Lecture 13.

14 Fiber bundles

The notion of a vectorbundlehasa naturaland useful generalizationthat of a
fiber bundle Here is a basic example.

Example 14.1. A k-framefor R" is ak-tuple(ey, ..., &) of linearlyindependent
vectors.

Let S (R") be the spaceof all k-framesfor R". This the Stiefel manifold.

There is a natural map
p: SkR") — Gr(RM)

givenby sendinghek-tupleto (v1, vy, .. ., vk) toits span.This mapis asubmer-
sion and the preimage of small open sets can be given a product structure.

Definition 14.2. A (locally trivial) fiber bundlewith fiber F is triple (E, B, p)
wherep: E — B isasmoothmapsothatfor all b € B in B thereis a neighbor-
hoodU of b and a diffeomorphism:

:plU)>UxF

so thatp; o T = pwherep;: U x F — U is the projection.
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In our examplelet U be oneof our standarcthartsandlet F = Inj(R¥, R™)
bethe spaceof injective linearmaps.This anopensubsebf hom (R, R") soit is
a manifold.We’'ll define the inverse of the trivialization

t™:Up x F - p~XUn).
To do this we need to fix an identification af i1 — RX. Then
T HTa J) = (Aoctojer), Actoj(e),..., Aoto j(&)).

where as usuah: IT — I1+ is a linear transformation andalis its graph.

For anotherexampleconsidera real vectorbundlep: E — B. The projec-
tivization of E, denotedP(E) is spaceof linesin E andhasnaturalprojection
p’: P(E) — B which is a fiber bundle with fiber RPL.
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