Lecture 3.

4 The derivative of a map between vector spaces

Let f : V — W be a smooth map between real vector spaces.

Definition 4.1. Givenx € V wesaythat f is differentiableat x if thereis alinear
mapLy: V — W so that for all ve V we have:

10 — F(X) = Lx(x = x)[I = o(l|x — x'|D).

Herewe usingthe Landausymbolo to meana functiono: R, — R continu-
ous at zero and(©®) = 0.

Reallythis is animproperdefinition. We really needV andW to be normed
vectorspacesandit is naturalto requirethat L is a continuoudinear map. One
cantry to developdifferentialcalculuson manifoldsmodelledon generatopolog-
ical vectorspacesA sufficiently generalcontextto work in is that of manifolds
modelledon Banachspacesthatis completenormedlinearspacesEssentiallyof
thebasicresultsin differentialtopologywork in this contextwith the sameproofs
(as long as proof don't use coordinates)

Noticethat mapL in the abovedefinition isunique.If L’ is another sucimap
then

o(Ix =X =1 f(x)— f(X)—Lx—=x")—(f(x)— f(X)—L'(x=x))|
= [I(L = LY(x = x|

SolL-L)Yx-x)=0.
The mapL is called the differential off atx and is denoted

dy f or Dy f.

We say f is differentiableif f is differentiableateachx € U andis continuously
differentiable if
df : U - hom(V/, W).

is continuous. The secondderivativeis the derivativeof the first derivativeand
thus is a map
d?f : U — hom(V, hom(V, W)).
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In thefinite dimensionatasehom(/, hom(/, W)) with a subspacef homV ®
V, W) . In theinfinite dimensionakasewe needto be more carefulbut we can
identify hom{, hom(/, W)) with bilinear maps from

V —- W.

You can read all about this in gory detail in [?]

Definition 4.2. A smoothmap f : X — Y is calledanimmersionits differential
is everywherdnjective. It is calleda submersionf it differentialis everywhere
surjective.

There obvious examples of such masppose mx n are positive integers

i :RM > R"
given by
ioxt . xm) = XA Xm, 0, ..., 0)
is an immersion while
s:R"—» RM
given by
s(XY, L Xmy Xmaeds -« -5 Xn) = (XL, ..., Xm)

isasubmersionWewill seein thenextsectionthatlocally thesesimpleexamples
are completely general.



