CHAPTER |

ELEMENTARY DIFFERENTIAL GEOMETRY

§1-§3. When a Euclidean space is stripped of its vector space structure and
only its differentiable structure retained, there are many ways of piecing together
domains of it in a smooth manner, thereby obtaining a so-called differentiable
manifold. Local concepts like a differentiable function and a tangent vector can
still be given a meaning whereby the manifold can be viewed *‘‘tangentially,” that
is, through its family of tangent spaces as a curve in the plane is, roughly
speaking, determined by its family of tangents. This viewpoint leads to the
study of tensor fields, which are important tools in local and global differential
geometry. They form an algebra D(M), the mixed tensor algebra over the
manifold M. The alternate covariant tensor fields (the differential forms) form
a submodule A(M) of D(M) which inherits a "multiplication from D(M), the
exterior multiplication. The resulting algebra is called the Grassmann algebra
of M. Through the work of E. Cartan the Grassmann algebra with the exterior
differentiation d has become an indispensable tool for dealing with submanifolds,
these bemg analytically described by the zeros of differential forms. Moreover,
the pair (A(M), d) determines the cohomolegy of M via de Rham’s theorem,
which however will not be dealt with here.

§4-§8. The concept of an affine connection was first defined by Levi-Civita
for Riemannian manifolds, generalizing significantly the notion of parallelism for
Euclidean spaces. On a manifold with a countable basis an affine connection always
exists (see the exercises following this chapter). Given an affine connection on
a manifold M there is to each curve y(£) in M associated an isomorphism between -
any two tangent spaces M, and M,,,. Thus, an affine connection makes it
possible to relate tangent spaces at distant points of the manifold. If the tangent
vectors of the curve y(f) all correspond under these isomorphisms we have the
analog of a straight line, the so-called geodesic. The theory of affine connections
mainly amounts to a study of the mappings Exp, : M, — M under which straight
lines (or segments of them) through the origin in the tangent space M, correspond
to geodesics through p in M. Each mapping Exp, is a diffeomorphism of a nexgh-
borhood of 0 in M, into M, giving the so-called normal coordinates at p.



§1. Manifolds

Let R™ and R* denote two Euclidean spaces of m and n dimensions,
respectively. Let O and O’ be open subsets, O C R®, O’ C R* and
suppose @ is 2 mapping of O into O’. The mapping ¢ is called differen-
tiable if the coordinates y;(¢(p)) of ¢(p) are differentiable (that is, inde-
finitely differentiable) functions of the coordinates x(p), p € O. The
mapping ¢ is called analytic if for each point p € O there exists a neigh-
borhood U of p and n power series P; (1 < j < ) in m variables such
that y(p(0)) = P:(g) — BB - %n(8) — #n(p)) (L<j <) for
g € U. A differentiable mapping ¢: O — O’ is called a diffeomorphism of
O onto O’ if p(0) = O’, ¢ is one-to-one, and the inverse mapping ¢?
is differentiable. In the case when #n = 1 it is customary to replace the

" term “mapping” by the term “function.”

An analytic function en R™ which vanishes on an open set is identically
0. For differentiable functions the situation is completely different. In
fact, if A and B are disjoint subsets of R™, 4 compact and B closed,
then there exists a differentiable function ¢ which is identically 1 on 4
and 1dent1cally 0 on B. The standard procedure for constructing such
a function ¢ is as follows:

Let 0 < a < b and consider the function f on R defined by

exp ! ——l—-—) ifa<x<b,

f(x) = x—b x—a

0 otherwise.

Then f is differentiable and the same holds for the function

Fey = [ /[ 10 a,

which has value | for x < a and Q for x > 4. The function ¢ on R™
given by

W2y, ey X)) = F(6d + ... +x2)

is differentiable and has values 1 for a% 4 ... + x% < a and O for
A+ ..+ x4 >b. Let S and S’ be two concentric spheres in R™,
S’ lying inside S. Starting from { we can by means of a linear trans-
formation of R™ construct a differentiable function on R™ with value |
in the interior of S’ and value 0 outside . Turning now to the sets 4
and B we can, owing to the compactness of A, find finitely many spheres
S; (1 <1 < n), such that the corresponding open balls B; (1 < 7 < n),
form a covering of A4 (that is, 4 C U, B,) and such that the closed
balls B; (1 < i < n) do not intersect B. Each sphere S; can be shrunk
to a concentric sphere S; such that the corresponding open balls B
still form a covering of A. Let ¢; be a differentiable function on R™
which is identically | on B; and 1dent1cally 0 in the complement of B;.
Then the function

Ce=1—(0—=9) (0 =) (1 — ¢)

is a differentiable function on R™ which is identically 1 on 4 and iden-
tically O on B.

Let M be a topological space. We assume that M satisfies the Hausdorff
separation axiom which states that any two different points in M/ can be
separated by disjoint open sets. An open chart on M is a pair (U, ¢)
where U is an open subset of M and ¢ is 2 homeomorphism of U onto
an open subset of R™.



Deﬁnltior!. Le't M be a Hausdorff space. A differentiable structure
on M of dimension m is a collection of open charts (U,, @,),.4 on M

where ¢,(U,) is an open subset of R™ such that the following conditions
are satisfied: -

(M) M =U U,

aed

(M) For each pair «, B € 4 the mapping ¢z0¢;? is a differentiable
mapping of ¢ (U, N Uy) onto ¢(U, N Up).

(M,) The collection (U,, ¢,)ecq 1s 2 maximal family of open charts
for which (M;) and (M) hold.

A differentiable manifold (or C® manifold or simply manifold) of
dimension m is a Hausdorff space with a differentiable structure of
dimension m. If M is a manifold, a local chart on M (or a local coordinate
system-on M) is by definition a pair (U, ¢,) where a € 4. If p e U,
and g (p) = (%(P)) «+» Xm(P)), the set U, is called a coordinate neighbor-
hood of p and the numbers x,(p) are called local coordinates of p. The
mapping @, : g — (%3(g), ..., ¥n(q)), ¢ € U,, is often denoted {x,, ..., %,,}.

Remark 1. Condition (M,) will often be cumbersome to check in
specific instances. It is therefore important to note that the condition
(M,) is not essential in the definition of a manifold. In fact, if only
(M,) and (M,) are satisfied, the family (U,, ¢,)c4 can be extended in a
unique way to a larger family M of open charts such that (M,), (M),
and (M,;) are all fulfilled. This is easily seen by defining Bt as the set
of all open charts (¥, ) on M satisfying: (1) ¢(¥) is an open set in R™;
(2) for each a € 4, ¢, 0 ¢! is a diffeomorphism of ¢(V n U,) onto
YA

. Remark 2. If we let R™ mean a single point for m = Q, the preceding
definition applies. The manifolds of dimension 0 are then the discrete
topological spaces. ' C

Remark 3. A manifold is connected if and only if it is pathwise
connected. The proof is left to the reader.

An analytic structure of dimension m is defined in a similar fashion.
In (M) we just replace “differentiable” by “analytic.” In this case M
is called an analytic manifold.

In order to define a complex manifold of dimension m we replace R™
in the definition of differentiable manifold by the m-dimensional complex
space C™. The condition (M,) is replaced by the condition that the m
coordinates of ¢, o ¢;'(p) should be holomorphic functions of the
coordinates of p. Here a function f(z,, ..., 3,,) of m complex ‘variables
is called holomorphic if at each point (), ..., 2%) there exists 3 power
series

2 LT (zl - 3?)"1 oor (zm - z?n)n""

which converges absolutely to f(zy, ..., 2,) in a neighborhood of the
point.
The manifolds dealt with in the later chapters of this book (mostly



Lie groups and their coset spaces) are analytic manifolds. From
Remark 1 it is clear that we can always regard an analytic manifold as
a differentiable manifold. It is often convenient to do so because, as
pointed out before for R™, the class of differentiable functions is much
richer than the class of analytic functions,
Let f be a real-valued function on a C* manifold M. The function f
is called differentiable at a point p € M if there exists a local chart
(Un 9,) with p € U, such that the composite function foglis a
differentiable function on ¢ (U,). The function [ is called dg}j’er:ntiable
if it is differentiable at each point p e M. If M is analytic, the function f
is said to be analytic at p € M if there exists a local chart (Uy ) with
pe Uaﬁ_‘{_‘jh thg_t;f © ¢! is an analytic function on the set @of U:).
Let M be a differentiable manifold and let F denote the set of differential
functions on M.
We shall often write C*(M) instead of § and will sometimes denote

by C=(p) the set of functions on M which are differentiable at p. The
set C°(M) is an algebra over R, the operations being

N @) = Af(2),
(f +8)(2) = £(p) + (9,

(f8) (p) = f(p) &(p)
for Xe R, pe M, f, g € C°(M).

Lemma 1.2. Let C be a compact subset of a manifold M and let V
be an open subset of M containing C. Then there exists a function € C=(M)
which is identically 1 on C, identically 0 outside V.,

This lemma has already been established in the case M = R™. We
shall now show that the general case presents no additional difficulties.

Let (U,, ¢,) be a local chart on M and S a compact subset of U,.
There exists a differentiable function f on ¢,(U,) such that f is
identically 1 on ¢, (S) and has compact support contained in ¢ (U,).
The function F on M given by

o) ifge U,
Flg) = 0 otherwise

is a differentiable function on M which is identically I on S and iden-
tically 0 outside U,. Since C is compact and V open, there exist finitely
many coordinate neighborhoods Uj, ..., U, and compact sets S, ..., S,
such that

ccuy'S, ScU,
(Urvycv.

As shown previously, there exists a function F; € C*(M) which is
identically 1 on S; and identically 0 outside U,. The function

b =1—(01—F)( —Fy)...(1 = F,)

belongs to C*(M), is identically 1 on C and identically O outside V.
Let M be a C* manifold and (U,, @,),e4 2 collection satisfying (M),
(M), and (M,). If U is an open subset of M, U can be given a differen-
tiable structure by means of the open charts (V, ¢,),cq Where V, =
U n U, and ¢, is the restriction of ¢, to V,. With this structure, U is
called an open submanifold of M. In particular, since M is locally con-
nected, each connected component of M is an open submanifold of M.

¥



Let M and N be two manifolds of dimension m and n, respectively.
Let (U,, ®4)zeq and (Vy, P5)5.pbe collections of open charts on M and N,
respectively, such that the conditions (M,), (M,), and (M) are satisfied.
For o« € A, B € B, let g, X y; denote the mapping (p, g) — (¢u(p)s(g))
of the product set U, X ¥V, into R™+", Then the collection (U, X V5,
Pa X Pp)aca.pep Of open charts on the product space M X N satisfies
(M,) and (M,) so by Remark 1, M X N can be turned into a manifold
the product of M and N.

An immediate consequence of Lemma |.2 is the following fact which
will often be used: Let V' be an open submanifold of M, f a function
in C*(V), and p a point in ¥. Then there exists a function f € C*(M)
and an open neighborhood N, p € N C V such that f and f agree on N.

1. Vector Figlds and ‘1-Forms
Let A be an algebra over a field K. A derivation of A is a mapping
D; A — A such that
(i) D(of + Bg) = oDf + BDg for o,feK, figed;
(ii) D(fg) = f(Dg) + (D) g for fgeA.



Definition. A vector field X on a C* manifold is a derivation of the
algebra C*(M).

Let D! (or DY(M)) denote the set of all vector fields on M. If f € C*(M)
and X, Y € DY(M), then fX and X 4 Y denote the vector fields

fX g —f(Xeg), g € C(M),
X+Y:g—>Xpg+ Yg, g € C®(M).

This turns D*(M) into a module over the ring § = C*(M). If X,
Y e DY(M), then XY — Y X is also a derivation of C*(M) and is denoted
by the bracket [X, Y]. As is customary we shall often write §(X) ¥ =
[X, Y]. The operator 6(X) is called the Lie derivative with respect to X.
The bracket satisfies the Jacobi idemtity [X,[Y, Z]] + [V, [Z, X]] +
[Z, [X, Y]] = O or, otherwise written 8(X)([Y, Z]) = [0(X) Y, Z] +
[V, 8(X) Z].

It is immediate from (ii) that if f is constant and X € D?, then Xf = 0.
Suppose now that a function g € C°(M) vanishes on an open subset
V CM. Let p be an arbitrary point in V. According to Lemma 1.2
there exists a function f € C°(M) such that f(p)=0, and f=1
outside V. Then g = fg so

Xg = f(Xg) + g(Xf),

which shows that Xg vanishes at p. Since p was arbitrary, Xg = 0
on V. We can now define Xf on V for every function f € C°(V). If
p €V, select f € C°(M) such that f and f coincide in a neighborhood
of p and put (Xf) (p) = (Xf)(p). The consideration above shows that
this is a valid definition, that is, independent of the choice of f. This
shows that a vector field on a manifold induces a vector field on any
open submanifold.

On the other hand, let Z be a vector field on an cpen submanifold
V CM and p a point in V. Then there exists a vector field Z on M
and an open neighborhood N, p € N C V such that Z and Z induce
the same vector field on N. In fact, let C be any compact neighborhood
of p contained in V and let N be the interior of C. Choose ¢ € C*(M)
of compact support contained in V such that y = 1 on C. For any
g € C*(M), let g,, denote its restriction to ¥ and define Zg by

- {9 (Zev) (@) forge V,
Then g — Zg is the desired vector field on M.

Now, let (U, ¢) be a local chart on M, X a vector field on U, and let
p be an arbitrary point in U. We put ¢(q) = (x,(9), ..., (@) (g € U),
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and f* = fo ¢! for f E-C°°(M). Let V be an open subset of U such
that (V) is an open ball in R™ with center ¢(p) = (ay, ..., a,). If
(%1 -0y %,,) € @(V), we have

T*(xy0 ey %)
Sf*(al’ sy am) + fl %f*(al + t(x‘l - al)v ey + t(xm - am)) dl
0

= f*ay, ..., ay,) + i (x; — a;) f;f;“(a1 + H{x; — ay), oory @y F+ Xy — ay))dl.

Jel

(Here f¥ denotes the partial derivative of f* with respect to the jth
argument.) Transferring this relation back to M we obtain

@) =f®) +21 (he) — =N ed)  @eV: Q)

where g; € C2(V) (1 < i < m), and

_ (9
&ip) = (3_%).,«,»'
It follows that
o af*
NG =2 (5) KB frpel. )

The mapping f — (df*/ox;)op (f € C®(U)) is a vector field on U and
is denoted o/dx;. We write of]0x; instead of 9/ox,(f). Now, by (2)

X =3 (Xx) Ti‘ on U. 3)

im=]
Thus, 8/dx; (I < i < m) is a basis of the module D'(U).
For pe M and X € D!, let X, denote the linear mapping X,:
f— (Xf) (p) of C>(p) into R. The set {X,,: X € D(M)} is called the
tangent space to M at p; it will be denoted by D}(p) or M, and its elements

are called the tangent vectors to M at p. Relation (2) shows that M, is
a vector space over R spanned by the m linearly independent vectors

et f— (%{;—) L feC™M).

¢(p)

This tangent vector e; will often be denoted by (8/2x;),. A linear mapping
L: C>(p) — R is a tangent vector to M at p if and only if the condition

i



L(fg) = f(p) L(g) + g(p) L(f) is satisfied for all f g€ C”(p) In fact,

the necessity of the condition is obvious and the sufficiency is a simple
consequence of (1). Thus, a vector field X on M can be identified with
a collection X ,(p € M) of tangent vectors to M with the property that
for each f C°°(M) the function p — X, f is differentiable.

Suppose the manifold M is analytic. The vector field X on M is
then called analytic at p if Xf is analytic at p whenever f is analytic at p.

Remark. Let V be a finite-dimensional vector space over R, If
X, .-y X, is any basis of V, the mapping X, x,X; — (%,, ..., %,) is an
open chart valid on the entire V. The resulting differentiable structure
is independent of the choice of basis. If X € V, the tangent space Vy
is identified with V itself by the formula

WX = Six+ ) L fecuw),
=0
which to each Y € V assigns a tangent vector to V at X.

§ 3. Mappings

1. The Interpretation of the Jacobian

Let M and N be C* manifolds and & a mapping of M into N. Let
p € M. The mapping @ is called dzjferent:able at p if go @ e C*(p) for
each g € C=(®(p)). The mapping P is called dzﬁ'erentzable if it is differen-
tiable at each p € M. Similarly analytic mappings are defined. Let
i g — (xq), ..., %,,(q)) be a system of coordinates on a neighborhood
UofpeM and Wi r — (94(7), ..., ¥a(7)) a system of coordinates on a
neighborhood U’ of @(p) in N. Assume P(U)C U’. The mapping

Y’ c Do -1 of Y(U) into ¢'(U’) is given by a system of n functions
Vi = @i(X1s eors ¥m) (1<j<n),

which we call the expression of @ in coordinates. The mapping & is
differentiable at p if and only if the functions g, have partial derivatives

of all orders in some fixed neighborhood of (x,(p), ..., %,(p)).

The mapping @ is called a diffeomorphism of M onto N if @ is a
one-to-one differentiable mapping of M onto N and @-! is differen-
tiable. If in addition M, N, @, and P! are analytic, @ is called an

analytic diffeomorphism.

If & is differentiable at p € M and A € M, then the linear mapping
B : C*(P(p)) — R given by B(g) = A(g o D) for g € C*(P(p)) is a
tangent vector to N at &(p). The mapping 4 — B of M,, into N, is
denoted d®,, (or just P,) and is called the differential of @ at p. We have

seen that the vectors

f* , * -1
wif>(5),  U<ism, f=foym,
og* .
é&:8— (= I<j<sn), gr=go@)”
8= (5) oy (SISH g =go®)

form a basis of M, and N, respectively. Then
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dd’,,(ei)g = ei(go (D) = (—&%?)* )w(v).

But
(g o ¢)*(.‘\‘,'1, ey xm) = g*(ylr eoey yn)y

-where y; = @;(®y, ..., ¥s) (I <j < n). Hence

ae) =3 (52) & @)

j=1 wip)

This shows that if we use the bases ¢, (1 <i<m), (1 <j<n)to
express the linear transformation d®, in matrix form, then the matrix
we obtain is just the Jacobian of the system (1). From a standard theorem
on the Jacobian (the inverse function theorem), we can conclude:

Proposition 3.A. If d®, is an isomorphism of M, onto Ny then
there exist open submanifolds UC M and V C N such that p € U and
& is a diffeomorphism of U onto V.

Definition.
Let M and N be differentiable (or analytic) manifolds.

(a) A mapping @: M — N is called regular at p € M if @ is differen-
tiable (analytic) at p € M and d®, is a one-to-one mapping of M,
into Ngp).

(b) M is called a submanifold of N if (1) M C N (set theoretically);
(2) the identity mapping I of M into N is regular at each point of M.

For example, the sphere x} + a2 + x3 = 1 is a submanifold of R?
and a topological subspace as well. However, a submanifold M of a
manifold N is not necessarily a topological subspace of N. For example,
let N be a torus and let M be a curve on N without double points,
dense in N (Chapter II, §2). Proposition 3.1 shows that a submanifold
M of a manifold N is an open submanifold of N if and only if dim M
= dim N,

Proposition 3.2. Let M be a submanifold of a manifold N and let
p € M. Then there exists a coordinate system {x,, ..., x,} valid on an open
neighborhood V of p in N such that x,(p) = ... = x,(p) = 0 and such
that the set

U={geV:xg)=0form+1<jn
together with the restrictions of (xy, ..., %,,) to U form a local chart on M
containing p.

Proof. Let {3, .., ¥} and {2y, ..., 2,} be coordinate systems valid
on open neighborhoods of p in M and N, respectively, such that
vdp) = 3(p) =0, (1 <i<m 1 <j<n). The expression of the
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identity mapping I: M — N is (near p) given by a system of functions
Zj = @i(Y1r o Ym)y | <J < n. The Jacobian matrix (8¢;/dy,;) of this
system has rank m at p since [ is regular at p. Without loss of generality
we may assume that the square matrix (9¢;/8y;); <i.j<m has determinant
# 0 at p. In a neighborhood of (0, ...,0) we have therefore y, =
(21 ooy 2), 1 <7 < m, where each ¢; is a differentiable function.
If we now put
X = 1 I<ism,
x; = Z; — {1(Rq) vors Bn)y woes o215 vo0s Bm))s m41<j<n,
it is clear that
ox;

) Ox;
Y, /14, 1<m

det ( Oz, )1<:'. k<n

#0, det ( £ 0.

Thf:refore {’fv - x,.,} gi'ves the desired coordinate system.

2. Transformation of Vector Fields

Let M and N be C*® manifolds and ¢ a differentiable mapping of M
into N. Let X and Y be vector fields on M and N, respectively; X and
Y are called P-related if

dD(X,) = ¥ o) for all p € M. 3)
It is easy to see that (3) is equivalent to
(Yf)o® = X(fo P) for all f € C®(N). 4)
It is convenient to write d® - X = Y or X® = Y instead of (3).
Proposition 3.3.
(1) Suppose X, and'Y; are ®-related, (i = 1,2). Then
[X1, X2] and (Y1, Y>] are ®-related.

(i) Suppose @ is a diffeomorphism of M onto itself and put f© = fo P
for f € C=(M). Then if X € D(M),

(fX)? = foXx°, (Xf)®> = X°f°.

Proof. From (4) we have (Yy(Yof) 0 ® = X\(Yof 0 @) =
X{(Xy(f o D)), so (i) follows. The last relation in (ii) is also an immediate
consequence of (4). As to the first one, we have for g € C°(M)

(UX)%) 0 @ = (fX) (g 0®) =/ ((X°g) 0 ¥),

(fX)°e = f2(X%)-

SO
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Remark. Since X°f = (Xf®™")° it is natural to make the following
definition. Let @ be a diffeomorphism of M onto M and A a mapping
of C*(M) into itself. The mapping 4° is defined by A%f = (4f*")*
for f € C°(M). We also write [Af] (p) for the value of the function Af
at p € M. If ® and ¥ are two diffeomorphisms of M, then f*¥ = (f¥)*
and 4%¥ = (4%)". .

Let M be a differentiable manifold, S a submanifold. Let m = dim M,
s = dim S. A curve in S is of course a curve in M, but a curve in M
contained in S is not necessarily a curve in S, because it may not even
be continuous. However, we have:

Lemma 3.4 Let ¢ be a differentiable mapping of a manifold V into
the manifold M such that (V) is contained in the submanifold S. If the
mapping @ : V — S is continuous it is also differentiable.

Let p € V. In view of Prop. 3.2, there exists a coordinate system
{xy, ..., x,,} valid on an open neighborhood N of ¢(p) in M such that
the set

Ng={reN:xr) =0fors <j< m}

together with the restrictions of (x,, ..., x;) to Ng form a local chart
on § containing ¢(p). By the continuity of ¢ there exists a local chart
(W, ) around p such that (W) C Ng. The coordinates x1{p(g))
(I <j < m) depend differentiably on the coordinates of g € W. In
particular, this holds for the coordinates x;(¢(g)) (1 <j < 5) so the
mapping ¢ : ¥V — S is differentiable.

As an immediate consequence of this lemma we have the following
statement: Suppose that ¥ and S are submanifolds of M and V C 8.
If S has the relative topology of M, then V is a submanifold of S.

§4. Affine Connections

l?eﬂnition. An affine connection on a manifold M is a rule ¥V which
assigns to each X € DY(M) a linear mapping Vy of the vector space
D}(M) into itself satisfying the following two conditions:

(V1) Vixwy =fVx +8Vyi

(Vo) Vx(fY) =fVx(Y) + (Xf) Y

for f, g € C*(M), X, Y € D(M). The operator Vy is called covariant
differentiation with respect to X. For a motivation see Exercises,

Lemma 41. Suppose M has the affine connection X — Vy and let
U be an open submanifold of M. Let X, Y € DY(M). If X or Y vanishes
identically on U, then so does N/ x(Y).

Proof. Suppose Y vanishes on U. Let p € U and g € C*(M). To
prove that (Vx(Y) g) (p) = 0, we select f € C=(M) such that f(p) = 0
and f = | outside U (Lemma [.2). Then fY = ¥ and

Vx(Y)g = Vx(fY)g = (X1)(Yg) + f(Vx(Y)g)

which vanishes at p. The statement about X follows similarly.
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An affine connection ¥V on M induces an affine connection V on
an arbitrary open submanifold U of M. In fact, let X, ¥ be two vector
fields on U. For each p € U there exist vector fields X’, ¥’ on M which
agree with X and Y in an open neighborhood V of p. We then put
(Vo)x(Y)), = (VX,(Y’))q for g € V. By Lemma 4.1, the right-hand
side of this equation is independent of the choice of X', Y. It follows
immediately that the rule Vy: X — (Vyp)x (X € DY(V)) is an affine
connection on U.

In particular, suppose U is a coordinate neighborhood where a

coordinate system @ : g — (%4(¢), ..., %,,(¢)) is valid. For simplicity, we
write V7, instead of (V y)gjs., We define the functions 1% on U by

0 2
Vi("a-;) =§ Fu"—a}:- (1)

For simplicity of notation we write also I';* for the function I';* o -1,
If {3, «..s Y} i another coordinate system valid on U, we get another
set of functions I',4" by

V.a(-é%) =?I‘;,,V—a}a?.

Using the axioms V, and V/, we find easily

ox; 0x; 0Oy, 0% oy
ryr=N_—"t_1 2% & r_, 2
o {g;k Yy ayﬁ dxl: “ +2 ayuayﬂ 3.%',- ( )

On the other hand, suppose there is given a covering of a manifold M
by open coordinate neighborhoods U and in each neighborhood a
system of functions I';* such that (2) holds whenever two of these
neighborhoods overlap. Then we can define ¥, by (1) and thus we
get an affine connection ¥y in each coordinate neighborhood U. We
finally define an affine connection V on M as follows: Let X, Y € DY(M)
and p € M. If U is a coordinate neighborhood containing p, let

(V¥ = (Vo)x (YD)

if X, and Y, are the vector fields on U induced by X and Y, respectively.
Then V is an affine connection on M which on each coordinate neigh-
borhood U induces the connection V.

Lemma 4.2. - Let X, Y € DY(M). If X vanishes at a point p in M,
then so does \Jx(Y). _

Let {xy, ..., x,,} be a coordinate system valid on an open neighborhood
U of p. On the set U we have X = X, f(8/0x;) where f; € C*(U) and
f(p) =0, (1 <i<m). Using Lemma 4.1 we find (Vx(Y)), =
2, fi(p) (VLY)), = 0.

Remark. Thus if ve M, V,(Y) is a well-defined vector in M,,

Definition. Suppose V is an affine connection on M and that @ is

a diffeomorphism of M. A new affine connection V' can be defined on
M by

Vx(Y) = (Vxo(Y?))*™", X, Y € DYM).

That V'’ is indeed an affine connection on M is best seen from Prop. 3.3.
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The affine connection V is called invariant under @ if V' = V. In
this case ® is called an affine transformation of M. Similarly one can
define an affine transformation of one manifold onto another.

§5. Parallelism

Let M be a C* manifold. A curve in M is a regular mapping of an
open interval I C R into M. The restriction of a curve to a closed sub-
interval is called a curve segment. The curve segment is called finite if
the interval is finite. :

Let y: ¢t — 9(t) (t € I) be a curve in M. Differentiation with respect
to the parameter will often be denoted by a dot (). In particular, y(t)
stands for the tangent vector dy(d/dt),. Suppose now that to each t €]
is associated a vector Y(t) € M,,,. Assuming Y(?) to vary differentiably
with ¢, we shall now define what it means for the family Y(¢) to be
parallel with respect to y. Let | be a compact subinterval of I such that
the finite curve segment y;: t — y(t) (£ € J) has no double points and
such that y(J) is contained in a coordinate neighborhood U. Owing to
the regularity of y each point of I is contained in such an interval ]
with nonempty interior. Let {x,, ..., x,,} be a coordinate system on U.

Lemma 5.1. Let t — «(t) (¢t € I) be a curve in a manifold M. Let ty € I
and g a smooth function on a neighborhood of ty in I. Then 3 open interval
I, around tp in I and a function G € C°(M) such that

G(v(t) =9(t) tel,.

Proof:

Let {z1,...,Zm} be a coordinate system on a neighborhood of (tp) in
M. There exists an index ¢ such that ¢ — z;(y(t)) has a nonzero derivative
at t = tg. Thus 3 smooth function 7; of 1-variable smooth in a neighborhood

of z;(y(tp)) in R such that ¢ = »;(z;(y(t))) for all ¢ in a neighborhood of 1.
The function

q — g(mi(zi(q)))

is defined and smooth in a neighborhood of (¢;) in M. In a smaller neigh-
borhood it coincides with a function G € €*(M). But then

G(v(t)) = g(mi(z:i(+(t)))) = g(t)

for t in an interval around tg.
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We put X(2) == ¥(t) (¢ €1I). Using Lemma 5.1 it is easy to see that
there exist vector fields X, ¥ e D(M) such that (Y(¢) being as before)

Xy = X(1), Yy = Y(i) (te I{'o J

Given an affine connection ¥V on M, the family Y(z) (t € J) is said to be
parallel with respect to y, (or parallel along y,) if

Vx(¥),iny=0 forallte _7:[: n
)

To show that this definition is independent of the choice of X and Y,
we express (1) in the coordinates {xy, ..., x,,}. There exist functions
X4 Yi(1 <14, < m)on U such that

o 6
X=3x ot V=3 Vg- ol

i

For simplicity we put x,(f) = x(y(t)), Xi(t) = Xi(y(t)), and Yi(t) =
Yi(y(t)) (¢ eli_)(l < i < m). Then X(t) = #,(¢) and since

i aYk 1A %] k a
we obtain
dY* x dxi R
7+%FffTY"0 (te]). @)

This equation involves X and Y only through their values on the curve.
Consequently, condition (1) for parallelism is independent of the choice
of X and Y. It is now obvious how to define parallelism with respect
to any finite curve segment y, and finally with respect to the entire
curve y.

Definition. Let y: ¢ — y(t) (¢t €l) be a curve in M. The curve y
is called a geodesic if the family of tangent vectors y(t) is parallel with
respect to y. A geodesic y is called maximal if it is not a proper restriction
of any geodesic.

Suppose y; is a finite geodesic segment without double points con-



tained in a coordinate neighborhood U where the coordinates {xy, ..., X}
are valid, Then (2) implies

dix, dx; dx;

F"'Ejrﬁk"‘ﬁ—dr:o (te ) (3
1. .

If we change the parameter on the geodesic and put ¢ = f(s),
(f'(s) # 0), then we get a new curve s — vy,( f(s)). This curve is a geodesic
if and only if f is a linear function, as (3) shows.

Proposition 5.2. Let p, q be two points in M and y a curve segment
from p to q. The parallelism + with respect to y induces an isomorphism
of M, onto M,

Proof. Without loss of generality we may assume that y has no
double points and lies in a coordinate neighborhood U. Let {x,, ..., x,,}
be a system of coordinates on U. Suppose the curve segment y is given
by the mapping ¢t — y(t) (2 < t < b) such that y(a) = p, y(b) = ¢q.
As before we put x,(t) = x;(y(1)) (a <t <b) (1 i m)

Consider the system (2). From the theory of systems of ordinary,
linear differential equations of first order we can conclude:

There exist m functions gft, yy, ..., ¥,) (1 < i < m) defined and
differentiablet for a < ¢t < b, — » < y; < » such that

(i) For each m-tuple (y,, ..., ¥,,), the functions Y¥(#) = @(t, ¥;, .., Y)
satisfy the system (2). '

(i) @@, Y15 s Ym) = P I<i<m)

The functions ¢, are uniquely determined by these properties.

The properties (i) and (ii) show that the family of vectors Y(f) =
2; Yi(2) (9/ox;) (a <t < b) is parallel with respect to y and that
Y(a) = Z;y48/ox,),. The mapping Y(a) — Y(b) is a linear mapping
of M,, into M, since the functions ¢, are linear in the variables y,, ..., y,,.
This mapping is one-to-one owing to the uniqueness of the functions ¢,
Consequently, it is an isomorphism.

Proposition 5.3. Let M be a differentiable manifold with an affine
connection. Let p be any point in M and let X # 0 in M,. Then there
exists a unique maximal geodesic t — y(t) in M such that

A0) = #, #0) = X. 4

t A function on a closed interval I is called differentiable on I if it is extendable
to a differentiable function on some open interval containing I.
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Proof. Let ¢ : g — (%(q), ..., X,,(q)) be a system of coordinates on
a neighborhood U of p such that g(U) is a cube {(x,, ..., x,) : | %; | < ¢}
and g(p) = 0. Then X can be written X = X, «(d/dx,), where o; € R.
We consider the system of differential equations

s (<igm), ()
B o Y TGy (<A< ), (5)
£,j=1 .

with the initial conditions
(xl, ceey Xy 31, eeny zm)‘_o = (O, cany O, Qlyy seny am)-

Let ¢, K satisfy 0 < ¢; < ¢,0 < K < «. In theinterval | x; | < ¢y,
| 2,1 < K(1 € i< m), the right-hand sides of the foregoing equations
satisfy a Lipschitz condition.

From the existence and uniqueness theorem (see, e.g., Miller and
Murray* » p. 42) for a system of ordinary differential equations we
conclude:

There exists 'a constant 4, > 0 and differentiable functions x,(z),
2(t) (1 < i < m) in the interval | t| < b, such that

O 2 _a)  a<i<m i<,
ull) _ ‘zl";lrﬁk(xx(z). ) 3 ) (1 <k < m),

I t I < by
() (%3(2), oer Zml2), 22(8)s s Zm(t)) bmp = (0, vors 0, g, wrey )’
(iii) xft)| <en|2t)| <K (1 <igm, le] <by;

(iv)  xd{2), (1) (1 i< m) is the only set of functions satisfying
the conditions (i), (ii), and (iii). _

This shows that there exists a geodesic ¢ — () in M satisfying (4)
and that two such geodesics coincide in some interval around ¢ = 0.
Moreover, we can conclude from (iv) that if two geodesics t — y,(t)
(t € I}), t — y4(t) (t €I,) coincide in some open interval, then they
coincide for all ¢t € I} n I,. Proposition 5.3 now follows immediately.

Definition. The geodesic ‘with the properties in Prop. 5.3 will be
denoted yx. If X = 0, we put yx(#) = p for all £ e R.

* KSMilier and FJ. Murray, Existence Theorems for Ordinary
Differential Equations, New York Univ. Press, 1954
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§ 6. The Exponential Mapping

Suppose again M is a C* manifold with an affine connection. Let
p € M. We use the notation from the proof of Prop. 5.3. We shall now
study the solutions of (5) and (5') and their dependence on the initial
values. From the existence and uniqueness theorem (see, e.g., Miller
and Murray ' p. 64) for the system (5), (5'), we can conclude:

There exists a constant b (0 < b < ¢) and differentiable functions

@ty €1y oo Em Lps e L) fOr [ 2] 2B, [ €41 B 1 8 S B(E <4 <m)
such that:

(i) For each fixed set (¢,, ..., £ms &yy -0y {n) the functions
I'x"i(t) = ‘P.‘(t, gly soey ffm ;b weny Cm)
(t) - [ (t fl! sy fmr Ch sery ;m)s l < ’ < m, l t ! < 2b,

satisfy (5) and (5) and | x,(¢) | < ¢y, | 2(t) | < K.
(") (xl(t)i ey xm(t)' 2’1(’), Bt zm(l))l-o = (EI’ ey fmr Cl» soey Cm)'

(iii) The functions g, are uniquely determined by the above properties.
Theorem 6.1. Let M be a manifold with an affine connection. Let p
be any point in M. Then there exists an open neighborhood N, of 0 in M,

and an open neighborhood N, of p in M such that the mappmg X— -yx(l)
is a diffeomorphism of N, onto N,

Proof. Using the notation above, we put

‘/’;’(tx §1. eeey ;m) = ¢l’(tl 0) ceny 01 gh ey ;m)
for 1 <i<m, |t <2b, || <b Then

‘ﬁ‘l’(oi Cn -:', Lm) = oa
[%‘l';“"] (01 gp seny Zm) = ;i'

Since yx(st) = y,x(t), the uniqueness (iii) implies

l/’,-(sf, Cl; weey cm) = lpl'(t) sch susy slm) (1)



The map X — vx{b) has coordinate expression

¥:(Ch,. .., Cm) = (W10, Ca, -5 Cm)s - - - om(D, G, e Cm))
and we calculate its Jacobian at (0,...,0).

oY, = lim $i(0,0,...,hb,... ,0) — 1/)i(b,0,...,0) .
8Cj ,-...0) - h—0 hb

Using (1) and the relation 0 = 4;(b,0,. .. ,0) = 44(0,...,b,...,0) this limit
is

; ey by 0) = 94(0,...,b,...0
Iim ¢1(hb70 7b7 0) ¢1( )
h—0 hb

_ (%% = b6
_(at>(0,...,b,...0) "

Thus the Jacobian at (0,...0) equals ™. Since yx (b) = Yox(1) the theorem
follows.

Definition. The mapping X — yx(l) described in Theorem 6.1 is
called the Exponential mapping at p and will be denoted by -Exp (or
Exp,).

Definition. Let M be a manifold with an affine connection and p-
a point in M. An open neighborhood N, of the origin in M, is said to
be normal if: (1) the mapping Exp is a diffeomorphism of N, onto an
open neighborhood N, of p in M; (2) if X € N,, and 0 < ¢t < 1, then
tX € N,. :

The last condition means that N, is “star-shaped.” A neighborhood
N, of p in M is called a normal neighborhood of p if N, = Exp N,
where N is a normal neighborhood of 0 in M,,. Assuming this to be
the case, and letting X, ..., X,, denote some basis of M, the inverse
mapping?

Exp, (a1 X, + ... + anXyp) — (a4, ..., ay)

of N, into R™ is called a system of normal coordinates at p.

§7. Covariant Differentiation

' In § 5, parallelism was defined by means of the covariant differentia-
tion V. Theorem 7.1 below shows that it is also possible to go the
other way and describe the covariant derivative by means of parallel

translation. This makes it possible to define the covariant derivative of
other objects.
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Definition. Let X be a vector field on a mamfold M. A curve s — ofs)
(s € I) is called an integral curve of X if

‘P(s) = ¢(s)1 sel (l)

Assuming 0 €1, let p = ¢(0) and let {x,, ..., x,} be a system of
coordinates valid in a neighborhood U of p. There exist functions

Xt e C°(U) such that X = X, X* 8/ox, on U. For simplicity let x(s)
= x/p(s)) and write X? instead of (X?)* (§2, No.1). Then (1) is
equivalent to
dx(s) .
—— = XHx) s 2mls)) I<igm) 2)
Therefore if X,, # 0 there exists an integral curve of X throﬁgh ».

Theorem 7.4. Let M be a manifold with an affine connection. Let
pEM and let X,Y be two vector fields on M. Assume X, # 0. Let
s — o(s) be an integral curve of X through p = ¢(0) and v, the parallel
translation from p to o(t) with respect to the curve o. Then

.1
(Vx(Y), = im = (771 Y g — 1))
Proof. We shall use the notation introduced above. Consider a fixed

s > 0 and the family Z, (0 < t < s) which is parallel with respect
to the curve ¢ such that Z o = 7;} ¥,. We can write

Zyo = 3,240 (5).,; Y= 3 v (5)
and have the relations

2+ TE4 20 =0  0<t<9)
1.5

1
ele)

ZHKs) = Y¥s) 1<k m).
By the mean value theorem
Z¥s) = ZK0) + sZH(t*)

for a suitable number #* between 0 and s. Hence the kth component
of (1/s) (77 ¥ — Y is
120 — YO = 1 (26) — 24 — YHO)

= 3 TuMole") #40%) ZH8%) + 5 (76) — Y¥O).

As s — 0 this expression has the limit

dyx dx
d‘ +Erﬂ : Yi,

Let this last expression be denoted by A4;. It was shown earlier that

Va(P =3 4e (55)

This proves the theorem.

23



