Lecture 12.

13 Stratified Spaces

Definition 13.1. A stratificationof a topologicalspaceX is a filtraion is a de-
compositionX = | J'_, § whereeachof the § aresmoothmanifolds(possibily
empty) of dimensiom and so that

k—1

S\&clJs.

i=0
The closureS; is called the stratum of dimension k

Note that any stratum of a strafied space is a stratified space in its own right.

Stratifiedspacesreusefulbecausenanyresultsaboutsmoothmanifoldscan
be extendedo stratifiedspacesA goodexampleis the spaceof matricesMgnl.
The strataare the matricesof rank boundedaboveby a fixed number. (assume
that k< n)

As anapplicationof this resultwe will computethelow homotopygroupsfor
the Stiefel manifolds, Stc(R"). Recallthat the Stiefel manifold is the spaceof
k-framesin R". Givenak-frame(vy, vy, ..., vk) we getaninjective linear map
A : RK - R" by sendingthe standarcasisvectorse — vj. In otherwordswe
canidentify the Stiefel manifold, Vi (R"), with the opensubseif hom(R¥, R™)
consistingof injective maps. The complimentof Vk(R") hasa decomposition
according to the dimension of the kernel of the map codify this set

R = {A € hom(R, R")|Rank®)) = I}.
We claim that in fact thes® are submanifolds.

Proposition 13.2. R ¢ hom(R¥, R") is a smooth submanifold of codimension

k—Dmn—1).

26



Proof. Fix A € §. Write R¥ = ker(A) @ Ran(A*) andR" = ker(A*) + Ran(A).
Then with respect to this decomposition we can write

n=[o 9

« B
B:A+L J

and a nearby matrix as

Lemma 13.3. If A_—|— « is invertible thena vector (v, w) is in the kernelof B if
andonly if v= —(A+a) 1Bwand — y(A+a) 18)v =0

Proof. If (v, w) is the the kernel oB then
(A+a)v+Bw=0
sothefirst equationis clear. The secondequationfollows by substitutingthe first

into
yv+dw =0

The lemma implies that the kernel Bfis |-dimensional if and only if
§—y(A+a) =0
The map
[)"/‘ ’g] 8 —y(A+a) B

is clearlya submersiorsothe preimageof 0, our local modelof R is a submani-
fold of codimension

dim(ker(A)) dim(Coker@A)) = (k —1)(n —1).
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We'll use this to do a simple calculation of homotopy groups.
i (Sk(R™) =0

fori < n — k. Fromits definition St (R") canbe identifiedwith the spaceof
matrices of maximal rank iMyxn, and so

SK(R") = Mixn \ (U5R
so the problem is to show that a map
f:S — SK®R"
from a sphereof dimension < n — k is null homotopic.We know thatthereis a
null-homotopyin the largercontractiblespaceof matricesthatis to saythereis a
map
h:D'* - Mxun.
so that .
his= f.
If we canfind ahomotopyk : | x D'*1 — My, sothatduringthehomotopy
the following two conditions hold.

1. k|l x S c St(R")
2. k({1} x D'ty c St (RM).

To seethatwe cando thiswe will appealo Sard’stheorem.Letsconsiderthe
larger family of maps

H : Mixn x D' = Mixn

given by
H(A, X) = A+ h(x).

If Ais small enough then
K(t,X) = H(tA x) =tA+ f(X)

satisfieghefirst condition. To seethatwe canarrangethatthe secondcondition
is satisfiedwe notethat H is a submersionThusthe preimage®f the R’s areall
submanifoldsSet

R =HR)
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these are submanifolds of codimension<k)(n — ). so they have dimension
i+1+nk—(k—-hHn-1)
Consider the projectioFﬁ — Myxn. Provided that forall <k — 1
i+1+nk—(k-DHn-1)<nk

thenimageof the projectionhasmeasurezero. Theworstcaseis| = k — 1 when
the right hand side is
i +nk+k—n

sothattheinequalityholdsif i < n—k. If (A, X) 3 R thatforall x f(x) > R
completing the proof.



