Lectures 21 and 22.

19 The Strong Whitney Embedding Theorem

Whitney proved a stronger version of this theorem.

Theorem 19.1. (Whitney1944) Any compactn-manifoldadmitsan embedding
into R?",

Proof. (Sketch).We will work outthecasen is evenandn > 2 andM orientable
first. Considerthe spacel mmof CK-immersionsof M — R2". The conditionof
beinganimmersionis anopenconditionin the CK-topologyon the spaceof maps
sothat  mmis a Banachmanifold. By Proposition15.3 propositionthis space
is non-empty.Firstwe will showthatfor a Baire setof immersionghethereare
only finitely manydoublepointsandthatthe two sheetf imagearetransverse
at the double points.
To this end consider the map

F:lmmx (M x M\ A) = Gr(R?" x Gry(R? x R?".
givenby F(f, x,y) = (Im(Dx f), Im(Dy f), f(x) — f(x’). OnecheckshatF is

asubmersionLet Zj ¢ Gr,(R?") x Grn(R?") bethesetof pairs(I1y, I1,) sothat
dim(ITy N IIp) =1i.

Lemma 19.2. Z; is a smooth submanifold of dimensioré2ni2.

Proof. Write R?" as
MNTL@ M NIy ®T1 NI @ My NIy

ThestandarctoordinatechartaboutlT; representaplanenearll; asthegraphof
alinearmapA; : IT; — I decomposinghis matrix accordingtheto theabove
deomposition we can write

AL = [Otl 51}

Y1 61
viewed as a map

MyNT@ My N Iy — i N3 @ 1 NI

Doing the same of a chart aboup Me get
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az P2
Ao —
2 [Vz 52}

now viewed as a map
MiNT @I N — i N5 @ [ NIy

Theconditionthattheplanesepresentelly (A1, A2) alsointersecin ani-dimensional
subspace is the condition that e« a2 so the total dimension is Zn-i2 O

We seeka map f sothatfor all distinctx,y € M F(f,x,y) ¢ Z x {0}
for anyi. The parametridransversalitytheoremimpliesthatfor a Baire setof f
themap(x,y) — F(f, X, y) istransversdo Z; x {0}. But the codimensiorof
Zi x {0} is2r? 4+ 2n — (2n® — i?) = i% 4+ 2nwhichis largerthanthe dimension
of the domain 2n
Exercise 8.Show that we can in addition assume tliatas no triple points.

Thuswheneverf (x) = f(y) we havethatthe differentialshavetransverse
imagesat thosepoints. We assumehatin theremainderof the discussiorthat f
has been chosen satisfy these conditions.

Lemma 19.3. Ateachpair (x, x") with f (x) = f(X") = ytherearecharts(U, ¢),
(U’, ¢") nearx, x’and (V, ¥) neary so that

v lo fog(Xy, Xo, ..., Xn) = (X1, X2, ..., Xn, 0,0, ...,0)
and

U lo fod (X], Xp, ..., X)) = (0,0,...,0,X], X5, ..., X))
Proof. Since f is animmersiontherearecoordinatesp) = (X1, ..., Xn) aboutx
and ya(y1, ..., Yon) abouty so that

Yito fod(Xe, Xo, ..., Xn) = (X1, X2, ..., Xn, 0,0, ...,0)

andcoordinatesp’ = (Xy, ..., X,) aboutx” andyz = (y;, ..., Y5, abouty so
that
Yo to fod(X], X, ..., Xh) = (0,0, ...,0,X], Xp, - .-, X))

Thensety = (Y1,..., Yn, Ynp1s - - - » Yon) We claim that this givesthe desired
coordinate system. ]
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Thusthedoublepointsareisolatedandhenceby compactnestherearefinitely
many.

Next we definethe sign of a doublepoint. Recallnow thatareassuminghat
n is evenandthat M is orientable. Choosean orientationof M andof R?". If
f(x) = f(x') = y then transversality tells us that we can write

TyR?" = Dy f (TxM) @ Dy f (T M).

As bothsidesof this equationsareorientedvectorspacese canassigna signto
the doublepoint accordingto whetheror not the orientationsagree. Notice that
sincen is eventhe orderof the factorson theright handsideis immaterial. Also
notice that the sign is independent of the choice of orientatidvl of

We will now prove the following key proposition.

Proposition 19.4. If a pair of doublepointsy; andy, of oppositesignwith preim-
ages(x1, X;) and (xz, X5) respectively.Thenwe canmodify f soasto eliminate
the double point without introducing any others.

Proof. Thenchooses andy’ embeddedmoothcurvesn M with endpointsi, x»
andx, X, respectively.Sincen > 2 we canassumehatthe curvesaredisjoint
andthattheirimagesaredisjoint exceptattheendpointsLetI" = f(y) U f(y/)
denotethe union of theseimages. I' is an embeddedtlosedcurvein R2" and
henceboundsa disk o : D? — R?". We canassumehato is transversdo f
and toitself. This implies that chas nodouble points anthat o missesf except
along T

Let N bethenormalbundleof o. Sinceo is contractibleN is trivial sothat
there is a bundle isomorphism

N = D? x R2"2,

Let v andv’ denotethe normalbundlesof y andy’ in M. Theseare again
trivial bundles. Note thatalong f (y), Df (v) definesa distinguishedsubbundle
similarly along f (y), Df (/).

Noticethatthetubularneighborhooaf By thetubularneighborhoodheorem
there is a diffeomorphism

¥ : D% x D*"% - R
Suppose that we can writé = &1 @ &2 so that

Eltyy)=Df(v) and |,y =DfQ)
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Thenwe canwrite the tubularneighborhoof o in a standardvay andwe see
sincewe canpushthetwo dimensionapicturetill thetwo arcsdon’tintersectve
can also push the higher dimensional picture till they don'’t intersect.

We mustreturnto the issueof extendingthe splitting. The splitting givesrise
toamapv : I' — Gry_1(R2"-2) andwe mustunderstandvhenthis mapis null
homotopic. Form algebraictopology we know that Gr,_1(R?"~2?) fundamental
group Z/27Z and is generated by the family of subspaces

I; = sparicos(he' + sin(t)e”, €2, ..., e" 1}

ast variesbetween0 and. In otherwordsthe identificationof I1g with IT, is
orientationreversing.Thusthe orientatiorof &1 & & mustbe thesame athe two
endif the splitting is to extend.On the otherhandthe normalvectorsin the two
disk reverse orientation.

OJ

To provethetheoremwe needto seethatwe first modify f sothatthe signed
number of double points is zer®o this end consider the map

(X1, ..., Xn) > (X1 — 2X1/U, X2, ..., Xn, 1/U, X1X2/U, ..., X1Xn/U)

whereu(xy, . . ., Xn) = (1+x2)(1+x3) ... (1+x2). It is straightfowardf tedious
to checkthat this map hasexactlyone doublepoint andalsonoticethat at very
large distance from the origin this map is quite close to the linear embedding

(X1, ..., X%n, 0,...,0)

in otherwordswe canshrinkthemapdownalot anduseit to modify agivenmap
to haveanotherdoublepoint andwe canchoosethe sign of this doublepointsas
well.

Now we considerthe casethat n is odd (it doesn’tmatternow if M is ori-
entable). Thenthe signof a point of intersections not well defined.In this case
howeverthe relative sign of a pair of intersectionpointsgiventhe pair of curves
y andy’ is still well defined.If the curvesy joining x; andx, andy’ joining x}
to x5 leadto intersectionwith the samesign choosedifferentcurvesnow joining
X1 to X5 and joiningx] to xo.

If M is nonorientableandwe havecurvesy andy’ leadingto a pair of in-
tersectionpoint with the samesignaddto y’ a curverunningarounda loop that
reverses orientation. O
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