Lecture 29.

21 Canonical forms

21.1 The Lie Derivative

Let M beavectorfield on amanifold M. As we saythevectorfield generatega
flow F; : M — M atleastlocally in M characterizetby the conditionthatfor all
x € M we have

d

—F = X(F

dt t(X) (Ft(x))
Remarkb5. Or in wordsthe tangentvectorto the curvedefinedby t — F;(x) at
t =0is X(X).

Usingthe flow we candifferentiateobjectson M. For examplegiven a function
f : M — R we can compute

d
af o Ft(X).

Lemma 21.1. & f o Fi(X)|t=o = Dx f (X(X)).

Proof. This follows from remark 5. ]

We will often write X f (x) for any of these expressions.

For vectorfield we cando the same.Herewe needto bealittle carefulabout
conventions.Supposedhat X, Y arevectorfieldson X. Thenwe canform their
brackef X, Y]. Hereit is easiesto think in termsof theactionon functions.If f
is aC? function then we define.

[X, Y](f) = X(Yf) — Y(XF)
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If in terms of local coordinateX = al a—i,— andY = b/ a_if then

bl al, @
X, Y] =(a'— — b'— -,
[ ] ( ox! ax! )8xl
The remaining terms dropping out since mixed partials commute.
A little moreinvariantlyin termof a patchwe havecanrepreseniX andY by

maps

X,Y:U—>B

and then
X(YF)(X) = D?f(X,Y) + DY (X) f

and hence
[X,Y]f(x) =(DXY(X) - DXX(Y))f

We can also get a path of vector fieldsaty considering
Dr 0 F-t (Y (Ft(x)))

and we define the Lie Derivative to be

d
LxY = at D x) F-t (Y (Ft(x)))

Fortunately we have

Proposition 21.2.
LxY =[X,Y]

Proof. Let G5 denote the time How for the vector fieldy. Then

d
Dr ) Ft(Y(Fe(X)) f = Esf o F_t 0 Gso F(X)[s=0

so that
d D F_i(Y(Fr(x))) f = dd foF Gso (%)
i R0 F-t t lt=0 = digs oFtoGsoh |s=0,t=0
dd
= d_s.af o F_t 0 Gs o Ft(X)|s=0,t=0
d
= d—s(—Xf)(Gs(x) + X(f 0 Gs)(X)
= —Y(Xf)+ X(Yf).
As advertised. [
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Recallthateverysquarematrix A with complexentriesis conjugateto onein
Jordancanonicalform and many theoremsaboutmatricesare obviousoncewe
usethisfact. Soit is in geometryWe alreadysawonebabyexampleof canonical
forms.

Theorem 21.3. Let X be a vectorfield on the Banachmanifold M modeledon
B. Supposdor somem € M we have X(m) # 0 Thenthereis a chart ¢ :
U x (—€,€) — M about mso that #(X) = (0, $).

In otherwordsany two vectorfields non-zeroat a pointin M areequivalent
in smallenoughneighborhoodsinderthe actionof diffeomorphismsf M fixing
the point.
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