Lecture 2.

2 Smooth maps and the notion of equivalence

Let X andY besmoothmanifolds.A continuousnap f : X — Y iscalledsmooth
if for all charts U, ¢) forandX and V, v) for Y we have that the composition

yofoptipUni=tV) - y(V)

is smooth.
Two manifoldsX andY arecalleddiffeomorphiaf thereis ahomeomorphism
h: X — Y so thath andh— are smooth.

3 Standard pathologies.

Theconditionthat X be Hausdorffandseconccountabledoesnotfollow from the
existence of an atlas.

Theline with two origins. Let X bethe quotientspaceof R x {0, 1} by the
equivalenceelation(t, 1) = (t, 0) unlesst = 0. Then X is not Hausdorff,how-
ever X admitsanatlaswith two charts.Let U; betheimageof R x {i} in X. These
maps invert to give coordinates.

Remarkl. Actually non-Hausdorflspacesvhich satisfyall the other properties
arisein reallife for examplein the theoryof foliations or whentaking quotients
by non- compacgroupactions.More work is requiredto comeup with a useful
notions to replace that of manifolds in this context.

Thelong line. Let &, denotethe smallestuncountableotally orderedset.
Considerthe product X = S, x (0, 1] with dictionary ordertopology. Then
give X chartsasfollows. For (w,t) € Xif t # 1letUyt = {o} x (0,1)
and¢.t: U — R begivenby ¢, (o, t) = t. If t = 1let S(w) denotethe
successor of wSetU, 1) = {w} x (0, 1] supS(w)} x (0, 1) and

t ifn=w
v, 1) —{ t+1 ifn=Sw).

Exercise 5.Check that overlaps are smooth.



Thecollection{U, 1/2)}wes, iS uncountable@ndconsistf disjointopensets,
so X is not second countable.

Different charts

ConsiderR; denoteR with thefollowing charts(R, x) andR, with the chart
(R, x3). Identity mapR1 — R» is smoothbut not R, — R3. R; andR; are
diffeomorphic by the mag — x2 thought of as a map from{R— Ro.

Thesepathologiesare simpleproblemsto keepin mind whenthinking about
the definitions. Therearefar more subtleissuesthat arise. Given a topological
manifold we canaskcancarry an atlas,andif it carriesanatlashow manynon-
diffeomorphicatlasesdoesit carry. The first observatiorof this phenomenoms
dueto JohnMilnor who showedthatthe seven-spheradmitsan atlas(with two
charts!)which s not diffeomorphicto the standardlifferentiablestructure We'’ll
examine this example later in the course.



