Lecture 18 and 19

17 Smale’s Sard theorem

In theearlysixtiesSmalegealizedthatmanyof theideasof differentialtopology
canbeappliedto aid in the studyof PDEsandaspartof this programhe showed
how to generalizeSard’stheoremto the infinite dimensionakase.First we need
to introduce the correct kind of mappings of Banach manifolds.

Definition 17.1. Let X andY be Banachmanifoldsand f: X — Y asmooth
map.We say thatf is a Fredholm mapping if for alt € X the differential

is a Fredholm map

The first problemwe run into with trying generalizeSard’stheoremis that
the notion of measurezeroisn’'t easyto makesenseof in aninfinite dimensional
spacehoweverthe the complemenbf a (closed)setof measurezerois anopen
denseset. Thecritical setof amapis closedsotheimageis atworsta countable
unionof closedsetsof measureero. Thecomplements a countabldantersection
of opendensesets.This notionmakessensean anarbitrarytopologicalspace.ln
particularBanachmanifold which satisfieshe Baire categorytheoremso sucha
set is non-empty.

Definition 17.2. Let X betopologicalspace A setA C X is calledresidualit is
a countable intersection of open dense sets.

Thusthe Baire categorytheoremsaysthata residualsubsebf a metric space
is dense.
Smale’s generalization of Sard’s theorem is

Theorem17.3.Let f : X — Y beasmoothmappingof seconccountableBanach
manifolds.Then the set of regular values bfis residual inY.

To provethis resultwe provea resultof independeninterestwhich saysthat
afterachangeof coordinates nonlinearFredholmmappingdiffersfrom anlinear
isomorphismby a nonlinearmapbetweerfinite dimensionamanifolds.We have
a kind of analogue of Lemma ??

Lemmal7.4.Let f: X — Y beaFredholmmap.Thenfor anyx € X thereare
coordinate charts pU c X > B® K — andy: V CY — B @ C sothat

Vo fog (x, k) = (X, g(x, k).

Proof. Thisis alocalresultsowe mayassumavithoutlossof generalitythatx is
theorigininU c X — B & K andthat f (x) istheorigininV c Y - B® C
whereB is a Banachspace K = ker(d, f), andC = Coker(d; f). We canalso
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arrangethatO @ K is thekernelof do,0) f andthatB & {0} is complementor the
range of ¢,0) f and finally that

| 0
doot = [o o}

f(x, k) = (a(x, k), b(x, k)).

As in the proof of the implicit function theorem consider the map

Write

h:U—-B@pK
given by
h(x, k) = (a(x, k), k).

Thenthedifferential of h at (0, 0) is theidentity sothereis amapq invertingh
near the originNotice that

foq(x, k) = (x,9(x,k)

as required. n

Remark3. This lemmahasa very importantconsequencePoint preimagesof
Fredholmmappingsarelocally homeomorphic¢o the point preimageof a smooth
map betweenfinite dimensionalmanifolds. This the beginningof Kuranishi's
work in deformationtheoryfor complexmanifolds. Kuranshiand Smalewhere
contemporaries at Columbia in the early sixties.

We need one more technical lemma.

Definition 17.5. Amap f: X — Y is saidto belocally closedif for all x € X
there is a neighborhodd of x so thatf |U : UtoY is a closed map.

Any continuousmapfrom alocally compactspaceis locally closed.Banach
spaces a locally compact if and only if they are finite dimensional.

Lemma 17.6. A Fredholm mapf : X — Y is locally closed.
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Proof. Choosechartsasguaranteedy Lemmal7.4 so that we canassumeour
map has the form
f(x, k) = (X, 9(x, k)

If Ac U c B x K isclosedwe mustshowthat f (A) is closed.Let (X, ¢j) bea
sequencén f (A) convergindgo (X, ¢). Thenc; = g(x;, y;i) for somesequencs;.
Sincethey; areboundedn finite dimensionalectorspaceve canassumehaty;
converge.Then clearly x, c) will be in f(A). O

We are now ready to prove Smale’s Sard theorem.

Proof. Let f: X — Y beour Fredholmmap. Since X is secondcountableit is
enoughto showthatthereis a coveringof X by opensetsU sothatthe regular
valuesof f|y areresidual. In fact we will showthatwe canfind U sothatthe
regularvaluesof f|y areopenanddense.Since f is locally closedandthe since
thecritical pointsetof f is closedtherein no problemin choosingU theregular
valuesof f |y is anopenset. Now choosechartsaboutthe pointin questionso
thatthe local representativef f hasthe form guaranteedy Lemmal7.4. The
differential of local representative df has the form

" dongle)
* A 0lk

sothatd i f is surjectiveif andonly if di k) glk is surjectivein otherwords
(X, c) isaregularvaluefor f|y if andonly if cis aregularvalueof k — g(x, k)
for k in asuitableneighborhoodThustheintersectiorof R( f |y) with eachslice
{x} x CNV isdense and hend@(f|y) is dense. O





