Recall. If 31 C k™ and Yo C k™2 are algebraic subsets, then a morphism p : 31 — 3o
is a set map such that there exist polynomials fi,..., fn, € k[z1,...,Zy,] so that p(a) =

(fl(QJ' .. 7fn2(Q))-

Thm. 9 There is a natural bijection Hom(X1,X2) = Homy_a14(R2, R1) where R; =
Elxy,...,zn,]/1(%:).

Proof. Define o : Hom(X;,¥2) — Hom(Rg, Ry). Given p, choose fi,..., fn, inducing p
and use the map 7 between k[z1,...,zy,] to k[z1,...,z,,] defined by z; — f;.

Claim. This extends naturally to a map between Ry and R;. To construct this, we wish
to find p* such that p* commutes with 7 and the surjective maps onto Ry and R;. In order
to prove that p* exists, we need that if g(zy,...,zn,) € I(X2) then g(fi(z),..., fn,(2)) €
I(31). Say that a € 1. Then this is g(p(a)) = 0.

We also wish to show that p* is unique, independent of the choices that induce 7. Thus,
suppose 7' is another such map, defined by a second set of choices, fi,..., f;,. Then we
need to prove that 7(z;) — 7'(z;) € I(31). (This will show that the map is natural.) All we
need to do is note that f] = f; + g; for some g; € I(X;), and we are done. (?)

This all shows that « is well defined: it maps p to p*. To show that « is injective, we must
show how to construct p from p* = a(p). p: X1 — Xy is given by m C Ry — p*~!(m) C Ry
(this is a map on maximal ideals). This works.

To show that « is surjective, we consider a given p* in Hom(Ry, R;) and we will try to
lift this to a p € Hom(X1,32). So to do this, we use a commutative diagram, by lifting p*
to 7 and then to a map from >; to Xy defined by (ay,...,a,,) = (7(z1)(a),...,7(zn,)(a)).

Martin says, study this until it’s very clear. This is really a diagram argument.

Example:
¥, is the parabola y = 2% and X5 is the line y = 0. Then, the only natural morphism
takes z to z, while taking 0 to z2. This produces a map from k[z,y]/(y) to k[z,y]/(y — z?).

Example: k = A — C = {(a,a?,a®|a € k} C A®. Then, we get a map

K[X,Y,Z]))(Y — X2, Z — X3) — k[T defined by X — T,Y — T? Z — T3. The inverse
map is T — X.

Def. If ¥ C k™ is an alg. set, then the affine coordinate ring of ¥ is T'(X) =
klz1,...,z,]/I1(2). This will, in a sense, be independent of the embedding of X in k™.

Lemma There is a natural bijection I'Y = Hom(X, A').

Pf. Hom(3,A") = Hom(k[T],T'(X)) = I'(X), where this last is defined by p* — p*(T).
The first part is given by our previous theorem.

Goal: T' induces an equivalence of categories between the category of irreducible affine
algebraic sets and the category of integral k-algebras of finite type.

Now, a brief divergence into category theory.

Def. A category C is a set of “objects” Ob(C). For any two objects X, Y € Ob(C) there
is a set Hom¢ (X, Y') called the set of morphisms from X to Y. Further, for X,Y, Z € Ob(C),
a composition map Hom(X,Y) x Hom(Y, Z) — Hom(X, Z) is defined such that



1. VX € Ob(C) there is an idxy € Hom(X, X) which is a right (left) identity for elements
in Hom(Y, X) (Hom(X,Y)).

2. Composition is associative.

Example. The categories of affine algebraic sets, modules over a given ring, and k-
algebras are sensible categories. The maps are defined just as they should be.

Def. If C and D are categories, a contravariant functor F' : C — D is an association
where for each A € Ob(C) we get a particular F(A) € Ob(D). Also, for all f € Hom¢(X,Y)
we get a map F(f): F(Y) — F(X), preserving composition and identity.

A covariant functor gives, from f, a map F(f): F(X) — F(Y).

To return to our goal, the functor that takes ¥ to I'(X) and that takes morphisms to
k-algebra maps is a covariant functor. We have already proved all the parts we need for
this.

Def. F is an equivalence if there is an “inverse” functor F~! such that for every object
A € D is isomorphic to F(X) for some X € C and this map is F~!. Furthermore, for all
X,Y € C the map Hom¢(X,Y) N Homyp(F(Y), F(X)) is also bijective.

To show that I' is an equivalence, we need to note that both the maps of morphisms and
the maps of objects are bijective. We have already shown this for the morphisms. Suppose
R is an integral k-algebra of finite type, meaning R = k[z1,...,z,]|/P for some prime ideal
P.

Remark: this equivalence fails for algebraic sets in P".




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


