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Lecture 1.

1 Manifolds: definitions and examples

Looselymanifoldsaretopologicalspaceghatlook locally like Euclideanspace.
A little more preciselyit is a spacetogetherwith a way of identifying it locally
with a Euclideanspacewhich is compatibleon overlaps. To formalize this we
needthefollowing notions.Let X beaHausdorff,secondcountabletopological
space.

Definition 1.1. A chartis apair (U, ¢) whereU is anopensetin X and¢ : U —
R" is homeomorphisnontoit image. The component®f ¢ = (x1, x2, ..., x")
are called coordinates.

Giventwo charts(U1, ¢1) and(U2, ¢2) thenwe getoverlapor transitionmaps

¢20p7 : p1(U1NU2) — ¢a(Ur NUY)

and
P10 ¢y p2(U1NU2) — ¢1(UrNUY)

Definition 1.2. Two charts(U1, ¢1) and(U,, ¢2) arecalledcompatiblef theover-
lap maps are smooth.

In practiceit is usefulto considemanifoldswith otherkindsof regularity.One
manyconsidelCK-manifoldswherethe overlapsareCk-mapswith CK inverses|f
we only requirethe overlapmapsto be homeomorphismwe arrive at the notion
of atopologicalmanifold. In somevery importantwork of Sullivanoneconsider
Lipschitz, or Quasi-conformal manifolds.
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An atlasfor X is a (non-redundantollection A = {(Uy, ¢o)|a € A} of pair
wise compatiblecharts. Two atlasesareequivalentif theretheirunionis anatlas.

An atlas A is calledmaximalif any otheratlascompatiblewith it is containedn
it.

Exercisel. Using Zorn’s lemma, show that any atlasis containedin a unique
maximal atlas.



Definition 1.3. A smoothn-dimensionamanifoldis a Hausdorff,secondcount-
able, topological spac¥ together with an atlas4.

1.1 examples

R" or anyopensubsebf R" is a smoothmanifoldwith anatlasconsistingof one
chart. The unit sphere

S = {x% xL, ... x| Z(xi)2 =1
i=0

hasanatlasconsistingof two charts(U, ¢+) whereU. = S"\{(£1,0,0,...,0)}
and

1 1 n
= X, .., X
:|:1—X0( )

Real projectivespace RP", is spaceof all lines throughthe origin in R"+1
which we canidentify with nonzerovectorsup to the actionof non-zeroscalars

p+(x% xt, ... xM

SoRP" = (R"™1\ {6})/R*. The equivalenceclassof (o, ..., Xn) is denoted
[Xo: X1 :...:Xy]. RP" has an atlas consisting of+ 1 charts.The open sets are
Ui = {[Xo:X1:...: X]IXj € R, andx; # O}

and the corresponding coordinates are

di([Xo:X1:...:Xn)) :(xl/xi,...,m,...,xn/xi).

Similarly we havecomplexprojectivespaceCP", the spaceof aline through
the origin in C"*1. Sojustasabovewe haveCP" = (C"+1\ {0})/C*. A typical
point of CP" is written[zg : z1 : ... : zz]. CP" hasaatlasconsistingof n + 1
charts.The open sets are

U ={[zo0:z1:...:z)]|z # 0}
and the corresponding coordinates are

¢i(20:21:...:20)) = (@1/2, ..., % /2%, Za/2).



Exercise 2.Show that in fact the above construction yield charts.

Noticethatin thecaseof CP" thecoordinatefavevaluesin C" andsotheoverlap
mapsmapanopensubsebf C" to C". We canaskthattheyareholomorphic.We
make the following definition.

Definition 1.4. A complexmanifoldis a Hausdorffsecondcountableopological
spaceX, with anatlas.A = {(U,, ¢,)|la € A the coordinatefunctions¢, take
values in @ and so all the overlap maps are holomorphic.

Let Gik(R") be the space of-klanes through the origin inR

Exercise3. Showthat Grg(R™) hasan atlaswith (E) chartseachhomeomorphic
with RK(M=k),

Similarly we haveGry (C") thespaceof all complexk-planethroughtheorigin
in C".
Exercise4. ShowthatGr(C") hasanatlaswith () chartseachhomeomorphic
with Ck("=K) Showthatwe cangive Gr(C") thestructureof acomplexmanifold.



