25 Diffferential forms and de Rham’s Theorem

Let V beafinite dimensionalectorspaceoverthereals.Thetensoralgebraof V
is direct sum
TenV) =R@V @ V.. @ Vvek

It is madeinto analgebraby declaringthatthe productof a € V& andb ¢
Veisa®@b e V@K |t is characterizethy theuniversaimappingpropertythat
anylinearmapV — A whereA is analgebraoverR extendgo a uniqguemapof
algebras Tery) — A.

The exterior algebra algebra is the quotient of exterior algebra by the relation

v®uv=0.

The exterioralgebrais denotedA*(V) or A(V). It is customaryto denotethe
multiplicationin the exterioralgebraby (a, ) — a A b If vy... vk is abasisfor V
then this relation is equivalent to the relations

vi Avj = —vj Ay for i #j,

Vi A Ui 0

Thus A*(V) has basis the products
Vig A Uiy - - . Vi

wheretheindicesrunoverall strictly increasingsequencesf numbersetweerl
andn
l<ij<ip<...<ik<n.

Since for each khere are<n

k) such sequences of lengtiwle have

dim(A*(V)) = 2",

A*(V) sincetherelationis homogenouthegradingof thetensoralgebradescends
to a grading on the exterior algebra (hence the *).

We canapplythis constructiorfiberwiseto a vectorbundle. The mostimpor-
tant examples the cotangertbundle of amanifold T* X in which case we gethe
bundle of differential forms

A*(T*X) or A*(X).
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We will denotethe spaceof smoothsectionsof A*(X) by *(X). In local coor-
dinates a typical element of*@X) looks like
w = Z a)iiiz_._<ikdxil/\dXiz/\...dXik.
1<ij<io<...<ik=<n

Sincethe constructiorof A*(X) wasfunctorialin the cotangenbundlethese
bundlesnaturally pull back underdiffeomorphismandif f : X — Y is any
smooth map there is natural map

f*:Q%Y) - Q*(X).

Themostimportantthing aboutdifferentialformsis the existenceof a natural
differentialoperatoithe exteriordifferentialdefinedocally by thefollowing rules

of .
df == Zmdxl

do = > dwiii,...<i A dXTAdX2 A L. dXE,
1<ij<io<...<ik=<n

Noticethatwe can’tinvariantlydefinea similar operatoronthetensoralgebra.
If we have a one form _
0 => fidx
i=1

and try to define f
_ i o j i
D6 = .; 70X ®dx
then when if we have new coordinatgs. . . y” we have

=Y
and
n
0 = Z gmdy™

m=1
where ,
ax!
Om = flay_m



= a?aT/lay_mdym@dy
i gyl
- A ey
— E98)/—]cr'ng—);:dym@)dy'
_ %%dw®dy
= (aym(. y|> 3y ma .)dy'“@dy
_ Z 89'o|ym® y—f.a —rdy" @ dy
m= 1

Thusour definition dependsn the choiceof coordinates.Notice thatwhenwe
passto the exterioralgebrathis lastexpressiorvanisheghatexteriorderivativeis
well defined.

Theorem 25.1.d2 =0

Proof. Fromthedefinitionin local coordinatest sufficesto checkthatd? = 0 on

functions.
n 2f

9 . .

2

d*(f)= ) o dX adxd =0
ij=1

since thef smooth so the matrix of second derivatives is symmetric. O

Proposition 25.2.

d@nrb)=danb+ (—1)%98 A db.

65



Proof. The bilinearity of the wedgeproductimplies thatit sufficesto checkthe

result when _ _ _
a= fdxTAdx2A... Adxk.

O
Definition 25.3. A cochaincomplexis a gradedvectorspaceC = > °,C; to-

gethewith amapd : C — C sothatdG c Cj;1 andd? = 0. Thecohomology
groups of a cochain complex are defined to be

H'(C,d) = ker(d: C' - C'*Y)/Ran(d: C' 1 — C")





