Lecture 32.

25.2 The Poincarelemmaand homotopyinvariance of the DeR-
ham cohomology

Thereareabunchof basicforumlasin dealingwith forms,the exteriorderivative
and contraction and the Lie derivative.

RecallthattheLie derivativeis definedasfollow. Givenavectorfield v let F;
beits timet flow. By pull backthis actson formson the manifold. Fixing a point
x € X we canwatchwhathappengo theaform atthe point x undertheflow, i.e

consider the path
R (0Rx) € A(X)

The derivative at &= 0 is called the Lie derivative

d
Low = L F (@Rw)h=o € AX(X)

More generallythereis a Lie derivativeon tensors.Note thatif f is afunction
then this definition amounts to nothing more that

£Uf = %f o Ft(X)t:() = Uf(X) = Lvdf

Sincethe exteriorderivativeis naturalunderdiffeomorphismst follows thatLie
derivative commutes with.dHence

L,df =dL, f = di,df.
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More generally we have Cartan’s formula or the homotopy formula.
Lyow = diyw + ,dw.

We provethis by inductionon the degreeof the form. We havecheckedthe
caseof functions. Furthermoret is enoughto checkthatthat both sidessatisfy
the Leibniz rule.

Ly(wAn) =LylwAn) =dyo+ ,do.

Leti : M — R x M betheinclusioni (x) = (0,x) andletr : R x M — M
bethe projection.We claim thattheinducedmapson cohomologyareinverseof
each otherThus we have

Proposition 25.4. The groupsH*(M) and H*(R x M) are isomorphic.

To prove this we will construct a malp

26 Cech cohomology

LetU = {Uy|a € Albeaopencoverof atopologicalspace.Usingthe combina-
toricsof the coverwhencandefinea complexasfollows. Let CP(4l) bethespace
of all locally constant functions op + 1 fold intersections

Uewo M. NUq,
with the symmetry property that if és a permutation of Q.. ., p then

flUgo N ... N Uq, = 8igNn(0) f[Ug,q N ... N Ug,, -

We write fag..cp fOr FUgq N ... NUg,
There is a natural codifferential on such functions

§:CPl) — CPHy)
defined by the formula

p+1

(Sf)ao.“ap_‘_l = Z(_l)l foto...&iolp_;,_l'UaOﬂ...ﬂU
i=0

“p+1
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If we order A thenwe canconsideronly orderedintersectionsand definea
similary complexwhich hasisomorphiccohomology.In practicethis is how one
work but the first definition is choice free so a bit prefereable.

Example. Think of S? asthe boundaryof tetrahedron Cover S? by the four
openwhich arethe complement®f the four closedtwo dimensionafaces.If we
label these setdq, Uo, U3, Uy then the non empty two fold intersections are

Ui NUs UgNU3, Uq, NUg, Uo NU3, Us N Uy, Uz N Uy,
and the non-empty three fold intersections are
UiNUaNUz, UiNUaNUg, UiNU3NUg, UpoNUz N Ug

the four-fold intersection is empty.
Then all interections are connected and the complex is

R4 — RS > R?

with the maps

So(f1, fo, f3, fa) = (f1 — fp, f1 — f3, f1 — fa, fo — f3, f2 — fa, f3— f2) (8)
and

81(f12, 13, 14, fo3, f24, f34) = (fo3— f13+f12, fos— f1a4f12, f3a— f14+ f13, f3a— fou+f23)
9)

The kernelof §g is clearlyvthe constantfunctions. Cokernelof §; is onedimen-

sional and hence we ha¥¢*(U) = R, O, R.



