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given by the formula 

r̃ ({ fβ0β1...βp }) = { fβr (0)βr (1)...βr ( p) |Vβr (0)βr (1)...βr ( p) 
} 

Thus there is a map 
r ∗ : Ȟ∗(U) → Ȟ∗(V).˜

Thus we have an directed system (well really need to check that if we have 
two refinements V, r and V, r � then the induced maps r̃ and r̃ � are the same.) The 
direct limit of this system is called the Čech cohomology of X . 

27 The acyclicity of the sheaf of p­forms. 

Then we can consider another version of the of the Čech complex. That is we 
define ̌C p (U, �q ) to be all colletions of q­forms ωα0...α p defined on Uα0...α p with 
the symmetry properties above. The same formula above defines a differential 
mapping 

Cp+1Cp(U, �q ) → ˇ (U, �q )


Given an open cover U consider the ˇ


ˇ

Cech complex 

δ 
. . . ˇ

δ δ 
→Ck (U;� p) → ˇCk−1(U;� p ) → ˇ Ck+1(U;�p) 

Lemma 27.1. This sequence is exact so long as k > 0. 

Proof. Fix a partition of unity {φβ |β ∈ B} subordinate to U = {Uα }α∈A. The 
supports of the φβ are a refinement of the Uα and we choose a refinement function 
r : B → A so that supp(φβ) ⊂ r (β). Define 

Ck+1(U;S�p ) → ˇK : ˇ Ck (U;S� p ) 

by � 
K (ω)|Uα0α1...αk−1 

= φβω|Ur (β)α0α1...αk−1 
β∈B 
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Lecture 33.

26.1 refinement

By a refinementV of an open coverU we mean aV = {Vβ |β ∈ B} and a map
r : B → A so that for allβ ∈ B we haveVβ ⊂ Ur (β). If we have a refinement
then there is a chain map of theČeck complexes.

r̃ : Čp(U) → Čp(V)



� � 

� � 

� � � � 

Since the supports of the φβ s are locally finite by definition of partition of unity 
this is well defined. Now consider where k ≥ 1 

k

(δ K + K δ)ω|Uα0α1...αk 
= (−1)i K (ω)|Uα0...α̂i ...αk 

+ φβ(δω)|Ur (β)α0α1...αk 
i =0 β∈B 

k

= (−1)i φβω|Ur (β)α0...α̂i ...αk 
i =0 β∈B 

k

+ φβω|Uα0α1...αk 
− (−1) j φβω|Ur (β)α0...α̂ ...αkj 

β∈B β∈B j =0 

.= ω|Uα0α1...αk 

We have used that the sum if locally finite to rearrange the order summation. 
Thus we have proved the identity is cochain homotopic to zero and so the co­
homology groups are zero. Note that if k = 0 then we simple get zero and the 
arguement proves nothing. 

Definition 27.2. A sheaf that admits partitions of unity is called fine. 




