Lectures 10 and 11

12 Sard’'s Theorem

An extremelyimportantnotionin differentialtopologyis thatthatof generaposi-
tion or genercity.A particularmapmay havesomehorrible pathologiesut often
a nearby map has much nicer properties.

For example the map

f(0) = ((cos(20 cos(h), cos(20 sin(6H), 0).

mapsthe unit circle in the plain to the a figure 8 lying in a planein R3 while the
near by map

fc(0) = (cos(26 cos(b), cos(26 sin(h), € cos(H)).

is anembeddingWe will developa generalkettingin which we candecidewhen
a nearbymap will havesomenice property. Theseideashavebeencentralin
topology sinceearly daysof Lagrange,Poincaé and where put into a modern
efficient setting by Thom and Smale.

Themostbasicresultwe will needis Sard’sTheorem A subsebf amanifold
is saidto havemeasurezeroif its intersectiorwith everycharthasmeasurezero

with respectto the Lebesquemeasureon R". We will needan easyversionof
Fubini’s theorem.
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Theorem 12.1. Supposea measureableC ¢ R" hasthe property that for all
t € R C N {t} x R"1 has measure zerdhenC has measure zero.

We will also use the following lemma.

Lemma 12.2. If C ¢ R™Mis measureabland f : R™ — R" is continuousthen
f (C) is measureable.

Theorem12.3.Let f : M — N beasmoothmapoffinite dimensionamanifolds.
Then the set of critical values has measure ze in

Proof. (Copiedfrom Milnor’s little blue book Topologyfrom the differentiable
viewpoint, this proof doesnot give the sharpresultthat a CK map with k >
maxX{1, m — n + 1} alsosatisifies theonclusion.)The definitionof measure zero
is local soit sufficesto provetheresultin caseM c R™ andN c R" areopen
subsets.

Theproofis by inductionon m the dimensionof thedomain. Thecasem = 0
istrivial. LetC = Crit(f) denotehecritical setof f. It sufficesto provethatfor
everypointy € f(C) thereis neighborhoodf y whoseintersectiorwith f(C)
has measure zerbdlow set

Cs={xeM|d)f=0,foralll <] <k

ThenC > C; D Cy D ... is adescedingsequencef closedsetsand hence
measureable setButhermore the setb(Cs \ Cs;1) are all measureable.
The proof has three stepé.m < n then you can skip directly to step 3.
Stepl. f(C \ Cy) hasmeasurezero.If x € C c C; thenthereis somefirst
partial which doesn’t vanish so assume that

aft
— 0.
Xt (X) #
Then we consider the map R™ — R™.
gxt, o x™ = (Fxt L x™), X3 L x™)

Notice that from our assumption

— 1 1 1 =
ngl(x) ngZ(x) %(x)

0 1 0 ... O

dg=| 0 o 1 ... 0

0 0 0 1
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whichis clearlyinvertible. Theinversefunctiontheorenthenprovidesaninverse,
h: V — R™ on small neighborhood of Then consider the map o h we have

fohxt, ..., x™M =L f2ohxt, ..., xM, ..., fPohxd, ..., x™).

So f(C Nh(V)) = f o h(h™(C) N V). Theinverseimageof the setcritical
h=1(C) NV are simply the critical points of o h. If we set

kX2, x3, ..., xM = (f?oh(t,...,x™, ..., f"oh(,...,x™)

then
h=(C) NV = Ui{t} x Crit (ko).

By the induction hypothesis we have
ki(Crit (ky))
has measure zero in"R* and hence by Fubini
f(CNh(V)) = U {t} x k(Crit (ko))

has measure zero in"R
Step2. Suppose € Cs\ Cst1. Thenwithoutlossof generalitywe canassume
that there is some-th order mixed partial derivative so that if we set
ail+--~+im f
w = - -
a(xDyiz. .. 9(xm)im

so that
ow
m(x) # 0.
Define
gx, .o x™ = (wxt, .. x™), %2 L x™).

Againthis mapis adiffeomorphismwith inverseh: V — R™ for someneighbor-
hoodV of g(x). Let
k=foh

and let

|

= Kljo)xrm-1v -

24



Clearlyg(Cx nh(V)) c {0} x R™ 1NV andthecritical setof k containsg(Cyx N
h(V)) since it containg)(C N h(V)). Thus

f (Ck N h(V)) c k(Crit (k))

which has measure zero by the induction hypothesis.

Step3. Supposehatx € Cx wherek + 1 > &', Choosealittle cubel of side
lengths. We havefrom Taylorstheoremandthe compactnessf | thatthereis a
constantM > O sothatforally e | and allx e Cy N |

1) = fy)ll < M|x — y|+?

Subdividel into|™ subcube®f sidelengths/1. By theaboveestimatdf 1’ is
sucha subcubecontaininga point of Cy then f (1) is containedn a cubeof side
length at most

2M/m(s/ K+t
Thus thef (Cx N |) is contained in set of total volume bounded above

(ZM \/m(a/l)k+1)n|m — Clm—n(k—i—l)'

By our assumption this goes to zerol apes to infinity. O
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