Lecture 20.

18 Parametric transversality

An important tool in differential topology is the notion of transversality.

Definition 18.1. f: M — N is saidto betransversato Z ¢ N if forallme M

we have
Am f (TmM) + Tt mZ = Tt mN.

This is sometimes writteri MZ.
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Lemma18.2.1f f: M — N is transverseo Z thenthe preimagef —1(Z) is a
smooth submanifold of dimension

dim(M) — dim(N) 4+ dim(2).

Proof. Let x € f~1(Z) and choosecharts (U, ¢) aboutx and (V, ¢) about
f(x) € Z. We canchoose(V, ¢) sothaty (f(x)) = Oandy(V N Z) C
R% x {0} c R". Let p: R" — R"“ betheprojection.Defineg : U — R"* by
g(x) = po ¢ o fly(X). Thentheconditionthat f is travsversato Z impliesthat
the origin a regular value af and hencgy=1(0) = Z NU is a submanifold. [

Remark4. Often one can makecleanerstatementdy introducingthe notion of
codimension.If Z c N is a submanifoldwe definecodimZ) = dim(N) —
dim(2Z). It is thenumberof equationgequiredto cutout Z locally. In theabove
theoremthe codimensiorof Z and f ~1(Z) arethe same.(Theyareeachcut out
by the same number of equations!)

Our aim is to showthat the condition of beingtransversals genericin the
senseof Sard’stheorem. As a modelfor what we wish to prove considerthe
following situation.

Let

F:PxM—N

be a smooth map.

Theorem 18.3. Suppos¢hat F is a submersioni.e. thedifferentialof F is surjec-
tive everywhere Supposdurther that P, M and N are finite dimensional.Then
for eachp € P wegetamap f,: M — N. Givena submanifoldZ of N t for a
genericp € P we havef is transversal toZ.

Proof. SinceF is a submersionF is transversato Z sothatS = F~1(2) ¢
P x M is a submanifoldConsider the projection
p1: S— P.

Fix (p, m) € Sandsetn = F(p, m) Thetangentspaceof Sat(p, m) is (v, w) €
T(p.myM so that dp,m) F (v, w) € ThZ or equivalently

We claimthat p is aregularvalueof the projectionif andonly if fj is transverse
to Z. This follows from
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Lemma18.4.S= F~1(Z) istransversdo { p} x M if andonlyif fpistransverse
to Z.

Proof. The first condition is
08 TuM + (dpmF) 1 (TnZ) = TpP & TyM
The second condition is
dp.mF(0® TmM) 4 TnZ = TaN.

SinceF is surjective these condition are equivalent.
O

Next we observethatthe condition S is transverseo {p} x M is equivalent
to the conditionthat p is regularvalueof the projectionpy|s : S — P. Thefirst
condition is

0® TmM + (dpmF) H(ThZ) = TpP & TnM

while the second is
dp.mp1 : [@p.mF) H(ThZ) = TpP.

Since0® T M isthekernelof dp m p1 is 06 T M theseconditionsareequivalent.
Thuswe canappeato Sard’stheoremappliedto theprojectionp;: S— P to

saythatagenericp € P is aregularvalueandby thelemmafor genericp € P,

fp is transverse t@. O

Theorem 18.5. Supposehat F is a submersioni.e. the differential of F is sur-
jectiveeverywhere Supposdurther that P, M and N are Banachmanifoldsfor
eachp € P wegetthemap f,: M — N is Fredholm.Givena finite dimensional
submanifoldZ of N thenfor a residualsetof p € P wehave f,, is transversato
Z.

Proof. We simply needto checkthemap pi|s: S— P is Fredholm.To thisend
we needto inspectthe proofsof the two lemmasabove.We cansharperthemto

the following.
Lemma 18.6. There an isomorphism

ToP® TaM/(0® TmM + (dp,mF)_l(TnZ) — TaN/dpmF(O® TmM) + ThZ
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Proof. Differential of F inducesamapwhichis easilyseento beanisomorphism
using the fact thaF is a submersion. O

dpvmp]_ . (dp’mF)_l(TnZ) = TpP
Lemma 18.7. There an isomorphism

TpP @ TnM/(0® TmM + (dp.mF) ™ (ThZ) — TpP/dp.mp1 : (dp.mF) H(Th2)

Proof. Now thedifferentialof p; induceshedesiredmapwhichis easilyseento
be an isomorphism using the fact thatis a submersion. O

These two lemmas tell us that the cokernepgfs is finite dimensional.
Thekernelof theprojectionp1|Sistheintersectior(O@TmMm(dp,mF)—l(TnZ).
This intersection Fits into a short exact sequence

0 — ker(dnfp) — (0@ TmM N (dp.mF) " H(ThZ) — ThZ — 0.
and hence is finite dimensional. O
The main application we will have of this result is the following result.

Theorem18.8.LetM, N, andZ besmoothmanifoldswith Z ¢ N a submanifold.
Thesetof mapsf: M — N in CK(M, N) whichare transverseo Z is residual
in CK(M, N).

A little laterin the coursewe will dealwith giving C¥(M, N) the structureof
a Banach manifold.
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