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NO LECTURE 11/13

1 Fibers of morphisms

Let W CY and let f: X — Y. Then we have a commutative diagram:

ff'w - X

1 L
w —Y

Then we can picture f (W) as a subset of the product X x W, since there is a map
to both W and X.

Ex. Blow-up of A" at the origin.

Consider A" x P*~1 2L A" and consider X = {(z, [y])|ziy; = z;4:Vi,j}. To show that
X is closed, we will show that X N A" x Uy« is closed. Write z; = yi/y;. Then the
coordinate ring of A" x Uy, 4o is k[z1,. .., 2] ®k[20, ..., 7, ..., 2n] = k[z,2]. The equations
in the definition of X are z;(y;/y;) = xi(vi/y;) or x;z = xz;, so this is closed since it is
defined by a polynomial.

Let b: X — A" by inclusion and then composition with the map onto the A" compo-
nent. We will compute the fibers of b. That is, compute b~ (a1,...,a,). Then this would
correspond to a point (a1,...,an) X [y1 : ... : y,] where y; = (a;/a;)y; if some a; # 0. Then
y; # 0 and so WLOG, y; = 1, so then we get [ap/a; : ... : ay/a;]. Thus, the fiber is a
single point! (Note, if a; = 0 for all 4, the fiber is NOT finite: we get 0 x P*~1.) So we get
b=1(A™ — {0}) — A" — {0}.

Ex. Consider X = {(t,z,y)lry = t}. Then X C A3 and g : X — Al where g :
(t,z,y) — t. What are the fibers? F, = g~'(a) then for all a, F, = V(zy —a). If a # 0
then this is irreducible, but if @ = 0 then F, = V (zy) which is not irreducible.

Ex. y? = z?(x +1). What are the fibers under projection onto the z-coordinate? I
zoned out. Something interesting that comes up is that this graph looks like an . Two
interesting points are the vertical tangent on the left and the point of intersection: the fibers
there are different.

1.1 General picture

Reduce to morphisms f: X — Y with f(X) C Y dense.

Def. f is dominant if f(X) =Y.

Prop. f: X — Y a morphism, set Z = f(X). Then Z is irreducible and X Ly gy
where the map X — 7 is dominant.



Pf. Suppose Z = Z; U Zy where Z; C Z closed. Let X = f~1(Z)U f 1(Z,). Since X
is irreducible, it must only be contained in one of these, so WLOG, X C f!(Z;). Thus,
f(X) C Zy and so Z = f(X) C Z;. That this is dominant is obvious.

Remark. If f is dominant, then there is a natural inclusion k(Y)—k(X). Recall
k(YY) = limgycy I'(U,Oy) — limy r'(f4(U),0x) C limpy - x I(V,0x) = k(X).

Theorem. Let f : X — Y be dominant, W C Y irreducible and closed, and Z an
irreducible component of f~!(W) that dominates W. Then dim Z > dim W + r(*) where
r=dimX —dimY.

Pf. We can assume Y is affine. Let s be the codimension of W in Y. Now (%) <=
codimyx Z < s, because

dimX —dimZ <dimX —dimW —dim X —dimY =dimY — dim W.

IfY is affine there exist g1, ..., gs € T'(Y, Oy ) such that W is a component of V' (g1, ..., gs).
Let f; € I'(X,0Ox) be f*(gi). We have Z C V(f1,...,fs) C X. Let Z' C V(f1,...,[fs) be
an irreducible component containing Z. We have W = f(Z) C f(Z') C V(¢1,...,9s). Since
W is an irreducible component of V (g1, ...,gs) then we must get W = f(Z’). But now, Z'
is just Z as we’ve defined Z. Thus, Z is a component of V(fi,..., fs) so the codimension

of Z in X is at most s, as desired.

Cor. If Z is a component of f!(y) for y € Y, then dim Z > r.

Thm. If f : X — Y is dominant, 7 = dim X — dimY then there is a non-empty open
U C Y such that

1. U C f(X)

2. For all irreducible closed W C Y such that W NU # () and components Z of f (W)
such that Z N f~1(U) # 0, dim Z = dim W +r.

pf. Next time. Noether normalization. In fact, we’ll show that after replacing Y and
X by dense opens we get a factorization X — Y X A" — Y where the map from X is finite.

Def. Let X be a variety, S C X is called constructible if it is a finite union of locally
closed subsets of X.

Thm. (Chevalley) If f : X — Y is a morphism, then f(X) C Y is constructible.

Ex. (Not locally closed, but constructible). Consider A% — {(0,y)|y # 0}.

Pf. of Chevalley: Induction on dimension of Y. If f is not dominant then let Z = f(X),
then Z has lower dimension and consider X — Z. If f is dominant, then by the previous
theorem, there are U C Y dense opens such that f~(U) - U,let Y —U = Z, U...U Z;
since Y — U is closed. We then get W;; components of f~1(Z;), and f(X) = U U U, f(W;;),
which is constructible by induction.
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