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The Dual Steenrod Algebra (Lecture 13)

We have seen that the Steenrod algebra A admits a comultiplication map A ® A — A, described by the

formula ) B
Sq" — Z Sq™ ®@Sq" .
n=n’+n"’

This comultiplication map is obviously symmetric, and therefore endows the graded dual AY = D (A™)Y
with the structure of a commutative ring. Our goal in this lecture is to understand the structure of A".

For the remainder of this lecture, we will work in the category of (affine) schemes over the field F5. (In
other words, we work in the opposite to the category of commutative Fy-algebras.)

The noncommutative multiplication on A induces a comultiplication map A — AY @ A", which in turn

determines a map of Fa-schemes
SpecAY x Spec AY — Spec A .

This map exhibits Spec. A" as a group scheme over the field Fy. Let us henceforth denote this group scheme
by G.

For every topological space X, the Steenrod algebra acts on the cohomology ring H*(X) via a map
A@H*(X) — H*(X). If the cohomology ring H*(X) is finite dimensional, then we can transpose this action
to obtain a map

H*(X) - H(X)®A".

Rephrasing this in the language of algebraic geometry, we get a map
G x SpecH*(X) — SpecH*(X).

This map endows the scheme Spec H*(X) with an action of the group scheme G.

If H*(X) is not finite-dimensional, then we need to be a bit more careful. Suppose instead that H*(X)
is finite dimensional in each degree. For each n > 0, the direct sum R,, = ®o<i<n Hk(X ) can be viewed as
a quotient of the cohomology ring H*(X), and inherits the structure of an unstable A-algebra. Using the
above argument, we obtain an action

G x Spec R,, — Spec R,,.

Moreover, if n = 1, then this action is trivial.

Let us now specialize to the case where X is the space RP°. In this case, the cohomology ring H*(X)
is isomorphic to Fa[t]. We therefore have isomorphisms R,, ~ Fy[t]/(t"*!) for n > 0. For each n > 0, there
exists a group scheme parametrizing automorphisms of Spec R,, which induce the identity on Spec R;. We
will denote this group scheme by H,. By definition, H,, has the following universal property:

Hom(Spec B, H,,) ~ Hom"(Spec B x Spec R,,, Spec R,,) ~ Hom®(Fy[t]/(t" !, B[t]/(t"T!) ~ t+t*B/(t""'B),

(here the superscripts indicate the requirement that the morphism reduce to the identity on Ry) so H,, is
just isomorphic to an (n — 1)-dimensional affine space A™. Let H, denote the inverse limit of the tower

.— Hy — Hy — Hy,



so that H., is the infinite dimensional affine space which is the automorphism group of the formal scheme
Spf Fo[[t]]. More concretely, we are just saying that every automorphism of the power series ring B[[t]] which
reduces to the identity modulo ¢2 is given by a transformation

tst+0it2 +bot® + ...,

so we get an identification Ho, ~ Spec Fa[by, b, .. ]
The above analysis gives us a map of group schemes ¢ : G — Hy,. Our first result is:

Proposition 1. The map ¢ : G — Hy, is a monomorphism.

To prove this, let Gg C G be the kernel of the homomorphism ¢. Then G acts trivially on the formal
spectrum Spf H*(RP*°). It follows that the diagonal action of Gy on

Spf H*(RP™) x ... x Spf H*(RP™) ~ Spf H* (RP>)*)

is trivial for all k.

We observe that Gy = Spec C, where C' is some Hopf algebra quotient of the dual Steenrod algebra AY.
It is not difficult to see that C inherits a grading from A", so that the graded dual CV can be identified with
a subalgebra of the Steenrod algebra A. The above analysis shows that C'V acts trivially on the cohomology
H*((RP>)*) for all k > 0. We claim that CV ~ Fy. If not, then we can find some nonconstant element of
CV of the form )~ Sq’*, where I, ranges over some collection of admissible positive sequences. Choosing k
larger than the excess of each I, we see that C'V acts nontrivially on t; ...t € H*((RP>)*), a contradiction.
Thus CV ~ Fy, so Gg ~ Spec F5 and the map ¢ is a monomorphism as desired.

We now wish to describe the image of the map ¢. For this, we observe that the formal affine line
A ~ SpfF,[[t]] is isomorphic to the formal additive group over the field Fy. In other words, we have an
addition map

Al x Al - Al

which is described in coordinates by the map of power series rings
F[[t]] — Fal[t1, t2]]
t— > 11 + ta.
In fact, this map comes from topology. The group ¥, is abelian, so the multiplication map

Yo X Yo — 3o

is a group homomorphism. It follows that we obtain a map of classifying spaces
BY5 x BY.y ~ B(Xs X ¥g) — BYs.
The induced map on cohomology
H*(RP*) — H*(RP> x RP%)

is also described by the formula

t—t1 +ts.

It follows that the action of the Steenrod algebra A is compatible with the comultiplication on H*(RP).
In other words, the action of the group scheme G = Spec.A" on the formal affine line A preserves the group
structure on Al.

Let End(A!) denote the subgroup scheme of H,, which preserves the group structure on Al. We note
that a B-valued point of H., is an automorphism of B([[t]] of the form

tt+bit? +bot>+. ...



This B-valued point belong to End(A%) if and only if the power series f(t) =t + bit? + byt + ... is additive,
in the sense that f(t1 +t2) = f(t1) + f(t2) € BJ[[t1,t2]]. Since we are working in characteristic 2, additivity
is equivalent to the requirement that the terms b;_;¢* vanish unless i is a power of 2. In other words, we can
identify End(A') with the infinite dimensional affine space parametrizing power series of the form

t 4 bit? + bst* +brt® + .. ..
Theorem 2. The map ¢ induces an isomorphism G — End(Al).

In other words, we claim that the corresponding map of commutative rings
¥ : Faolby, b3, br,...] — AY

is an isomorphism. Proposition 1 implies that 1 is surjective. Moreover, 1 is a map of graded rings, where
each b; is regarded as having degree i. It will therefore suffice to show that the algebras Fa[by, b3, b7, ...] and
A" have the same dimensions in each degree.

Fix an integer n > 0. The nth graded piece of Fa[by, b3, by, . ..] is spanned by monomials

€17.6€27.€3
b b52b7 L.,

which are indexed by sequences of nonnegative integers (1, €2, .. .) satisfying >, (28 — 1)e; = n.
We have also seen that the the Steenrod algebra A has a basis consisting of expressions Sq’ = Sq™ Sq® ... Sq"™,
where the quantities
ik — 241 fk<m
0k =< im ifk=m
0 iftk>m

are required to be nonnegative. Moreover, we have
i = O + 20p4+1 + 40pq2 + . ..

so that the total degree of Sq is

Slik= > Gem2m = 6w (2 —1).

k>0 k>0,m>0 k’>0

We therefore obtain a bijection from a basis of Fa[by, b3, ...]"™ to a basis of A", given by the correspondence
(61, €2,.. ) — ((517(52, 53, .. )

Remark 3. In fact, more is true: the bijection described above is actually upper-triangular with respect to
duality between A and Fa[by,bs, ...] determined by the ring homomorphism . This is implicit in our proof
that the admissible monomials are linearly independent in A.

Corollary 4. The dual Steenrod algebra A" is isomorphic to a polynomial ring Falb1,bs, by, .. ]

We can describe the comultiplication on A" (and therefore the multiplication on A) very concretely
in terms of the isomorphism of Corollary 4. This comultiplication correpsonds to the group structure on
End(A%): in other words, it corresponds to composition of transformations having the form t +— ¢ + byt? +

bst'+.... Let f(t) = Yo boit? and g(t) = 32 oo bh;_#2". Then

(Fog)(t)= D baia(bh )* .

4,520



Consequently, the comultiplication on the ring Fa[by, b3, ...] can be described by the formula

b2k—1 [d E b2i,1 ®b§j_1.
k=i+j

Here we include the extreme possibilities ¢ = 0 and 5 = 0, in which case we agree to the convention that
bp=1¢€¢ Fg[bl,bg, .. }

Remark 5. The results above describe the dual Steenrod algebra A" as the algebra of functions on the
algebraic group G' ~ End(A'). We get a dual description of the Steenrod algebra A itself as an algebra
of distributions on the group G: namely, A is isomorphic to the space of distributions on G which are
set-theoretically supported at the identity. In this language, the (noncommutative) multiplication on A is
induced by convolution.



