Lecture 14.

15 Whitney’s embeddingtheorem, medium version.

Theorem 15.1. (Whitney). Let X be a compactn-manifold. ThenM admitsa
embedding in R,

Proof. FromTheorem?] we canassumehat M is embeddednh RN for someN.
To statethe nextresultfor a hyperplanell ¢ RN let pg: RN — IT denotethe
orthogonabprojection.Notethatthe setof hyperplanesn RN is acopyof RPN—1
by associatingo eachhyperplanehe orthogonaline. Thedesiredresultfollows
from:

Lemma15.2. If N > 2n+ 1 thenfor a full measuresetof hyperplaned ¢ RN
the compositiorpr o @ is a differentiable embedding ™ into IT.

Proof. Let A € M x M be the diagonal, A= {(x, X)|x € M}. Define the map
a:Mx M\A— RPN-L,

which sendddistinct pointsx andx’ to theline throughthe origin parallelto the
line passinghroughx andx’ or equivalentlytheline throughO andx — x’. Notice
that pr; o @ is injectiveif andonly if a missegheline orthogonalto IT. If 2n <
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N — 1 thenany pointin the imageof a is a critical value and henceby Sard’s
theoremtheimageof hasmeasurezero. Thusthe setof thentheimageof a has
measureeroandsothe setof hyperplangor which the compositionis injective
is a Baire set.

Nextconsideithe projectivizationof thetangentundleof M, P(T M). Thisis
afiberbundleover M with fiber RP"~1. Thetotal spaceof the bundleis asmooth
manifold of dimension 2r- 1. Define the map

b:P(TM) » RPN

whichsendsaline ¢ € T,M totheline Dy®(¢) in RN. Noticethatthedifferential
of pr o @ is injective precisely whethe line orthogonal to IT is not ithe image
of b. If 2n — 1 < N — 1 then as above the image ohhs full measure.
Thusthe setof goodplaness theintersectiorof two setsof full measureand
hence had full measure itself. O

]

Notice thatthe conditionon the mapb wasweakerthenthe conditionon the
mapa so the proof also proves:

Proposition 15.3. If M is a closedsmootm-manifoldthenM immersesnto R?".

Proof. ]

We’'ll use this theorem to prove the hard version of Whitney’s theorem.
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