C C D

1Y (z) = argmin Dg (2, z)
zeCND

2.4.2 Mirror Descent Algorithm

Algorithm 1 Mirror Descent algorithm
Input: x; € argmingqp ®(z), ¢ : R — RY such that ((z) = V&(z)
for s=1,--- ,k do
C(ys-i-l) = C(xs) —ngs for gs € af(xs)
Top1 = 1IE (ys41)
end for
return Either 7 = 7 25:1 Ts or 2° € argming g, . .y f(2)

Proposition: Let z € CN D, then Vy € D,

(Vo(n(y) — V() (r(y) —2) <0
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Moreover, Dg(z,7(y)) < Do (z,y).

Proof. Define m = II¢ (y) and h(t) = Dg(m + t(z — 7),y) . Since h(t) is minimized at t = 0
(due to the definition of projection), we have

h'(0) = VDo (2,y)|p=r (2 — 7) >0
where suing the definition of Bregman divergence,
VaDe(z,y) = VO(z) — VO(y)

Thus,
(VO(7) = V(y)) " (7 —2) <0.

Using proposition 1, we know that
(VO(r) = VO(y)) " (7 — 2) = Da(m,y) + Da(z,7) — Da(z,y) <0,

and since Dg(7,y) > 0, we would have Dg(z,7) < Dg(z,y). O

Theorem: Assume that f is convex and L-Lipschitz w.r.t. |.||. Assume that ¢ is
a-strongly convex on C N D w.r.t. ||.| and
R?2= sup ®(2)— min ®(z
xECrIW)D ( ) zeCND ( )

take x; = argmin,cop ®(z) (assume that it exists). Then, Mirror Descent with n =

% %0‘ gives,

@) - ) <RI wd @) - ) < RLy 2

Proof. Take 2! € C N'D. Similar to the proof of the projected gradient descent, we have:
6 T :
f(@s) = f(a*) < g5 (w5 — 27)

D 1) = ()T (s — a)

n
(i) 1
= (V) = V(o) (@, —a%)
iv) 1
() 1
< - [Polmyen) + Dalat,w) = Dolet 2001)]
(vi) 17L2 1
< =+ U - ‘
< ety [D<1>(w 2s5) = Da(z 79”s+1)}

Where (i) is due to convexity of the function f.
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Equations (ii) and (iii) are direct results of Mirror descent algorithm.

Equation (iv) is the result of applying proposition 1.

Inequality (v) is a result of the fact that 25411 = IIE (ys41), thus for ¥ € C N D, we have
Do (2%, ys11) > Do (2%, 2541).

We will justify the following derivations to prove inequality (vi):

Do(s,yss1) & ®(as) — D(ysr1) — VO(yss1) (s — yssr)
©

(6%
< [VCI)(‘TS) - V(I)(ys+1)]T (xs - ys-i-l) - E”ys-i-l - ‘T8H2
(c o
< nllgsllells = vsall = 5 lysr — 24
(d) 212
< L
- 2

Equation (a) is the definition of Bregman divergence.
To show inequality (b), we used the fact that ® is a-strongly convex which implies that
B(Ys1) — B(xs) > VO(25)" (yss1 — )5 |Ys+1 — ws))? .
According to the Mirror descent algorithm, V®(zs) — V®(ys11) = ngs. We use Holder’s
inequality to show that g (x5 — ys+1) < ||gsll«[[zs — ys+1] and derive inequality (c).
Looking at the quadratic term az—bx? for a, b > 0 , it is not hard to show that max ax — bx? =
j—;. We use this statement with x = |lys41 — 24| , @ = 1[|gs|][+ < L and b = § to derive
inequality (d).

Again, we use telescopic sum to get

Dy (2%, 1)

k ﬁ T]L2
D lflen) - flah] < G EEEE. 21)

| =

We use the definition of Bregman divergence to get

Do (2, 1) = ®(z?) — O(x1) — VO(x1) (2 — 1)

< &(af) — B(zy)

- o

S 208, 1) i, 0
< R?.

Where we used the fact x; € argming~p ®(x) in the description of the Mirror Descent
algorithm to prove V& (x1)(x! —21) > 0. We optimize the right hand side of equation (2.1)

for n to get
1< 2
il _ 1] < il
- ;mxs) F@)] < RLy[—.
To conclude the proof, let ¥ — z* € C. O

Note that with the right geometry, we can get projected gradient descent as an instance
the Mirror descent algorithm.
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2.4.3 Remarks

The Mirror Descent is sometimes called Mirror Prox. We can write x541 as

Tgt1 = argmin Do (2, Ysi1)
xeCND

— argmin ®(z) — VO (ysy1)
xeCND

— argmin ®(z) — [V®(z,) — 1gs] ' =
xeCND

= argminn(g, z) + ®(z) — VO (z,)z
zeCND

= argminn(g, 2) + Do (x, x)
xeCND
Thus, we have
T = argming (g, z) + Do (z, ) .
zeCND
To get xs+1, in the first term on the right hand side we look at linear approximations
close to x, in the direction determined by the subgradient gs. If the function is linear, we
would just look at the linear approximation term. But if the function is not linear, the
linear approximation is only valid in a small neighborhood around zs. Thus, we penalized
by adding the term Dg(z,x5). We can penalized by the square norm when we choose
Dg(x,25) = ||z — x4]|?>. In this case we get back the projected gradient descent algorithm
as an instance of Mirror descent algorithm.

But if we choose a different divergence Dg(z, x5), we are changing the geometry and we
can penalize differently in different directions depending on the geometry.

Thus, using the Mirror descent algorithm, we could replace the 2-norm in projected
gradient descent algorithm by another norm, hoping to get less constraining Lipschitz con-
stant. On the other hand, the norm is a lower bound on the strong convexity parameter.
Thus, there is trade off in improvement of rate of convergence.

2.4.4 Examples

Euclidean Setup:
O(x) = % lz||2, D =R? V&(z)= ((x) = z. Thus, the updates will be similar to
the gradient descent.

Lo Lo o T 2
Da(y, ) = 5lIyll" = 5ll2lI” =2y + ||
1 2
=—|lx— .
3z =l
Thus, Bregman projection with this potential function ®(z) is the same as the usual Eu-
clidean projection and the Mirror descent algorithm is exactly the same as the projected
descent algorithm since it has the same update and same projection operator.
Note that a = 1 since Do (y,z) > 3|z — y|*.
/1 Setup:

We look at D = R% \ {0}.
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Define ®(z) to be the negative entropy so that:

d
= Zl’z log(z;), ((x) = VO(x) = {1+ log(x) }y

Thus, looking at the update function y(**t) = V®(z(®) — ng,, we get log(y (SH)) =

log(azl(-s)) - nggs) and for alli =1,--- ,d, we have y( St = gl )exp( Z( )). Thus,

Y = 2 exp(—ng'®).

We call this setup exponential Gradient Descent or Mirror Descent with multiplicative
weights.
The Bregman divergence of this mirror map is given by

Da(y, )=¢(y)—<1>( )—V@I’T( )(y — )

d
= Z Yi lOg yz Z Xg lOg 332 - Z(l + lOg($z))(yz - 517@)
d 4 d -
= v log(%) + D (v — )
i=1 v i=1

Note that Zle yilog(2) is call the Kullback-Leibler divergence (KL-div) between y
and x.

We show that the projection with respect to this Bregman divergence on the simplex

={r eR?: z _,2; = 1,z; > 0} amounts to a simple renormalization y — y/|y|1. To
prove so, we provide the Lagrangian:

d
L= ZZ/@IOg Z — i) + A in_l)'
=1

To find the Bregman projection, for all t =1,--- ,d we write

0
al‘i

c=-2%4114+1=0
Zg

Thus, for all ¢, we have x; = vyy;. We know that Z?Zl z; =1. Thus, v = Zly"

Thus, we have Hid(y) = ﬁ The Mirror Descent algorithm with this update and
projection would be:

Ys+1 = Ts eXp(_T/gs)
Yy

Tg41 = %

To analyze the rate of convergence, we want to study the £; norm on Ay. Thus, we have
to show that for some «, ® is a-strongly convex w.r.t |- |1 on Ay.
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D@(Z/) ) KL y7 Z )
= KL(y,z)
1
> 5‘95—?4‘%

Where we used the fact that z,y € Ay to show Y .(z; — y;) = 0 and used Pinsker
inequality show the result. Thus, ® is 1-strongly convex w.r.t. |-|; on Ag.

Remembering that ®(z) = 2?21 x;log(x;) was defined to be negative entropy, we know
that —log(d) < ®(x) <0 for x € Ay. Thus,

R? = max ®(z) — min ®(z) = log(d).

TEA r€AG

Corollary: Let f be a convex function on Ay such that

||,9Hoo < L’ vQ € af(x)’ Vo € Ad .

Then, Mirror descent with 7= 14/ QIOg(d) gives

log(d oo (d
@) - 1) < Iy 2R ) - gy < 1y 20
Boosting: For weak classifiers fi(x), -, fx(z) and a € A,,, we define
N fi(z)
fa = Zo‘jfj and F(z) = :
~ f(@)

so that f,(z) is the weighted majority vote classifier. Note that |F|s < 1.
As shown before, in boosting, we have:

g= VRrut: fa = Z¢ yzfa 517@ ( yz)F(xz)a

Since |Floo < 1 and |y|eo < 1, then |g|ooc < L where L is the Lipschitz constant of ¢
(e.g., a constant like e or 2).

R log(N
Roolfu) — i R g(fa) < 14 2220

We need the number of iterations k ~ n?log(N).
The functions f;’s could hit all the vertices. Thus, if we want to fit them in a ball, the
ball has to be radius v/N. This is why the projected gradient descent would give the rate of

1/ % But by looking at the gradient we can determine the right geometry. In this case, the
gradient is bounded by sup-norm which is usually the most constraining norm in projected
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gradient descent. Thus, using Mirror descent would be most beneficial.

Other Potential Functions:
There are other potential functions which are strongly convex w.r.t £; norm. In partic-
ular, for

1
d(x) = —|x?, =1+
(@) p| |p b log(d)

then @ is ¢y/log(d)-strongly convex w.r.t ¢; norm.
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 14
Scribe: SYLVAIN CARPENTIER Oct. 26, 2015

In this lecture we will wrap up the study of optimization techniques with stochastic
optimization. The tools that we are going to develop will turn out to be very efficient in
minimizing the e-risk when we can bound the noise on the gradient.

3. STOCHASTIC OPTIMIZATION

3.1 Stochastic convex optimization

We are considering random functions x +— £(x, Z) where x is the optimization parameter and
Z arandom variable. Let Pz be the distribution of Z and let us assume that x — ¢(x, Z) is
convex Py a.s. In particular, IE[¢(z, Z)] will also be convex. The goal of stochastic convex
optimization is to approach mingecc IE[¢(z, Z)] when C is convex. For our purposes, C will
be a deterministic convex set. However, stochastic convex optimization can be defined more
broadly. The constraint can be itself stochastic :

C ={x,Elg(z,Z)] <0}, g convex Py a.s.

C={x,Plg(x,Z) <0] >1—¢}, “chance constraint”

The second constraint is not convex a priori but remedies are possible (see [NS06, Nem12]).
In the following, we will stick to the case where X is deterministic. A few optimization
problems we tackled can be interpreted in this new framework.

3.1.1 Examples

Boosting. Recall that the goal in Boosting is to minimize the ¢-risk:

min E[p(-Y fo(X))],

a€N

where A is the simplex of IR?. Define Z = (X,Y) and the random function ¢(«, Z) =
o(=Y fo(X)), convex Py a.s.

Linear regression. Here the goal is the minimize the /5 risk:

min E(Y — £a(X))?).

Define Z = (X,Y) and the random function £(a, Z) = (Y — fa(X))?, convex Py a.s.

Maximum likelihood. We consider samples 71, ..., Z, iid with density pg, 8 € ©. For
instance, Z. N (6,1). The likelihood functions associated to this set of samples is 6 —
[T, po(Z;). Let p*(Z) denote the true density of Z (it does not have to be of the form py
for some 6 € ©. Then

1 - N B L N
o [ (0] = = [1os( 500 (s 1€ = =KL +©
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where C' is a constant in . Hence maximizing the expected log-likelihood is equivalent to
minimizing the expected Kullback-Leibler divergence:

méixIE[logil:Ilpe(Zi)] <= KL(p", py)

External randomization. Assume that we want to minimize a function of the form
1 n
1=

where the functions fi,..., f, are convex. As we have seen, this arises a lot in empirical
risk minimization. In this case, we treat this problem as deterministic problem but inject
artificial randomness as follows. Let I be a random variable uniformly distributed on
[n] =: {1,...,n}. We have the representation f(x) = IE[f;(x)], which falls into the context
of stochastic convex optimization with Z = I and ¢(x,I) = fr(x).

Important Remark: There is a key difference between the case where we assume that
we are given independent random variables and the case where we generate artificial ran-
domness. Let us illustrate this difference for Boosting. We are given (X1, Y1), ..., (X, Yy)
i.i.d from some unknown distribution. In the first example, our aim is to minimize
E[p(-Y fo(X))] based on these n observations and we will that the stochastic gradient
allows to do that by take one pair (X;,Y;) in each iteration. In particular, we can use
each pair at most once. We say that we do one pass on the data.

We could also leverage our statistical analysis of the empirical risk minimizer from
previous lectures and try to minimize the empirical ¢-risk

Boplfa) =+ 3 @(~Yida(X0)
=1

by generating k independent random variables Iy, ..., I} uniform over [n] and run the
stochastic gradient descent to us one random variable I; in each iteration. The difference
here is that k can be arbitrary large, regardless of the number n of observations (we make
multiple passes on the data). However, minimizing IE;[p(=Y7 fo (X)) X1, Y1, ..., X0, Y2
will perform no better than the empirical risk minimizer whose statistical performance
is limited by the number n of observations.

3.2 Stochastic gradient descent

If the distribution of Z was known, then the function x — IE[¢(x, Z)] would be known and
we could apply gradient descent, projected gradient descent or any other optimization tool
seen before in the deterministic setup. However this is not the case in reality where the
true distribution Pz is unknown and we are only given the samples Z1,..., 7, and the
random function ¢(z, Z). In what follows, we denote by 0¢(x, Z) the set of subgradients of
the function y — £(y, Z) at point x.

80



Algorithm 1 Stochastic Gradient Descent algorithm

Input: z; € C, positive sequence {ns}s>1, independent random variables Z1,..., Zj
with distribution Py.
fors=1tok—1do

Ys+1 = Ts — NsGs, Js € 86(1'87 Zs)

Tsp1 = e (Ys+1)

end for
k
> s
s=1

return 7 =

e

Note the difference here with the deterministic gradient descent which returns either

Zy or x; = argmin f(x). In the stochastic framework, the function f(z) = IE[{(z,§)] is
TlseesTm
typically unknown and zj, cannot be computed.

Theorem: Let C be a closed convex subset of IR such that diam(C) < R. Assume that
he convex function f(z) = IE[{(z,Z)] attains its minimum on C at z* € IR?. Assume
that ¢(z, Z) is convex Pz a.s. and that IE||g||?> < L? for all § € 9/(z, Z) for all . Then

if Ns =1nN= %7
E[f(zk)] — f(2") <

S

Proof.
f(xs) — f(z¥) < gsT(ws —z7)
= E[j; (z; — z7)|xs]

N %E[(ys-l-l — ) (s — 2|

1 X .
= g Elllzs = ysial® + llzs = 2|7 = llys1 — 27||]

1 ~ * *
< %(nzlE[llgs|!2!ws] + E[l|zs — o |*as] — Blllws — 2]

Taking expectations and summing over s we get

k
. T]L2 R2
;f($s)_f(x)§7+2qy—k'

| =

Using Jensen’s inequality and chosing n = LL\;E’ we get

Elf(z1)] - f(z7) <

515
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3.3 Stochastic Mirror Descent

We can also extend the Mirror Descent to a stochastic version as follows.

Algorithm 2 Mirror Descent algorithm
Input: 27 € argmingqp ®(z), ¢ : RY — R? such that ((r) = V®(x), independent
random variables 71, ..., Z;, with distribution P.
for s=1,--- ,k do
C(ys-i-l) = C(xs) —ngs for gs € ae(‘r& ZS)
Top1 = 1IE (Ys41)
end for
return T = ¢ Zgzl T

Theorem: Assume that ® is a-strongly convex on CN D w.r.t. || - || and

R? = ®(z) — min_ P
(285 P 2 )

take 1 = argmin,coqp ®(x) (assume that it exists). Then, Stochastic Mirror Descent

with n = %w / %0‘ outputs Zy, such that

B (a0 - 1) < BLy 2

Proof. We essentially reproduce the proof for the Mirror Descent algorithm.
Take zf € C N'D. We have

flas) = f@) < g (@ — o)
E[g] (s —a*)|z]

= LBI(¢) = Cyorn)T (s — 2z

n
N %IE[W@(%) — VO(ys1)) | (s — 2]
= %IE [D¢($s,ys+1) + Do (af, z5) — D¢($ﬁyys+1)|xs:|
< %IE [Dcp(ws, Ys+1) + Do(a?, 25) — Do (2%, $s+1)|$s]
< 5Bl e + T [Doe?, ) — Dl i)
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where the last inequality comes from

D@(xsays+1) = (I)($s) - (I)(ys—l—l) - vq)(ys+1)—r($s - ys—l—l)
(6%
< [VO(zs) - V(I)(yS-i-l)]T (Ts — Ysg1) — §Hys+1 - stz

~ (&%
< 0l = yosall = Slgsss = o)

_ Plas?
- 2«

Summing and taking expectations, we get

k
1 L?  Dg(a* x)
L _ iy < 1 (X7, Ty 1
(o) = Flo] < B+ S (3.1)
We conclude as in the previous lecture.
O

3.4 Stochastic coordinate descent

Let f be a convex L-Lipschitz and differentiable function on IR?. Let us denote by V;f the
partial derivative of f in the direction e;. One drawback of the Gradient Descent Algorithm
is that at each step one has to update every coordinate V;f of the gradient. The idea of
the stochastic coordinate descent is to pick at each step a direction e; uniformly and to
choose that e; to be the direction of the descent at that step. More precisely, of I is drawn
uniformly on [d], then IE[dV[f(x)es] = Vf(z). Therefore, the vector dVf(x)es that has
only one nonzero coordinate is an unbiased estimate of the gradient V f(x). We can use
this estimate to perform stochastic gradient descent.

Algorithm 3 Stochastic Coordinate Descent algorithm

Input: z; € C, positive sequence {ns}s>1, independent random variables I, ..., Ij
uniform over [d].
fors=1tok—1do

Ys+1 = Ts — nsdvlf(x)ely Js € aé(:ﬂs, Zs)

Tsr1 = 7"'C(ys-i-l)

end for
1 k
return I, = % Zws
s=1
If we apply Stochastic Gradient Descent to this problem for n = % %, we directly
obtain

B (@) - fa*) < RLy 22

We are in a trade-off situation where the updates are much easier to implement but where
we need more steps to reach the same precision as the gradient descent alogrithm.
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 15
Scribe: ZACH 17z0 Oct. 27, 2015
Part 111

Online Learning

It is often the case that we will be asked to make a sequence of predictions, rather
than just one prediction given a large number of data points. In particular, this situa-
tion will arise whenever we need to perform online classification: at time ¢, we have
(X1,Y7),...,(X4—1,Ys—1) iid random variables, and given X;, we are asked to predict
Y; € {0,1}. Consider the following examples.

Online Shortest Path: We have a graph G = (V, E) with two distinguished vertices
s and ¢, and we wish to find the shortest path from s to t. However, the edge weights
Eq, ..., E; change with time £. Our observations after time ¢ may be all of the edge weights
Eq, ..., Ey; or our observations may only be the weights of edges through which our path
traverses; or our observation may only be the sum of the weights of the edges we’ve traversed.

Dynamic Pricing: We have a sequence of customers, each of which places a value v
on some product. Our goal is to set a price p; for the tth customer, and our reward for
doing so is p; if p; < v (in which case the customer buys the product at our price) or 0
otherwise (in which case the customer chooses not to buy the product). Our observations
after time ¢ may be vq,...,vs; or, perhaps more realistically, our observations may only be
I(p1 <wv1),...,q(pt < v¢). (In this case, we only know whether or not the customer bought
the product.)

Sequential Investment: Given N assets, a portfolio is w € AN = {r e R" : z; >
0, sz\i 1% = 1}, (w tells what percentage of our funds to invest in each stock. We could
also allow for negative weights, which would correspond to shorting a stock.) At each time
t, we wish to create a portfolio w; € AY to maximize w! z;, where z; € IR is a random
variable which specifies the return of each asset at time t.

There are two general modelling approaches we can take: statistical or adversarial.
Statistical methods typically require that the observations are iid, and that we can learn
something about future points from past data. For example, in the dynamic pricing example,
we could assume vy ~ N(v,1). Another example is the Markowitz model for the sequential
investment example, in which we assume that log(z;) ~ N (u, 2).

In this lecture, we will focus on adversarial models. We assume that z; can be any
bounded sequence of numbers, and we will compare our predictions to the performance of
some benchmark. In these types of models, one can imagine that we are playing a game
against an opponent, and we are trying to minimize our losses regardless of the moves he
plays. In this setting, we will frequently use optimization techniques such as mirror descent,
as well as approaches from game theory and information theory.
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1. PREDICTION WITH EXPERT ADVICE

1.1 Cumulative Regret

Let A be a convex set of actions we can take. For example, in the sequential investment
example, A = AN, If our options are discrete—for instance, choosing edges in a graph-then
think of A as the convex hull of these options, and we can play one of the choices randomly
according to some distribution. We will denote our adversary’s moves by Z. At time ¢,
we simultaneously reveal a; € A and z; € Z. Denote by ¢(a¢, z¢) the loss associated to the
player/decision maker taking action a; and his adversary playing z;.

In the general case, Y ;- £(at, z;) can be arbitrarily large. Therefore, rather than looking
at the absolute loss for a series of n steps, we will compare our loss to the loss of a benchmark
called an expert. An expert is simply some vector b € A", b= (by,...,bs,...,b,)". If we
choose K experts bV, ... %) then our benchmark value will be the minimum cumulative
loss amongst of all the experts:

n

benchmark = min E(bgj ),zt).
Isj<K =]

The cumulative regret is then defined as

n

Ro=Y las,2) in 009, z).
t=1 - t=1

At time ¢, we have access to the following information:
1. All of our previous moves, i.e. a1,...,a0;_1,
2. all of our adversary’s previous moves, i.e. z1,...,2t_1, and
3. All of the experts’ strategies, i.e. b1, ... b0,

Naively, one might try a strategy which chooses a; = b}, where b* is the expert which
has incurred minimal total loss for times 1,...,¢# — 1. Unfortunately, this strategy is easily
exploitable by the adversary: he can simply choose an action which maximizes the loss for
that move at each step. To modify our approach, we will instead take a convex combination
of the experts’ suggested moves, weighting each according to the performance of that expert
thus far. To that end, we will replace £(as, z) by £(p, (b, 2)), where p € AKX denotes a
convex combination, b; = (bgl), . ,bgK))T € AK is the vector of the experts’ moves at time
t, and z; € Z is our adversary’s move. Then

n

n
R, = ;E(pt, 2t) — 1gjuSmK 2 Uej, )

where e; is the vector whose jth entry is 1 and the rest of the entries are 0. Since we are
restricting ourselves to convex combinations of the experts’ moves, we can write A = AKX,
We can now reduce our goal to an optimization problem:

K

grélil}( JZ: 6, ;6(6]-, 2t).

=1
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From here, one option would be to use a projected gradient descent type algorithm:

define
qi+1 = Pt — ?’](6(61, Zt)a cee ,K(GK, ZT))T

and then p; 1 = A (pt) to be the projection of g;41 onto the simplex.

1.2 Exponential Weights
Suppose we instead use stochastic mirror descent with ® = negative entropy. Then

qt

Qe+1,j = Pev1g XP(=nb(ej, 1)), Prr1j = S e
1=1 Qt+1,0

where we have defined

K t—1
W
I%:EZ _7;L—% ) M429ﬂ>‘WEZA%JQ :
Zl:l wt7l s=1

=1

we

This process looks at the loss from each expert and downweights it exponentially according
to the fraction of total loss incurred. For this reason, this method is called an exponential

weighting (EW) strategy.

Recall the definition of the cumulative regret R,,:
n

n
R, = Zﬁ(pt, 2t) — 1g}i<nK lej, ).
t=1 ===

Then we have the following theorem.

Theorem: Assume (-, z) is convex for all z € Z and that ¢(p,z) € [0,1] for all p €

AKX 2 € Z. Then the EW strategy has regret

R, < log K +m‘
n 2

In particular, for n = \/@ ,
R, <+/2nlog K.

Proof. We will recycle much of the mirror descent proof. Define
K
filp) = ijg(ejvzt)'
j=1

Denote || - || := |- |1. Then

log K
m

BN oy o M 2 llgell?
n th(pt) = fi(p*) < t21 +
=1
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where g € Ofi(pt) and || - ||« is the dual norm (in this case || - [[x = | - |oo). The 2 in the
denominator of the first term of this sum comes from setting o = 1 in the mirror descent
proof. Now,

gt € 0fe(pe) = ge = (Uer, ), ... Lexc, 20)) T
Furthermore, since £(p, z) € [0,1], we have ||g¢||« = |gt|oo < 1 for all ¢. Thus

1Ny 2
N5 Do llgell3 n log K S/ logK'

2 nn 2 nn

Substituting for f; yields

n

s t m  log K
D02 pegtlegz) —| min 3T pillesa) | <GS0

t=1 j=1 j=1t=1 N

Note that the boxed term is actually mini<j<x >, ¢(ej,2). Furthermore, applying
Jensen’s to the unboxed term gives

Zzpt] ej,2t) > Zﬁ (Pt 2t)-

t=1 j=1

Substituting these expressions then yields

n logK
Ry< Tt 28
2 U
We optimize over 1 to reach the desired conclusion. O

We now offer a different proof of the same theorem which will give us the optimal
constant in the error bound. Define

= ZK 1 wt]ej
wy,j = exp (—77 ) f(ﬁj,zs)> , E wej, pp= W, :
s=1

For t = 1, we initialize w1 ; = 1, so W1 = K. It should be noted that the starting values for
wy,; are uniform, so we're starting at the correct point (i.e. maximal entropy) for mirrored
descent. Now we have

or <Wt+1> o [ZEre (- S8 s ) ) exp(=nlles, 20)
Wi S exp (=0 X7 e, =)
= log (I, [exp(~ (e, 2)))

Hoeffding’s lemma = < log eénze_”Eﬂ(eL”“»

2
= g - UEJ€(€J7Zt)
n? n?
Jensen’s = < g~ W(E ey, z) = g~ nl(pe, 2t)
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since IEje; = ZJK:1 pt,jej. If we sum over ¢, the sum telescopes. Since Wi = K, we are left
with

2 n
n
log(Wi1) — log(K) < % 0> i, 20).
t=1
We have

K n
log(Wy41) =log | > exp <—nZ€(6g’,zs)> 7
j=1 s=1

so setting j* = argmin; ;< > /=, £(e;, 2), we obtain

log(Wy,41) > log <exp <—172€(ej*,zs))) = —nZE(ej*,zt).
s=1 t=1

Rearranging, we have

n n

n logK
S o) = 3 Mg z) < B B

t=1 t=1 N

Finally, we optimize over 7 to arrive at

n = /SlOgK:>Rn§ nlogK'
n 2

The improved constant comes from the assumption that our loss lies in an interval of size
1 (namely [0,1]) rather than in an interval of size 2 (namely [—1, 1]).
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 16
Scribe: HAIHAO (SEAN) Lu Nov. 2, 2015

Recall that in last lecture, we talked about prediction with expert advice. Remember
that I(ej, z:) means the loss of expert j at time ¢, where z; is one adversary’s move. In this
lecture, for simplexity we replace the notation z; and denote by z; the loss associated to all
experts at time t:

ley, zt)

E(GK, Zt)

whereby for p € AK, pTz = Z;il p;il(ej, z:). This gives an alternative definition of fi(p)
in last lecture. Actually it is easy to check fi(p) = p' 2, thus we can rewrite the theorem
for exponential weighting(EW) strategy as

n n
R, < Zptht — min Zpth <+/2nlog K,
t=1 peAt

where the first inequality is Jensen inequality:

n n
ZPZTZt 2 Zg(pmzt) :
t=1 =1

We consider EW strategy for bounded convex losses. Without loss of generality, we
assume £(p, z) € [0,1], for all (p,z) € AK x Z, thus in notation here, we expect p; € AKX

and z; € [0,1]%. Indeed if £(p,z) € [m, M] then one can work with a rescaled loss £(a, z) =
L(a,z)—m
M—-m

. Note that now we have bounded gradient on p;, since z; is bounded.

2. FOLLOW THE PERTURBED LEADER (FPL)

In this section, we consider a different strategy, called Follow the Perturbed Leader.
At first, we introduce Follow the Leader strategy, and give an example to show that
Follow the Leader can be hazardous sometimes. At time ¢, assume that choose

t—1
_ : E T
Py = argmin P Zs.
pEAK s=1

Note that the function to be optimized is linear in p, whereby the optimal solution should
be a vertex of the simplex. This method can be viewed as a greedy algorithm, however, it
might not be a good strategy.

Consider the following example. Let K = 2, z; = (0,¢)", 2o = (0,1)7, z3 = (1,0)7,
24 = (0,1)T and so on (alternatively having (0,1)" and (1,0)" when ¢ > 2), where ¢ is small
enough. Then with Following the Leader Strategy, we have that p; is arbitrary and in the
best case p; = (1,0) ", and py = (1,0)7, p3 = (0,1)T, ps = (1,0)" and so on (alternatively
having (0,1)" and (1,0)" when ¢ > 2).
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In the above example, we have

n n

T . T n_n
Eptzt—mlngpztgn—l——g——l
t=1 pear 272 ’

which gives raise to linear regret.
Now let’s consider FPL. FPL regularizes FL by adding a small amount of noise, which
can guarantee square root regret under oblivious adversary situation.

Algorithm 1 Follow the Perturbed Leader (FPL)

Input: Let £ be a random variables uniformly drawn on [0
fort=1ton do

I

t—1

py = argmin Z (pTzs + 5)
peAK T

end for

We analyze this strategy in oblivious adversaries, which means the sequence z; is chosen
ahead of time, rather than adaptively given. The following theorem gives a bound for regret
of FPL:

Theorem: FPL with n = \/% yields expected regret:

E¢[R,] < 2V2nK .
Before proving the theorem, we introduce the so-called Be-The-Leader Lemma at first.

Lemma: (Be-The-Leader)
For all loss function ¢(p, z), let

t
Y = arg min L(p, 2
Py ngAKSZ:; (p S) )

then we have
n n

Zé(p;f, zt) < Z £(py, 2t)
t—1

t=1

Proof. The proof goes by induction on n. For n =1, it is clearly true. From n to n + 1, it
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follows from:
n+1

Sl z) =S Wi 2) + Py Zng)

t=1 =1

n
< Zé(p:n Zt) + E(p;kz-l-l’ ZTL+1)
i=1

n
< Ze(p:-i-l’ 2t) + L(Pps1s 2nt1)
i=1

where the first inequality uses induction and the second inequality follows from the definition
of p}. O

Proof of Theorem. Define
t

¢ = argminp " &+ ZZS
pEAK s=1

Using the Be-The-Leader Lemma with

[P ift=1
g(p’zt)_{pth if t>1,

we have . .
T T T
Gl E+) gl < ming €+ 2),
=1 €A =1

whereby for any ¢ € AKX,

)

n
S (aa—a"=) < (¢ —al )€ < lla—arlllilo <

i=1

I N

where the second inequality uses Holder’s inequality and the third inequality is from the
fact that ¢ and ¢; are on the simplex and € is in the box.

Now let
qr = arg mlnp <£+zt—|—2zs)
and
pt—argmlnp <£—|—0—|—Zzs) .
Therefore,
n n
R,| < T2 — min Tz
) < ;pt ¢~ min ;p ¢
n n
< Z <thzt - p*T2t> + ZE[(M — 1) " 2
i=1 i=1

< % + ZIE[(pt - Qt)TZt] ) (2.1)

i=1
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where p* = argmin,cax Y1 P 2.

Now let i
_ T : T
h(§) = 2 (argprélir;{p €+ Z%]) :

s=1

then we have a easy observation that
E[z (pr — q1)] = E[R($)] — E[h(E + 21)] -

Hence,

B ) = [ e [ e

h(&)d¢

<n /
11K 11K
£€(0,5] \{Zt+[0,,,} }

< 77K /
11K 1K
e€l0, 219\ { 20+ (0,415 }

=P (3i € [K], (i) < z(i))
K
. 1 y
< ;IP <Un1f <[0, E]) < 2t(2)>
< nKz(i) <nk | (22)

1d¢

where the first inequality is from the fact that h(§) > 0, the second inequality uses
h(§) < 1, the second equation is just geometry and the last inequality is due to z¢(i) < 1.
Combining (2.1) and (2.2) together, we have

2

In particular, with n =

which completes the proof. O
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_on-line prediction

A repeated game between forecaster and environment.

At each round t,

* the forecaster chooses an action Iy € {1,..., N};
(actions are often called experts)

* the environment chooses losses £4(1), ..., £:(N) € [0, 1];

* the forecaster suffers loss £¢(1).

The goal is to minimize the regret

Rn = <tz=; Le(le) — ;25’\};&“)) .
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Is it possible to make (1/n)R, — 0 for all loss assignments?

Let N = 2 and define, forall t = 1,...,n,

ef(l)‘{ 1 if,=1

and Et(Z) =1- Et(l)
Then

NI S

n n
;Et(lt)zn and ’_rﬂ?z;et(i)g

SO

1
—Rn >
n

N | =
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Key to solution: randomization.

At time t, the forecaster chooses a probability distribution
Pi—1 = (Prt—15-+-5PN,t—1)
and chooses action i with probability p; ;1.

Simplest model: all losses €5(i), i =1,...,N, s < t, are
observed: full information.
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Hannan (1957) and Blackwell (1956) showed that the forecaster
has a strategy such that

1/ N s
- <; Le(1) — Fgl;\}%&(l)) —0

almost surely for all strategies of the environment.
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expected loss of the forecaster:

N
Le(pr—1) = Zpi,t—let(i) = E¢l:(1t)
=1

By martingale convergence,
1 n n
n (Zﬁt(’t) - Zet(Pt_1)> = Op(n~'/?)
t=1 t=1

so it suffices to study

% (Z £:(p;—1) — min th(i))
t=1 98 - t=1



_ welighted average prediction

Idea: assign a higher probability to better-performing actions.
Vovk (1990), Littlestone and Warmuth (1989).

A popular choice is

exp (—n 42 (1))
22;1 exp <—"7 25;1 es("))

where 7 > 0. Then

<Z Le(pe—1) — mmzﬁt( )> \V 3 M

with m = {/8InN/n.

i=1,...,N.

Pi,t—1 =
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Let Li, = > .t_; £s(i) and

fort > 1, and Wy = N. First observe that

w, N
In— = In e Min| —InN
w = (o)

i=1

v

In ( max e_"""’") —InN

i=1,...,

= — min L;,—InN.
ni:l,...,N o
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On the other hand, foreacht =1,...,n

Wt Z’N_I w; t_le_'rlet(")
In = In = N’
Wi > j=1Wj,t-1
N . 2
- Yiza Wie—1£e(i) 7
>j=1Wj,t—-1 8
2

n
= —nl(py_q) + ry

by Hoeffding's inequality.
Hoeffding (1963): if X € [0, 1],
2

InEe~"™ < —pEX + =
101 8



foreacht=1,...,n

2

n
W,_q; — ¢:(Pe—1) 8

In

Summing over t = 1,...,n,

w, 2
|"W < nzf (p:— 1)+—"

t=1

Combining these, we get

InN n

Zet(pt 1) < min L,,, 4+ —+4+ —n
t 1 _1’ ’ n 8
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[ow

The upper bound is optimal: for all predictors,

sup >ot=1 Le(le) — minjony Y7 £e(i) 1.

n, N, 2. (i) V(n/2)In N

Idea: choose £¢(i) to be i.i.d. symmetric Bernoulli coin flips.

sup (Z Le(le) — "1'“ th( )>

£e(i)
> E Zet(lt)—mi,r\;z:&(i)]
t=1 - t=1
n
= — —minB;
i<N

Where By, ..., By are independent Binomial (n,1/2).
Use the central limit theorem. 103



t—1
Iy = argmin Y £4(i) + Z;
‘ i=1,..., ; +(7) ht

where the Z; ; are random noise variables.

The original forecaster of Hannan (1957) is based on this idea.
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If the Z; ; are i.i.d. uniform [0, v/'nN], then

1 N
R, < 2/ — + 0p(n~1/?).
n n

If the Z; , are i.i.d. with density (n/2)e~"I?l, then for
n =~ \/log N/n,

log N

+ Op("_l/z) .
n

1
—R, <c
n

Kalai and Vempala (2003).
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Often the class of experts is very large but has some combinatorial
structure. Can the structure be exploited?

path pIanning. At eaCh tlme © Google. All rights reserved. This content is excluded from our
. Creative Commons license. For more information, see
instance, the forecaster chooses a http://ocw.mit.edu/fairuse.

path in a graph between two

fixed nodes. Each edge has an

associated loss. Loss of a path is

the sum of the losses over the

edges in the path.
N is huge!!l
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assign

Given a complete
bipartite graph

K th This image has been removed due to copyright restrictions.
m,m:, € Please see the image at

forecaster ChOOSGS 3 http://38.media.tumblr.com/tumblr_m0ol5tggjZ1gir7tc.gif

perfect matching.
The loss is the sum
of the losses over
the edges.

Helmbold and Warmuth (2007): full information case.
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The forecaster chooses a
spanning tree in the complete
graph K. The cost is the sum
of the losses over the edges.




Formally, the class of experts is a set S C {0, 1} of cardinality
|S| = N.

At each time t, a loss is assigned to each component: £; € RY.
Loss of expert v € S is £(v) = £, v.

Forecaster chooses I} € S.

The goal is to control the regret

n
Zet(,t) — P in
t=1

=1,..0

N;et(k) i
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One needs to draw a random element of S with distribution
proportional to

t—1
we(v) = exp(—n Le(v)) = exp (—n th v.)
s=1

d t—1
= Hexp (—n Zztu'"j> .
j=1 s=1
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computing the exponentially weighted average forecaster

path planning: Sampling may be done by dynamic programming.

assignments: Sum of weights (partition function) is the permanent
of a non-negative matrix. Sampling may be done by a FPAS of
Jerrum, Sinclair, and Vigoda (2004).

spanning trees: Propp and Wilson (1998) define an exact sampling
algorithm. Expected running time is the average hitting time of
the Markov chain defined by the edge weights we(v).
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computing the follow-the-perturbed leader forecaster

In general, much easier. One only needs to solve a linear
optimization problem over &. This may be hard but it is well
understood.

In our examples it becomes either a shortest path problem, or an
assignment problem, or a minimum spanning tree problem.
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Suppose N experts, no structure. Define

t
I, = arg min Z(E,-,s_l + Xs)

i=1,...,N s—1

where the X are either i.i.d. normal or &1 coinflips.

This is like follow-the-perturbed-leader but with random walk
perturbation: >t X;.

Advantage: forecaster rarely changes actions!
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fol

If Ry, is the regret and C,, is the number of times Iy % I;_1, then

ER, < 2EC, < 8y/2nlog N + 16logn + 16 .

Devroye, Lugosi, and Neu (2015).

Key tool: number of leader changes in N independent random
walks with drift.
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This also works in the “combinatorial” setting: just add an
independent N(0, d) at each time to every component.

ER, = O(B%*/%\/nlog d)

and

EC, = O(B+/nlogd) ,

where B = maxycs ||v||1.
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May be adapted to many different variants of the problem,
including bandits, tracking, etc.
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The forecaster only observes £;(I;) but not £(i) for i # I.

Herbert Robbins (1952).

This image has been removed due to copyright restrictions. Please see the image at

https://en.wikipedia.org/wiki/Herbert_Robbins#/media/File: 1966-HerbertRobbins.jpg
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mul

Trick: estimate £;(i) by

Le(le)Lyqs=iy

(i) =
Pi;,t—1
This is an unbiased estimate:
l’(j)]l =i .
Eele(i) = Zp,,t- U= = (i)

Use the estimated losses to define exponential weights and mix
with uniform (Auer, Cesa-Bianchi, Freund, and Schapire, 2002):

b (T b) o
Siew (-nLoibw) L

exploration

pit—1=(1—7)

exploitation
118



JE% (Zﬂt(pt_l) - ,rgiplzﬂt(i)> =0 < N': N) ;
t=1 - t=1
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Lower bound:

supIEn <Z£t(pt 1) — mmZEt( )> > C\/W

et(l)

Dependence on N is not logarithmic anymore!

Audibert and Bubeck (2009) constructed a forecaster with
max Zet(pt 1) — th(' = \/ﬂ ;
i<N n n
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cal

Sequential probability assignment.
A binary sequence x1, X2, . . . is revealed one by one.

After observing x1,...,Xxt—1, the forecaster issues prediction
I, € {0,1,...,N}.

Meaning: “chance of rain is I/ N".

Forecast is calibrated if

n ]1 . o
Zelusy Pl L)
Sicilpe=iy N[ T 2N

whenever limsup,(1/n) >27_; 1¢,=iy > 0.

Is there a forecaster that is calibrated for all possible sequences?
NO. (Dawid, 1985). 121



ran

However, if the forecaster is allowed to randomize then it is
possible! (Foster and Vohra, 1997).

This can be achieved by a simple modification of any regret
minimization procedure.

Set of actions (experts): {0,1,..., N}.
At time t, assign loss £,(i) = (x; — i/N)? to action i.

One can now define a forecaster. Minimizing regret is not
sufficient.
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Recall that the (expected) regret is

Zﬁt(pt 1) — mmzft( ) = maXZZPJ,t (£:() — £:(i))

t=1 j

The internal regret is defined by
n
n;SXij,r (£e(j) — £:(i))
t=1

Pj.t (8:() — £e(7)) = Eelgy,—jy (£e(j) — €:(i))
is the expected regret of having taken action j instead of action i.
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By guaranteeing small internal regret, one obtains a calibrated
forecaster.

This can be achieved by an exponentially weighted average
forecaster defined over N2 actions.

Can be extended even for calibration with checking rules.
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For each round t = 1,...,n,

*

*

*

*

the environment chooses the next outcome J; € {1,..., M}
without revealing it;

the forecaster chooses a probability distribution p,_; and
draws an action I € {1,..., N} according to p;_q;

the forecaster incurs loss £( I, J¢) and each action i incurs loss
£(i, ). None of these values is revealed to the forecaster;

the feedback h(l¢, Jt) is revealed to the forecaster.

H = [h(i,j)]nxm is the feedback matrix.

L = [£(i,j)]nxm is the loss matrix.
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Dynamic pricing. Here M = N, and L = [£(i,j)]nxn Where

U —Nlg<iy + cliisjy

L(i,j) = N

and h(i,j) = L{isjy or
h(i,j) = algi<jy + blgisjpy s i,j=1,...,N.

Multi-armed bandit problem. The only information the forecaster
receives is his own loss: H = L.

126



Apple tasting. N =M = 2.

=17
i=1s ]

The predictor only receives feedback when he chooses the second

action.

Label efficient prediction. N =3, M = 2.

11

L=|01

10

ab

H=|c c

c c
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A forecaster first proposed by Piccolboni and Schindelhauer (2001).
Crucial assumption: H can be encoded such that there exists an
N x N matrix K = [k(i,j)]nxn such that

L=K-H.
Thus,

N
(i j) = k(i, k(1) .

=1
Then we may estimate the losses by

k(i, It)h(l, Jt)
Pt

0i, Jy) =
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Observe

_ N k(i, k)h(k,J
Eel(i, Jy) = Zpk,t_lw
k=1 Pk,t—1
N
= Y k(i,k)h(k, Jr) = £(i, Jt) ,
k=1

£(i, J¢) is an unbiased estimate of £(i, J;).

Let _
e_'rlLi,t—l

= +
N e
Ekle MNlk,t—1

~y
Pit—1=(1—7) N

where Z,-,t =3, 0(i, Jy).
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_performance boind
With probability at least 1 — §,

12 12
n ; £(1ey Jr) — i=T.i.I1N n ;E(i, Jt)
< €n713N%3,/In(N/6) .

where C depends on K. (Cesa-Bianchi, Lugosi, Stoltz (2006))

Hannan consistency is achieved with rate O(n—'/3) whenever
L=K-H.

This solves the dynamic pricing problem.

Bartok, Pal, and Szepesvari (2010): if M = 2, only possible rates
are =12 p=1/3 1
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imperfect monitoring: a general framework

S is a finite set of signals.

Feedback matrix: H: {1,...,N} x {1,..., M} — P(S).

For eachround t =1,2...,n,

#  the environment chooses the next outcome J; € {1,..., M}
without revealing it;

#  the forecaster chooses p,_; and draws an action
I, € {1,..., N} according to it;

#  the forecaster receives loss £(/¢, J¢) and each action i suffers
loss £(i, J¢), none of these values is revealed to the forecaster;

#  a feedback s; drawn at random according to H(/l¢, J¢) is
revealed to the forecaster.
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Define
ep,q) = > pigit(i,J)
i

H(-,q) = (H(1,q),...,H(N, q))
where H(i, q) = Zj qu(iaj) :

Denote by F the set of those A that can be written as H(-, q) for
some q.

F is the set of “observable” vectors of signal distributions A.

The key quantity is

A) = )
p(p, D) L SN (p,q)

p is convex in p and concave in A.
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The value of the base one-shot game is

i e = mi A
min max (p; q) min pg;p(p, )

If g, is the empirical distribution of J1,...,J,, even with the
knowledge of H(-,q,,) we cannot hope to do better than

minp P(P, H('a ﬁn))

Rustichini (1999) proved that there exists a strategy such that for
all strategies of the opponent, almost surely,

1
lim sup . Z E(lt,Jt)—mJ“P(P,H('aﬁn)) <0

n—oo
t=1,...,n
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Rustichini’s proof relies on an approachability theorem for a
continuum of types (Mertens, Sorin, and Zamir, 1994).

It is non-constructive.
It does not imply any convergence rate.

Lugosi, Mannor, and Stoltz (2008) construct efficiently computable
strategies that guarantee fast rates of convergence.
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The class of actions is a set S C {0,1}9 of cardinality |S| = N.
At each time t, a loss is assigned to each component: £, € RY.
Loss of expert v € S is £¢(v) = £, v.

Forecaster chooses I; € S.

The goal is to control the regret

=1,.e0y

;Et(lt) — min ; 2.(k) .
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combina

Three models.

(Full information.) All d components of the loss vector are
observed.

(Semi-bandit.) Only the components corresponding to the chosen
object are observed.

(Bandit.) Only the total loss of the chosen object is observed.

Challenge: Is O(n~1/2poly(d)) regret achievable for the
semi-bandit and bandit problems?
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Adversary

Player
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combinatorial prediction game

Adversary

Player — s © Google. All rights reserved. This content is excluded from our
Creative Commons license. For more information, see

http://ocw.mit.edu/fairuse.
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combinatorial prediction game

Adversary ——

Player 5 © Google. All rights reserved. This content is excluded from our
Creative Commons license. For more information, see
http://ocw.mit.edu/fairuse.
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combinatorial prediction game

Adversary ——— ¢

Player —— 5 © Google. All rights reserved. This content is excluded from our
Creative Commons license. For more information, see

http://ocw.mit.edu/fairuse.
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combinatorial prediction game

Adversary ——

Pl © Google. All rights reserved. This content is excluded from our
ayer Creative Commons license. For more information, see
http://ocw.mit.edu/fairuse.
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loss suffered: €y + €7 + ...

Lg_>
La_1

Lq

+ £q
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combinatorial prediction game

Full Info:  £1,£2,...,£Lq

Adversary —— ¢ Feedback:

£y
La_2
£a_1

Ly

Pl © Google. All rights reserved. This content is excluded from our
ayer Creative Commons license. For more information, see

http://ocw.mit.edu/fairuse.
loss suffered: £ + €7 + ...+ £y
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combinatorial prediction game

Full Info: 1,09, ..., 04
Adversary —— DFeedback: ¢ Semi-Bandit: #£3,%7,...,44
Bandit: bo+ b7+ ...+ 4,
£y
La_2
£a_1

Ly

© Google. All rights reserved. This content is excluded from our
Player ——> Creative Commons license. For more information, see

http://: .mit.edu/fai .
TEEEEEEEEE |oss suffered: by+ b7+ ...+ L4
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s S C {0,1}

o L €RY
s Vg €S, loss suffered: EtTVt

regret:
n n
_ T . T
R, =E tE_l £, Vi — Il‘lnGllle tE_l £, u

loss assumption: [¢Jv| < 1lforallve Sandt=1,...,n.
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At time t assign a weight w;; toeach i =1,...,d.

The weight of each vy € S is

we(k) = H Wi .

it (i)=1
Let qe_1(k) = We_1(k)/ Y py We—1(k).
At each time t, draw K; from the distribution
pe—1(k) = (1 — v)qe—1(k) + vp(k)
where g is a fixed distribution on & and v > 0. Here
we; = exp(—n Zt,,-)

where Zt,,- = 21,,- + -+ Zt,,- and Zt,,- is an estimated loss.
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Dani, Hayes, and Kakade (2008).

Define the scaled incidence vector
Xt = Et(Kt) VKt

where K is distributed according to py_1.
Let P_1 = E[Vk, V—,';J be the d X d correlation matrix.

Hence
Peoi(i) = > pe-a(k) .
k: vi(i)=vic(j)=1

Similarly, let @;_1 and M be the correlation matrices ofE[V VT]
when V has law, g;—1 and p. Then

P 1(i,j) = (1 — v)Qc—1(i,j) + v M(i,j) .
The vector of loss estimates is defined by
L= P}r X,

where P;"_l is the pseudo-inverse of P;_.
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¥ MMtv=vforallveEsS.
#  Q¢_1 is positive semidefinite for every t.
*  Pi_q P;"_lv =vforalltand v € S.

By definition,
Ee X¢ = Pe_14:

and therefore N
Etﬂt = P:-_I]Et Xt = Et

An unbiased estimate!
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The regret of the forecaster satisfies

1 (et ) <o 2B? AL
P n(k) ) < d)\min(M)+ n

where

Amin(M) = min xTMx >0
xEspan(S):||x||=1

is the smallest “relevant” eigenvalue of M. (Cesa-Bianchi and
Lugosi, 2009.)

Large Amin(M) is needed to make sure no |Zt,,-| is too large.
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Other bounds:

B./dInN/n (Dani, Hayes, and Kakade). No condition on S.
Sampling is over a barycentric spanner.

d./(601Inn)/n (Abernethy, Hazan, and Rakhlin). Computationally

efficient.
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)\min(M) = E(V, X)2 .

min
x€span(S):||x||=1
where V has distribution p over S.

In many cases it suffices to take o uniform.
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multitask bandit problem

The decision maker acts in m games in parallel.
In each game, the decision maker selects one of R possible actions.
After selecting the m actions, the sum of the losses is observed.

1
R
max E [ - L,,(k)] < 2mv3nRInR.

The price of only observing the sum of losses is a factor of m.

Amin =

Generating a random joint action can be done in polynomial time.
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Perfect matchings of K m.
At each time one of the N = m! perfect matchings of Ky m is

selected.

1
Amin(M) = m

ml?x]E [I,, — L,,(k)} < 2my/3nin(m!) .

Only a factor of m worse than naive full-information bound.
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spa

In a network of m nodes, the cost of communication between two
nodes joined by edge e is £¢(e) at time t. At each time a minimal
connected subnetwork (a spanning tree) is selected. The goal is to
minimize the total cost. N = m™~2.

Ain(M) = = 0 (5

The entries of M are

2

PVi=1}=

m
3 e
P{V;:l,\/j:l}:m ifi~j
4 e,
P{V,-:l,\/j:l}:ﬁ ifiolj.
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At each time a central node of a network of m nodes is selected.
Cost is the total cost of the edges adjacent to the node.
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A balanced cut in Ky, is the collection of all edges between a set
of m vertices and its complement. Each balanced cut has m?
edges and there are N = (zn';’) balanced cuts.

st =10 (L)

Choosing from the exponentially weighted average distribution is
equivalent to sampling from ferromagnetic Ising model. FPAS by
Randall and Wilson (1999).
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A Hamiltonian cycle in K, is a cycle that visits each vertex exactly
once and returns to the starting vertex. N = (m — 1)!

2
)\min 2 —
m

Efficient computation is hopeless.
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_sampling paths

In all these examples g is uniform over S.

For path planning it does not always work.

What is the optimal choice of u?
What is the optimal way of exploration?
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minimax regret

R, = inf max sup Ry,
strategy SC {0,1}9 adversary

Theorem

Let n > d?. In the full information and semi-bandit games, we
have

0.008 dv/n < R, < dV/2n,

and in the bandit game,

0.01 d*2/n < R,, < 2 d*/?>V/2n.
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upper bounds:

D =[0,4+00)9, F(x) = % Z?:l x; log x; works for full
information but it is only optimal up to a logarithmic factor in the
semi-bandit case.

in the bandit case it does not work at alll Exponentially weighted
average forecaster is used.

lower bounds:

careful construction of randomly chosen set S in each case.
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Let D be a convex subset of RY with nonempty interior int(D).
A function F : D — R is Legendre if

e F is strictly convex and admits continuous first partial
derivatives on int(D),

e For u € 9D, and v € int(D), we have

. o T o _ )
s_!:)l:r51>o(u v)'VF((1 - s)u+sv) = 400

The Bregman divergence Df : D X int(D) associated to a
Legendre function F is

Dge(u,v) = F(u) — F(v) — (u — v)TVF(v).
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CLEB (Combinatorial | Eaming with BreaNRCIE

Parameter: F Legendre on D O Conv(S)

(1) w)yy €D ]
VF(WI{+1) = VF(W[-) — Et

(2) wey1 € argmin De(w, w, ;)
weE Conv (S)

(3) Pt+1 € A(S) Wil = IEVNPt+1
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General regret bound for CLEB

If F admits a Hessian V2F always invertible then,

R, < diamp,(S) + Ei:z[ (sz(wt))_IEt.

t=1
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Different instances of CLEB: LinExp (Entropy Function)

D = [0,+00)?, F(x) = 3 LI, xilog x;

/\ Full Info: Exponentially weighted average
- Semi-Bandit=Bandit: Exp3

Auer et al. [2002]

Full Info: Component Hedge

: ; : Koolen, Warmuth and Kivinen [2010]
Semi-Bandit: MW

Kale, Reyzin and Schapire [2010]

Bandit: new algorithm
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D = [0,+00), F(x) = X1, Jo7 ¥~ (s)ds
INF, Audibert and Bubeck [2009]

- \ 1 (x) = exp(nx) : LinExp
A

P(x) = (—nx)~9,q > 1: LinPoly
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D = Conv(S), then

t
Wiyl € arg min <Z Tw+ F(w))

weD s=1

Particularly interesting choice: F self-concordant barrier function,
Abernethy, Hazan and Rakhlin [2008]
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Lecturer: PHILIPPE RIGOLLET Lecture 18
Scribe: HAIHAO (SEAN) Lu Nov. 2, 2015

3. STOCHASTIC BANDITS

3.1 Setup

The stochastic multi-armed bandit is a classical model for decision making and is defined
as follows:

There are K arms(different actions). Iteratively, a decision maker chooses an arm k €
{1,..., K}, yielding a sequence Xk 1,...,Xky,..., which are i.i.d random variables with
mean . Define p, = max;p; or * € argmax. A policy 7 is a sequence {m;};>1, which
indicates which arm to be pulled at time ¢t. m; € {1,..., K} and it depends only on the
observations strictly interior to t. The regret is then defined as:

Ry, = max E[) X —E[) X,
t=1 =1
g n/,[/* — ]E[Z X7rt7t]
t=1
= Nfly — IE[IE[Z Xyt | ]
t=1

K
=Y AE[Ty(n)]

k=1
where Ay = p, — py and Ty (n) = > I(m = k) is the number of time when arm k was
pulled.
3.2 Warm Up: Full Info Case

X1t
Assume in this subsection that K = 2 and we observe the full information : at
Xkt
time t after choosing ;. So in each iteration, a normal idea is to choose the arm with
highest average return so far. That is

T = argmax Xk,t
k=1,2

where
_ 1
Xt = n 32—:1 Xk s

Assume from now on that all random variable X, ; are subGaussian with variance proxy

u2<72
o2, which means IE[e**] < e 2 for all u € IR. For example, N(0,0?) is subGaussian with

166



variance proxy o2 and any bounded random variable X € [a, b] is subGaussian with variance
proxy (b — a)?/4 by Hoeffding’s Lemma.
Therefore,
Ry = AE[Ty(n)] (3.1)

where A = 1 — uo. Besides,

n
Ty(n) =1+ T(Xay > X1y)
t=2

=1 +ZH(X2¢ — X1 — (2 — 1) > A) .
=2

It is easy to check that (Xo;— X1¢) — (2 — 1) is centered subGaussian with variance proxy
202, whereby

tA2

E[H(Xg,t > Xl,t)] < e 402
by a simple Chernoff Bound. Therefore,

whereby the benchmark is

3.3 Upper Confidence Bound (UCB)

Without loss of generality, from now on we assume o = 1. A trivial idea is that after s
pulls on arm k, we use fiy s = %Zje{pulls of k} XK.j and choose the one with largest fiy s.
The problem of this trivial policy is that for some arm, we might try it for only limited
times, which give a bad average and then we never try it again. In order to overcome this
limitation, a good idea is to choose the arm with highest upper bound estimate on the mean
of each arm at some probability lever. Note that the arm with less tries would have a large
deviations from its mean. This is called Upper Confidence Bound policy.
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Algorithm 1 Upper Confidence Bound (UCB)
fort=1to K do
Ty = t
end for
fort =K +1tondo

t—1
=> W(m =k)
s=1

(number of time we have pull arm k before time ¢)

ﬂkt Z K tAs

t
Ty € argmax g fig¢ + 2 og(t) )
ke[ K] Ty (t)

end for

Theorem: The UCB policy has regret

logn 2 &
n < 14+ — A
R, <8 Y AT+ )2{; K

k,AR>0

Proof. From now on we fix k such that A > 0. Then

IE[ —1+ Z 7Tt—k‘

t=K+1

Note that for t > K,

R 2logt 2logt
{m b C ik + “—Tk(t) S gt + T*(t)}
2logt
& ) t_k}}

X 2log t R 2logt
c L iu s o 208 e g [2losty e
= {{uk > e+ 20 [ 7 FUGe = s + T.(0) YU < o+ Ti(t)

And from a union bound, we have

. 2logt R 2logt
P — < =2 =P — <2
(fuket — 1k Tot) ) (fuket — 1k To(t) )

t
= 2 el
T
3

810gt
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Thus P(uk > g + 2 21°(g)t) < % and similarly we have IP(j. > fi; + 2 210(g)t) < &,

whereby

n

U 2log t
> P = k) <2Y 5+ > Pl < e+ 2 Té),mzkﬁ
t=1

t=K+1 t=1
8logt
<2Z +ZIPTk ) < A7 7 = k)
=1
810gn
Z +ZIPTk Rz = k)
t=1 k
=1 > 8logn
§2Zt—3+ZIP(s N
t=1 s=1 k
.1 8logn
<2y =+
= 2 2
—~t A3
2 8l
T o%n7
3 AL

where s is the counter of pulling arm k. Therefore we have

772 810 n
n_ZAkIETk < 3 A A% ),
k
k=1 k,Ap>0
which furnishes the proof. O

Consider the case K = 2 at first, then from the theorem above we know R, ~ loi",

which is consistent with intuition that when the difference of two arm is small, it is hard to
distinguish which to choose. On the other hand, it always hold that R, < nA. Combining
these two results, we have R, < loin A nA, whereby R, < % up to a constant.
Actually it turns out to be the optimal bound. When K > 3, we can similarly get the
result that R, <>, w

Should be 71 (n/ ), Wthh includes the harmonic sum and H = —12 . See Lat15 .
k Ak k A
’ k

This, however, is not the optimal bound. The optimal bound

3.4 Bounded Regret

From above we know UCB policy can give regret that increases with at most rate log n with
n. In this section we would consider whether it is possible to have bounded regret. Actually
it turns out that if there is a known separator between the expected reward of optimal arm
and other arms, there is a bounded regret policy.

We would only consider the case when K = 2 here. Without loss of generality, we
assume pg = % and ps = —%, then there is a natural separator 0.
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Algorithm 2 Bounded Regret Policy (BRP)
m =1 and mo = 2
for t =3 to n do
if maxy, fir; > 0 then
then m; = argmaxy, iy, ;
else
T = 1, T+l = 2
end if
end for

Theorem: BRP has regret

16
Ry A+ .
Proof.
]P(ﬂ-t = 2) = ]P(p‘2,t >0,m = 2) + IP(ﬂ?,t <0,m = 2)
Note that

D Py >0,m =2) <EY W(figy > 0,1 = 2)
t=3 t=3

n
< Ezﬂ(ﬂzt —p2 > 0,7 = 2)
=3

i 2
Sze_%
s=1
38
VR

where s is the counter of pulling arm 2 and the third inequality is a Chernoff bound.
Similarly,

n

n
D Plge <0,m=2)=Y Py <0,m1 =1)

t=3 t=3
8
=5
Combining these two inequality, we have
16
R, <A1+ p) ,
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Lecturer: ALEXANDER RAKHLIN Lecture 19
Scribe: KEVIN L1 Nov. 16, 2015

4. PREDICTION OF INDIVIDUAL SEQUENCES

In this lecture, we will try to predict the next bit given the previous bits in the sequence.
Given completely random bits, it would be impossible to correctly predict more than half
of the bits. However, certain cases including predicting bits generated by a human can
be correct greater than half the time due to the inability of humans to produce truly
random bits. We will show that the existence of a prediction algorithm that can predict
better than a given threshold exists if and only if the threshold satifies certain probabilistic
inequalities. For more information on this topic, you can look at the lecture notes at
http://stat.wharton.upenn.edu/~rakhlin/courses/stat928/stat928_notes.pdf

4.1 The Problem

To state the problem formally, given a sequence yi,...,Yn,... € {—1,+1}, we want to find

a prediction algorithm ¢ = §¢(y1,...,y:—1) that correctly predicts y; as much as possible.
In order to get a grasp of the problem, we will consider the case where y1,...,yn i Ber(p).

It is easy to see that we can get

le—_ .. :
E [E ; 1y # yt}] — min{p, 1 — p}
by letting 4; equal majority vote of the first ¢ — 1 bits. Eventually, the bit that occurs
with higher probability will always have occurred more times. So the central limit theorem
shows that our loss will approach min{p,1 — p} at the rate of O(ﬁ)

Knowing that the distribution of the bits are iid Bernoulli random variables made the
prediction problem fairly easy. More surprisingly is the fact that we can achieve the same
for any individual sequence.

Claim: There is an algorithm such that the following holds for any sequence y1, ..., ¥n, - ...

: IR o )
limsup — Z H{y: # v} — min{gn, 1 — g} <0 as.
n—oo N —1

It is clear that no deterministic strategy can achieve this bound. For any deterministic
strategy, we can just choose y; = —¢; and the predictions would be wrong every time. So
we need a non-deterministic algorithm that chooses ¢ = IE[g] € [—1, 1].

To prove this claim, we will look at a more general problem. Take a fixed horizon n > 1,
and function ¢ : {+1}" — R. Does there exist a randomized prediction strategy such that
for any y1,...,Yn
I~ .
B[ S i £y} < Wrs- -y yn) ?

t=1
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For certain ¢ such as ¢ = 0, it is clear that no randomized strategy exists. However for

o= %, the strategy of randomly predicting the next bit (G = 0) satisfies the inequality.

Lemma: For a stable ¢, the following are equivalent

n

1
a) 3(Gt)et=1,..nVY15- -, Un E[E Z W #ye}] < oy1, -, 9n)
t=1

where €1, ...,¢, are Rademacher random variables

N | —

b) E[p(e1, ..., €n)] >

where stable is defined as follows

Definition (Stable Function): A function ¢ : {£1}" — R is stable if

6 gy ) — b =g, )| <

SEES

Proof. (a = b) Suppose [E¢ < % Take (y1,...,yn) = (€1,...,€,). Then IE[% Yoy Wy #
er}] = 3 > IE[¢] so there must exist a sequence (e1, ..., €,) such that IE[2 Y1 | 1{g, # ¢}] >

dery ... €n).
(b = a) Recursively define V(y1,...,y;) such that Yyi,...,yn

1
|4 oY1) = i —IE[1{y V . Un
ooy = min mas (LG yd]+ Vo)

Looking at the definition, we can see that IE[L "7 | 1{g;, # w}] = V(0) — V(y1,...,Yn).
Now we note that V(y1,...,y;) = —% —E[p(y1,- .-, Yt, €41, - - -, €n)] satisfies the recursive

definition since

. 1 . t
min max —IE[1{g; # v¢}] — E[p(y1, ..., Yt, €141, - - €n)] — =—
qt Yy n 2n
. —qty t—1
= min max LIt —IE[d(Y1, - Yty €441y -, €n)] — ——
Gyt n 2n
. i1 g
:H(If:lgnmaX{_g_;l - ]E[¢(y17 s Yt—1, 176t+17’ . 76n)] - 77 2q_; - IE[(b(yh . 7yt—17_176t+17’ .
t—1
= IE[(b(yh s Yt—1, €ty €441, - - - 76n)] - W

=V(y1, -, yi-1)

The first equality uses the fact that for a,b € {£1}, 1{a # b} = 5% the second uses the

2

fact that y; € {1}, the third minimizes the entire expression by choosing §; so that the
two expressions in the max are equal. Here the fact that ¢ is stable means §; € [—1, 1] and

is the only place where we need ¢ to be stable.

Therefore we have

1

n

t=1
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by b). O

By choosing ¢ = min{y,1 — g} + ﬁ, this shows there is an algorithm that satisfies our
original claim.

4.2 Extensions
4.2.1 Supervised Learning

We can extend the problem to a regression type problem by observing z; and trying to
predict y;. In this case, the objective we are trying to minimize would be

%Zl@t,yt) _}S’T%Zl(f(a:t),yt)

It turns out that the best achievable performance in such problems is governed by martin-
gale (or, sequential) analogues of Rademacher averages, covering numbers, combinatorial
dimensions, and so on. Much of Statistical Learning techniques extend to this setting of
online learning. In addition, the minimax/relaxation framework gives a systematic way of
developing new prediction algorithms (in a way similar to the bit prediction problem).

4.2.2 Equivalence to Tail Bounds

We can also obtain probabilistic tail bound on functions ¢ on hypercube by using part a) of
the earlier lemma. Rearranging part a) of the lemma we get 1 — 2¢(y1,...,yn) < % > Grys.
This implies

1—p 2

IP(¢(€17"' 7€n) < T) = ]P(l - 2¢(€17"' 7€n) > M) < IP(%ZthEt > M) <e 2

So [E¢ > % = existence of a strategy = tail bound for ¢ < %

We can extend the results to higher dimensions. Consider z1,...,z, € Bs where Bs is
a ball in a Hilbert space. We can define recursively o = 0 and ;1 = Projg, (9: — ﬁzt).

. . . 1 ~ 1
Based on the properties of projections, for every y* € By, we have -3 (§; — y*, z) < —=

N
> 2

Taking y* = ,
(DEA
n n
Va1, 20, || ZZtH —Vn < Z(Qt, —2t)
t=1 t=1
Take a martingale difference sequence Z1,..., Z, with values in By. Then

(] Z Zi| = vn>p) < IP(Z(Z%, —Zs) > p) < e_#
=1

t=1

Integrating out the tail,

| Z Zi|| < evn
=1
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It can be shown using Von Neumann minimax theorem that

n

n
IGe)Va1, 2y €Ba D (i—yhm) < sup B> Wi <evn
=1 MDSW7,...,Wn =1

where the supremum is over all martingale difference sequences (MDS) with values in Bs.
By the previous part, this upper bound is ¢y/n. We conclude an interesting equivalence of
(a) deterministic statements that hold for all sequences, (b) tail bounds on the size of a
martingale, and (c) in-expectation bound on this size.

In fact, this connection between probabilistic bounds and existence of prediction strate-
gies for individual sequences is more general and requires further investigation.
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In this lecture, we talk about the adversarial bandits under limited feedback. Adver-
sarial bandit is a setup in which the loss function l(a,z) : AxZ is determinitic. Lim-
ited feedback means that the information available to the DM after the step t is Z; =
{l(a1,21),...,1(at—1, z)}, namely consits of the realised losses of the past steps only.

5. ADVERSARIAL BANDITS

Consider the problem of prediction with expert advice. Let the set of adversary moves be Z
and the set of actions of a decision maker A = {ey,...,ex }. At time t, a; € A and z; € Z are
simultaneously revealed.Denote the loss associated to the decision a; € A and his adversary
playing z; by l(a¢, z¢). We compare the total loss after n steps to the minimum expert loss,
namely:

n
. Lie:
1;1}1%11(; t(ej, 2t),
where e; is the choice of expert j € {1,2,.., K}.
The cumulative regret is then defined as

The feedback at step ¢ can be either full or limited. The full feedback setup means that
the vector f = (I(e1, %), ...,l(ex, z)) " of losses incurred at a pair of adversary’s choice z; and
each bandit e; € {eq,...,ex } is observed after each step t. Hence, the information available
to the DM after the step t is Z, = UL, _,{l(a1, 2{), ..., [(ak, zv)}. The limited feedback means
that the time —t feedback consists of the realised loss [(ay, z:) only. Namely, the information
available to the DM is 7, = {l(a1, 21), ..., {(at, z:)}. An example of the first setup is portfolio
optimization problems, where the loss of all possible portfolios is observed at time ¢. An
example of the second setup is a path planning problem and dynamic pricing, where the
loss of the chosen decision only is observed. This lecture has limited feedback setup.

The two strategies, defined in the past lectures, were exponential weights, which yield
the regret of order R, < c¢y/nlog K and Follow the Perturbed Leader. We would like to
play exponential weights, defined as:

exp(—n 3oy U(e), 25))
k —
S exp(—n > Uej, %)
This decision rule is not feasible, since the loss I(ej, z;) are not part of the feedback if
ej # a;. We will estimate it by

Pt =

I(ej,2) = l(ej}j’a:l(:ate; ¢)
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Lemma: Z(ej, 2;) is an unbiased estimator of I(e;, z;)

Proof. Eal(ej,2) = Y, Mp(at =ex) = l(ej, 2t)

P(at=e;)

Definition (Exp 3 Algorithm): Let n > 0 be fixed. Define the exponential weights

as

- exp(—n 311 (e, 25))
TSR exp(—n i ey, 24))

(Ezp3 stands for Exponential weights for Exploration and Exploitation.)

We will show that the regret of Exp3 is bounded by v/2nK log K. This bound is v K
times bigger than the bound on the regret under the full feedback. The v/K multiplier is
the price of have smaller information set at the time ¢. The are methods that allow to get
rid of log K term in this expression. On the other hand, it can be shown that v2nK is the

optimal regret.

. K o
PT‘OOf. Let Wt,j = eXp(—?] 22;11 l(ej",zs))’ Wt = Z?:l Wt,ja and Py = ZJ%V:M
Wi >y exp(—n 22y e, 20) exp(—ni(ej, z))
10g( W ): log( K t—1
t Z =1 exp( T’Z l(ejyzs))
t—1
= log(IE 7y, exp(—n Y _ i(eg, 25)))
s=1

2
<*log(1 = nBynpl(eg, ) + S Bgupl*(eg. )

where % inequality is obtained by plugging in IE ijti (e, 2¢) into the inequality

2.2
expr > 1 —nx+ %
(ej,zt)M(ar = ej)
Egplles,z) Zpt,] e, %t) Z t,] ]P(at ) 12 = 1(ay, 2)
=€

Jl Jl

(e, z¢)W(ar =€)
IEijt ej,zt Zpt] EJ,Zt Zpt,g ;2 !
(ar = ¢j)

_ lz(ejvzt) < 1
Pamt n Pflt,t

Summing from 1 through n, we get
n 2
log(Wiy1) <log(W1) —nd 2y lag, 2¢) + 5 2

at,t
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For t = 1, we initialize w1 ; = 1, so W1 = K.

Since IE Jﬁt’t = ZJKZI % = K, the expression above becomes
2

Elog(Wt1) —log K < —n 320 lag, z0) + 5

Noting that log(W,,4+1) = log(zf-{:l exp(—n Zi;ll l(ej, zs))

and defining j* = argmin, << 5 > ;= I(ej, 2¢), we obtain:

K t—1 t—1
log(Wnt1) > log(Y_exp(—n Y _l(ej, 2:))) = =0 > U(ej, %)
7=1 s=1 s=1
Together:
" . " log K nKn
_ ) < il
;l(at,zt) 1%‘?}( 2 llej,z) < + 5

The choice of 1 := /2log KnK yields the bound R,, < /2K log Kn.
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 21
Scribe: AL1 MAKHDOUMI Nov. 25, 2015

6. LINEAR BANDITS

Recall form last lectures that in prediction with expert advise, at each time t, the player
plays a; € {ey,...,ex} and the adversary plays z; such that l(as,z;) < 1 for some loss
function. One example of such loss function is linear function I(a;, 2;) = af z; where | 2|0 <
1. Linear bandits are a more general setting where the player selects an action a; € A C R¥,
where A is a convex set and the adversary selects z; € Z such that |2} a;| < 1. Similar to
the prediction with expert advise, the regret is defined as

n n

g A;‘th — min E al'z,
acell

t=1 t=1

where A; is a random variable in A. Note that in the prediction with expert advise, the set
A was essentially a polyhedron and we had mingex > 5 a®z = min; < i<k e;fpzt. However, in

R,=E

the linear bandit setting the minimizer of a” z; can be any point of the set A and essentially
the umber experts that the player tries to ”compete” with are infinity. Similar, to the
prediction with expert advise we have two settings:

1 Full feedback: after time ¢, the player observes z;.

2 Bandit feedback: after time ¢, the player observes A} z;, where A; is the action that
player has chosen at time ¢.

We next, see if we can use the bounds we have developed in the prediction with expert
advise in this setting. In particular, we have shown the following bounds for prediction
with expert advise:

1 Prediction with k£ expert advise, full feedback: R, < /2nlogk.

2 Prediction with k expert advise, bandit feedback: R, < /2nklogk.

The idea to deal with linear bandits is to discretize the set A. Suppose that A is bounded
(e.g., A C By, where By is the Iy ball in RF). We can use a %-covering of A which we
have shown to be of size (smaller than)O(n*). This means there exist vy, . .. ,Y|A7| such that
for any a € A, there exist y; such that ||y; — a|| < % We now can bound the regret for
general case, where the experts can be any point in A, based on the regret on the discrete
set, N' = {y1,. ..,y }as follows.

R,=E

n

E A?Zt
t=1

n

E AtTZt
t=1

Therefore, we restrict actions A; to a combination of the actions that belong to {y1, ..., Y}
(we can always do this), then using the bounds for the prediction with expert advise, we
obtain the following bounds:

n
— min E ath
acA
t=1

n
— : T
=E —zrélj\r};a zt +o(1).
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1 Linear bandit, full feedback: R, < /2nlog(n*) = O(v/knlogn), which in terms
of dependency to n is of order O(y/n) that is what we expect to have.

2 Linear bandit, bandit feedback: R,, < \/2nn*log(n*) = Q(n), which is useless in
terms of dependency of n as we expect to obtain O(y/n) behavior.

The topic of this lecture is to provide bounds for the linear bandit in the bandit feedback.
Problem Setup: Let us recap the problem formulation:

e at time ¢, player chooses action a; € A C [—1,1].
e at time ¢, adversary chooses z; € Z C R¥, where af 2; = (as, ) € [0, 1].
e Bandit feedback: player observes (ay, z;)( rather than z; in the full feedback setup).

Literature: O(n®*) regret bound has been shown in [BB04]. Later on this bound has
been improved to O(n?/3) in [BK04] and [VHO06] with ” Geometric Hedge algorithm”, which
we will describe and analyze below. We need the following assumption to show the results:
Assumption: There exist § such that deq,...,de, € A. This assumption guarantees that
A has full-dimension around zero.

We also discretize A with a %-net of size Cn* and only consider the resulting discrete set
and denote it by A, where |A| < (3n)*. All we need to do is to bound

n n
R, =E Z A;jrzt — ggll Z ath.
t=1 t=1
For any t and a, we define
1 A
exp (—77 St zga)
pi(a) =

1 A ’
Sacaexp (—n Y0 #a)

where 7 is a parameter (that we will choose later) and Z; is defined to incorporate the idea of
exploration versus exploitation. The algorithm which is termed Geometric Hedge Algorithm
is as follows:

At time ¢t we have

e Exploitation: with probability 1 — « draw a; according to p; and let 2, = 0.
e Exploration: with probability # let a; = de; for some 1 < j < k and 2 =
gzl%<at72t>at = %ij)

€.
Note that ¢ is the the parameter that we have by assumption on the set A, and n and ~

are the parameters of the algorithm that we shall choose later.

Theorem: Using Geometric Hedge algorithm for linear bandit with bandit feedback,

Withyzﬁandn:

logn
kn4/37

E[R,] < Cn?/3\/logn k*/2.

we have
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Proof. Let the overall distribution of a; be ¢; defined as ¢ = (1 — v)p; + U, where U is a
uniform distribution over the set {deq,...,dex}. Under this distribution, Z; is an unbiased
estimator of z, i.e.,

k
s vk
EatNQt[Zt] § E Zt 6] = Z

following the same lines of the proof that we had for analyzing exponential weight algorithm,
we will define

t—1
= Z exp (—nZaT25> .
acA s=1

We then have

w .
lo <t+1> log (Zpt eXp nath))

acA

erSloatsy 75 , Lo 7.2
< log Zpt(a) 1—na 2t g (a" Z5)

acA

— log <1+ Zpt(a) < na® 2, + ;77 (a zt)2>)

acA

Zpt < na zt+;n (a zt)2>.

acA

log(l—i—x )<z

Taking expectation from both sides leads to

Wi+1 2 77
Eatwqt |:10g (;——:>:| < _nEatht [Z pt(a)aTZt 9 tNQt [Z pt (1 Zt ]

acA aceA
g [6F5] + DB [zpt () ]
acA
qg=1-ypt+U —N A Y R
R ﬁEat’VQt [atht] +nﬁEat"U [atht] Eainge [Z pi(a)(a” %) ]
acA

azzt<1 —n

= ny n?
< ﬁanqt [ ] + T + 9 = Earnge [Z pi(a a Zt) ] .
acA

We next, take summation of the previous relation for ¢t = 1 up to n and use a telescopic
cancellation to obtain

2
—i—lTy n—i—%E[ZZpt azt ]

n

E [log wyp41] < E [log wy] — %E

v t=1 ac A
< E [logwy] —nE [Zat 7n+ E ZZpt a Zt) ] . (6.1)
t=1 ac A

180



Note that for all a* € A we have
log(wn41) = log <Z exXp <_77 Z aTés> ) > -n Z<a*, Zs).
aceA s=1 s=1

Using E[2,] = z4, leads to

n

E [log(wn+1)] = —n Z<a*728>- (6.2)
s=1
We also have that
log(wq) = log | A| < 2klogn. (6.3)

Plugging (6.2) and (6.3) into (6.1), leads to

Z > pila)(a” %) 2] | 2klogn (6.4)

E[R,] < —
t=1 ac A N

=14

n
—E
n+2

It remains to control the quadratic term E [Y"1; >, 4 pe(a)(a’ 2)?]. We use the fact that
\zé])], \agj)] <1 to obtain

£33 o ] S5 p@)E (T )]

t=1 acA t=1 acA
n k ~ Ek 2 o
= ZZpt(a) (1 —’7)04-2% <—> [a]zlgj)]2
t=1 acA j=1 v
\afz(])|<1 n k2
> St (£) =nt
t=1 ac A v

Plugging this bound into (6.4), we have

2 9kl
E[R,]) <yn+ an— i 105
2 v U]

logn
kn4/3

E[R,] < Ck*?n2/3\/logn.

leads to

Letting v = # and n =

O

Literature: The bound we just proved has been improved in [VKH07] where they show
O(d®?\/nTogn) bound with a better exploration in the algorithm. The exploration that we
used in the algorithm was coordinate-wise. The key is that we have a linear problem and we
can use better tools from linear regression such as least square estimation. However, we will
describe a slightly different approach in which we never explore and the exploration is com-
pletely done with the exponential weighting. This approach also gives a better performance
in terms of the dependency on k. In particular, we obtain the bound O(dv/nlogn) which
coincides with the bound recently shown in [BCK 12] using a John’s ellipsoid.
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Theorem: Let C; = By, [asal ], 2 = (af 2:)C; tay, and v = 0 (so that p; = ¢;). Using
Geometric Hedge algorithm with n = 2 10% for linear bandit with bandit feedback
leads to

R,] < CK+/nlogn.

Proof. We follow the same lines of the proof as the previous theorem to obtain (6.4). Note
that the only fact that we used in order to obtain (6.4) is unbiasedness, i.e., E[%] = z,
which holds here as well since

E[z] = E[C’t_lata;jrzt] = C’t_lE[ataf]zt = 2.

Note that we can use pseudo-inverse instead of inverse so that invertibility is not an issue.
Therefore, rewriting (6.4) with v = 0, we obtain

2k1
E[R,] < -Eqnp, [ZZpt (a2 2] + %.

t=1 acA

We now bound the quadratic term as follows

atht [Z Zpt (I Zt ] Z Zpt atwpt aTét)2]

t=1 ac A t=1 ac A

CTr=Cy, 2= (at z)Cy atzzpt a E ztzt Zzpt TE at Zt) C ata;fc ]

t=1 acA t= laeA

a zt<1 n
t

Z Z pi(a)a’ C7'R [ataﬂ Cila atat Z Zpt a’Cta

t=1acA t=1 acA
n
1 t(AB)=tr(BA)
= Z Zpt(a)tr(aTCt la) ™ ' Z Zpt )tr(C taa)
t=1acA t=1 ac A

= Zn:tr(C’t_ Eonp, aa Ztr 1C’t Zn:tr(lk) = kn.
t=1 t=1

Plugging this bound into previous bound yields

E[R,] < gnk 4 2klogn

log n

Letting n = 2 , leads to E[R,] < Cky/nlogn. O
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 22
Scribe: ADEN FORROW Nov. 30, 2015

7. BLACKWELL'S APPROACHABILITY

7.1 Vector Losses

David Blackwell introduced approachability in 1956 as a generalization of zero sum game
theory to vector payoffs. Born in 1919, Blackwell was the first black tenured professor at
UC Berkeley and the seventh black PhD in math in the US.

Recall our setup for online linear optimization. At time ¢, we choose an action a; € Ag
and the adversary chooses z; € By (1). We then get a loss £(a¢, 2¢) = (a¢, z¢). In the full
information case, where we observe z; and not just ¢(a¢, z;), this is the same as prediction
with expert advice. Exponential weights leads to a regret bound

R, < \/glog(K)'

The setup of a zero sum game is nearly identical:
e Player 1 plays a mixed strategy p € A,,.

e Player 2 plays ¢ € A,,.

e Player 1’s payoff is p' Mg.

Here M is the game’s payoff matrix.

Theorem: Von Neumann Minimax Theorem

max min pTMq = min max pTMq.
PEAR gEAM qEAMm PEAR

The minimax is called the value of the game. Each player can prevent the other from doing
any better than this. The minimax theorem implies that if there is a good response p, to
any individual ¢, then there is a silver bullet strategy p that works for any q.

Corollary: If Vg € A,,, 3p such that p" Mq > ¢, then Ip such that Vg, p" Mq > c.

Von Neumann’s minimax theorem can be extended to more general sets. The following
theorem is due to Sion (1958).

Theorem: Sion’s Minimax Theorem Let A and Z be convex, compact spaces, and
f:Ax Z — R.If f(a,-) is upper semicontinuous and quasiconcave on Z Va € A and
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f (-, 2) is lower semicontinuous and quasiconvex on A Vz € Z, then

inf sup f(a, z) = sup inf f(a,z).
acA zegf( ) zGEaEA /@)

(Note - this wasn’t given explicitly in lecture, but we do use it later.) Quasiconvex and
quasiconcave are weaker conditions than convex and concave respectively.
Blackwell looked at the case with vector losses. We have the following setup:

e Player 1 plays a € A
e Player 2 plays z € Z
e Player 1’s payoff is £(a, z) € R?

We suppose A and Z are both compact and convex, that f(a,z) is bilinear, and that
|€(a,z)|| < RVa € A, z € Z. All norms in this section are Euclidean norms. Can we
translate the minimax theorem directly to this new setting? That is, if we fix a set S C RY,
and if Vz Ja such that ¢(a, z) € S, does there exist an a such that Vz £(a,z) € S?

No. We'll construct a counterexample. Let A = Z = [0,1], ¢(a,z) = (a,z), and
S ={(a,z) € 0,112 : a = z}. Clearly, for any z € Z there is an a € A such that a = z and
l(a,z) € S, but there is no a € A such that Vz, a = z.

Instead of looking for a single best strategy, we’ll play a repeated game. At time t,
player 1 plays a; = a¢(ai, 21,...,a1-1, 2—1) and player 2 plays z; = zi(a1, 21, .., a4—1, 2t—1)-
Player 1’s average loss after n iterations is

_ 1 <&
En = E Zﬁ(at,zt)
t=1

Let d(z,S) be the distance between a point 2 € R? and the set S, i.e.

d(z,$) = inf [lo — 5|

If S is convex, the infimum is a minimum attained only at the projection of z in .S.

Definition: A set S is approachable if there exists a strategy a; = a¢(a1, 21, ..., Gt—1, 2t—1)
such that lim,_, d(€,,S) = 0.

Whether a set is approachable depends on the loss function ¢(a, z). In our example, we can
choose ag = 0 and a; = z;_1 to get
1 n
lim ¢, = lim — Z(zt_l,zt) =(z,z) € S.

n—oo n—oo N
t=1

So this S is approachable.

7.2 Blackwell’s Theorem

We have the same conditions on A, Z, and #(a, z) as before.
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Theorem: Blackwell’s Theorem Let S be a closed convex set of R? with ||z|| < R
Vz € S. If Vz, Ja such that ¢(a,z) € S, then S is approachable.
Moreover, there exists a strategy such that

- 2R
<
d(t,,S) < —

Proof. We’ll prove the rate; approachability of S follows immediately. The idea here is to
transform the problem to a scalar one where Sion’s theorem applies by using half spaces.

Suppose we have a half space H = {x € R? : (w,z) < ¢} with S C H. By assumption,
Vz Ja such that ¢(a, z) € H. That is, Vz Ja such that (w,¥(a,z)) <e¢, or

max min(w, £(a, z)) < c.
z€Z a€A

By Sion’s theorem,

min max(w, ¢(a, z)) < c.
a€A z€Z

So Jaj; such that Vz £(a,z) € H.

This works for any H containing S. We want to choose H; so that ¢(a¢, z¢) brings the
average /; closer to S than /;_;. An intuitive choice is to have the hyperplane W bounding
H; be the separating hyperplane between S and ¢;_; closest to S. This is Blackwell’s
strategy: let IV be the hyperplane through m; € argmin,cg 16;—1 — p|| with normal vector
gt—l — T¢. Then

H={zeR: (x —m, l_ —m) <0}

Find aj; and play it.
We need one more equality before proving convergence. The average loss can be ex-
panded:

1- 1
gt—l‘i‘ggt
t—l t—1

T(ﬁt 1 — 7Tt) +

Now we look at the distance of the average from S, using the above equation and the
definition of my11:

1
Tt + Zet

d(ly, 8)* = ||&y — m4a|)?
< |6 — m|?

Ht—l 2

1
—— (g — 1) + ;(gt_m)

t—1 b—ml*  _t—1 =
—<T> d(gt_ ,S)2+|| t = tH +2 2 <€t—ﬂ't7€t_1_7rt>

Since ¢; € H, the last term is negative; since ¢; and 7; are both bounded by R, the middle
. 2 . = .
term is bounded by %. Letting p? = t2d(¢;, S)?, we have a recurrence relation

M% < Mt2—1 + 4R27
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implying
p2 < 4nR2.

Rewriting in terms of the distance gives the desired bound,

2R

d(t:, S) < T

Note that this proof fails for nonconvex S.

7.3 Regret Minimization via Approachability

Consider the case A = Ak, Z = BX(1). As we showed before, exponential weights R,, <
cy/nlog(K). We can get the same dependence on n with an approachability-based strategy.
First recall that

1 1< 1
—R,=— llas, z) — min — e,z
- n;(t t) ! n;(] t)

1 1 ¢
= mjax - Zé(atazt) “n Zé(ej’zt)
t=1 =1

If we define a vector average loss

_ 1 &
0, = - Z (Lag, zt) — Ler, 20), - Lag, z) — Llex, z)) € RE
t=1

% — 0 if and only if all components of £,, are nonpositive. That is, we need d(¢,,, Ox) — 0,
where O = {2 € RX . —1 < 2; < 0,Vi} is the nonpositive orthant. Using Blackwell’s
approachability strategy, we get

< d(l,,0%) < ¢y —.

R, - K
n n

The K dependence is worse than exponential weights, v/ K instead of V1og(K).
How do we find a};? As a concrete example, let K = 2. We need a}; tp satisfy

<w7€(a?{7z)> = (w’ (a*H’Z>y - Z> <c

for all z. Here y is the vector of all ones. Note that ¢ > 0 since 0 is in S and therefore in
H. Rearranging,

(@, 2)(w,y) < (w,2) +¢,

Choosing aj; = %

0. will work; the inequality reduces to

(w,z) < (w, z) + ¢

Approachability in the bandit setting with only partial feedback is still an open problem.
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18.657: Mathematics of Machine Learning

Lecturer: PHILIPPE RIGOLLET Lecture 23
Scribe: JONATHAN WEED Dec. 2, 2015

1. POTENTIAL BASED APPROACHABILITY

Last lecture, we saw Blackwell’s celebrated Approachability Theorem, which establishes a
procedure by which a player can ensure that the average (vector) payoff in a repeated game
approaches a convex set. The central idea was to construct a hyperplane separating the
convex set from the point ¢;_i, the average loss so far. By projecting perpendicular to
this hyperplane, we obtained a scalar-valued problem to which von Neumann’s minimax
theorem could be applied. The set S is approachable as long as we can always find a “silver
bullet,” a choice of action a; for which the loss vector ¢; lies on the side of the hyperplane
containing S. (See Figure 1.)

Figure 1: Blackwell approachability

Concretely, Blackwell’s Theorem also implied the existence of a regret-minimizing algo-
rithm for expert advice. Indeed, if we define the vector loss ¢y by (¢¢); = £(a¢, z¢) — l(ei, 2¢),
then the average regret at time ¢ is equivalent to the sup-norm distance between the average
loss /; and the negative orthant. Approaching the negative orthant therefore corresponds
to achieving sublinear regret.

However, this reduction yielded suboptimal rates. To bound average regret, we replaced
the sup-norm distance by the Euclidean distance, which led to an extra factor of vk appear-
ing in our bound. In the sequel, we develop a more sophisticated version of approachability
that allows us to adapt to the geometry of our problem. (Much of what follows resem-
bles out development of the mirror descent algorithm, though the two approaches differ in
crucial details.)

1.1 Potential functions

We recall the setup of mirror descent, first described in Lecture 13. Mirror descent achieved
accelerated rates by employing a potential function which was strongly convex with respect
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to the given norm. In this case, we seek what is in some sense the opposite: a function
whose gradient does not change too quickly. In particular, we make the following definition.

Definition: A function ® : R? — IR is a potential for S € IR if it satisfies the following
properties:

o & is convex.
O(x) <0forxeS.

®(y) =0 for y € S.

) =
O(y) — ®(x) — (Ve(x),y — ) < §llz — y||%, where by abuse of notation we use
V (

x) to denote a subgradient of ¢ at x.

Given such a function, we recall two associated notions from the mirror descent algo-
rithm. The Bregman divergence associated to ® is given by

Likewise, the associated Bregman projection is

7(x) = argmin Dg (y, x) .
yeSs

We aim to use the function ® as a stand-in for the Fuclidean distance that we employed
in our proof of Blackwell’s theorem. To that end, the following lemma establishes several
properties that will allow us to generalize the notion of a separating hyperplane.

Lemma: For any convex, closed set S and z € S, x € S, the following properties
hold.

o (z—7(z),V®(x)) <0,

o (z —7(x),VO(z)) > &(x).

In particular, if ® is positive on S, then H := {y | (y — ®(z), V®(x)) = 0} is a
separating hyperplane.

Our proof requires the following proposition, whose proof appears in our analysis of the
mirror descent algorithm and is omitted here.

Proposition: For all z € S, it holds
(VO(m(z)) — VO(x),m(z) — 2) <0.

Proof of Lemma. Denote by 7 the projection m(z). The first claim follows upon expanding
the expression on the left-hand side as follows

(z =, V®(x)) =(z —m,VP(x) — VO(7)) + (z — m, VO (7)).
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The above Proposition implies that the first term is nonpositive. Since the function @ is
convex, we obtain
0>®(z) > () + (2 —m, VO()) .
Since 7 lies on the boundary of S, by assumption ®(7) = 0 and the claim follows.
For the second claim, we again use convexity:

O(m) > ®(x) + (m — 2, VO(x)) .

Since ®(m) = 0, the claim follows. O

1.2 Potential based approachability

With the definitions in place, the algorithm for approachability is essentially the same as it
before we introduced the potential function. As before, we will use a projection defined by
the hyperplane H = {y | (y — 7({;_1), V®(¢;_1) = 0} and von Neumann’s minmax theorem
to find a “silver bullet” a; such that ¢, = ¢(af, z;) satisfies

<£t — T, V@(Zt_l)) S 0.

All that remains to do is to analyze this procedure’s performance. We have the following
theorem.

Theorem: If ||/(a,z)|| < R holds for all z € A,z € Z and all assumptions above are
satisfied, then
— . 4R*nl
®(f,) < 08T
n
Proof. The definition of the potential ® required that ® be upper bounded by a quadratic
function. The proof below is a simple application of that bound.
As before, we note the identity

- by — 0y
ftzftﬂ#—%.

This expression and the definition of ® imply.
_ _ 1 _ _ h ~
O(l) < P(le—1) + ;(& — U1, VO(l_1)) + ﬁH& — 04|
The last term is the easiest to control. By assumption, ¢; and ¢;_; are contained in a ball

of radius R, so ||¢; — £;_1|? < 4R2.
To bound the second term, write

1 - - 1 - 1 _ _
Z<€t — 1, VO(ly_1)) = Z<£t — 7, VO(li—1)) + ¥<7Tt — 41, VO(l_1)) .

The first term is nonpositive by assumption, since this is how the algorithm constructs
the silver bullet. By the above Lemma, the inner product in the second term is at most
—P(l—1).

We obtain

_ t—1 _ 2hR?
o(7) < <t) D(l) + -
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Defining u; = t®(¢;) and rearranging, we obtain the recurrence

2hR?
up < up—1 + ;
t
So
Uy = Zut —upq < 2hRQZ < 4hR210gn
t=1
Applying the definition of u, proves the claim. ]

1.3 Application to regret minimization

We now show that potential based approachability provides an improved bound on regret
minimization. Our ultimate goal is to replace the bound v/nk (which we proved last lecture)
by v/nlogk (which we know to be the optimal bound for prediction with expert advice).
We will be able to achieve this goal up to logarithmic terms in n. (A more careful analysis
of the potential defined below does actually yields an optimal rate.)

Recall that % = doo (n, Oy ), where R,, is the cumulative regret after n rounds and O},
is the negative orthant. It is not hard to see that doo = ||z ||c0, Where z is the positive
part of the vector x.

We define the following potential function:

®(z) = log Z @)+

The function ® is a kind of “soft max” of the positive entries of z. (Note that this definition
does not agree with the use of the term soft max in the literature—the difference is the
presence of the factor - 70-) The terminology soft max is justified by noting that

log K log K

< O(x) +

1
[+ [|c = max(x;)+ < max —log — M)+ 4
J i n K

The potential function therefore serves as an upper bound on the sup distance, up to an
additive logarithmic factor.
The function ® defined in this way is clearly convex and zero on the negative orthant.
To verify that it is a potential, it remains to show that ® can be bounded by a quadratic.
Away from the negative orthant, ¢ is twice differentiable and we can compute the
Hessian explicitly:
V20(z) = ndiag(Ve(z)) — nVOVD ' .

For any vector u such that ||u||2 = 1, we therefore have
u' V20 u—nZu (VO(x)); —n(u' VO (x <nZu (Vo(x)); <1,

since |Jull2 = 1 and ||[V®(x)|; < 1.
We conclude that V2®(z) < nl, which for nonnegative 2 and y implies the bound

D(y) — B(x) = (VO(@),y — ) < Iy — |-
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In fact, this bound holds everywhere. Therefore ® is a valid potential function for the
negative orthant, with h = 7.
The above theorem then implies that we can ensure

2
& < ®(l,) + log K < 4R*nlogn n logK‘
n Ui n Ui

To optimize this bound, we pick n = ﬁ nlloogg f and obtain the bound

R, <4R+/nlognlog K .

As alluded to earlier, a more careful analysis can remove the log n term. Indeed, for this
particular choice of ®, we can modify the above Lemma to obtain the sharper bound

(x —7(x), VO(z)) > 2P(z).

When we substitute this expression into the above proof, we obtain the recurrence
relation i
- — - c
DY) < T@(ﬁt_l) + 2

This small change is enough to prevent the appearance of logn in the final bound.
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