18.781 Problem Set 6

Thursday, April 12.

Collaboration is allowed and encouraged. However, your writeups should be your own, and you

must note on the front the names of the students you worked with.
Extensions will only be given for extenuating circumstances.

1. Show that [],,, d = ndn)/2,

2. If k is a positive integer, show that oy (n) is odd if and only if n is a square or twice a square.

3. Prove that if (a,b) > 1 then oy (ab) < or(a)ox(b) and d(ab) < d(a)d(b).

4. Recall that a perfect number n is one for which o(n) = 2n.

(a) If p=2™ — 1 is a prime, show that 2™~(2™ — 1) is a perfect number.

(b) Show that every even perfect number is of the above form. [Hint: start by decomposing

n = 2"s where s is odd.]

5. For any positive integer n, let A\(n) = (—1)%™
that A(n) is totally multiplicative and that
Z \d) = 1 nisa I?erfect square
] 0 otherwise.
6. Show that

2
> d(d)? = [ > d(d)
dln dln

for all positive integers n.

7. (a) Suppose f(n) is an arithmetic function whose values are all nonzero, and put F (n)

[ 14 f(d). Show that
fm)=1] F(d)ymn/d)

din

(b) Show that

8. Let f,g be arithmetic functions.

(a) Show that Z(f *g,s) = Z(f,s)Z(g,s).

. This is Liouwille’s lambda function. Show

(b) Show that there is an arithmetic function f~! such that f * f=! = f~l« f = 1 iff

f(1) #0.



9. (Bonus)
(a) Show that Y 7, 5% = n(n +1)(2n +1)/6.

(b) Let S(n) be the sum of the squares of the positive integers < n and coprime to n. Show
that )
n
S = %:d%(n/d) _3 T )
i=1 "

din d?

(c) Combine parts (a) and (b) to show that

Then apply Mobius inversion to show

s esel)

din

(d) Let s(n) be the the largest square-free divisor of n, i.e. s(n) = Hp‘np. Show that

Y du(d) = (=1)*"¢(n)s(n) /n.

d|n

(e) Finally, conclude that S(n) = n2¢(n)/3 + (—1)*™e¢(n)s(n) /6 for n > 1.
10. (Bonus)

(a) Show that @, (x) =[]y, (z — 1)n(n/d),
(b) Let F(n) =Y"_, e¥™/" Show that F(1) = 1, and F(n) =0 for all n > 1.

(c) Show that for all positive integers n,

i eZm'a/n _ M(n)
a=1

(a,n)=1
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