Lecture 33.

26.1 refinement

By a refinementJ of an open covetl we mean &5 = {Vg|8 € B} and a map
r : B — Asothatforall € B we haveVg C U;g). If we have a refinement

then there is a chain map of tikeck complexes.
F:CPl) — CP()

given by the formula

r({ fﬁoﬁlﬂp}) = { fﬁr(o)ﬁr(l)...ﬁr(p) |Vﬂr(0)/3r(1)~~ﬁr(p)}

Thus there is a map 5 5
F*: H* (W) — H*(D).

Thuswe havean directedsystem(well really needto checkthatif we have
two refinement$s, r andQ, r’ thenthevinducedmapsr~ andr’ arethesame.)The
direct limit of this system is called théech cohomology oK.

27 The acyclicity of the sheaf ofp-forms.

Thenwe canconsideranotherversionof the of the Cechcomplex. Thatis we
defineCP (L, Q9) to beall colletionsof g-forms wy,,.«, definedon Uy, with
the symmetrypropertiesabove. The sameformula abovedefinesa differential

mapping 5 5
CP, Q%) — CPHL(y, Q9

Given an open cover {l consider tBech complex
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Lemma 27.1. This sequence is exact so long as 0.

Proof. Fix a partition of unity {¢z|8 € B} subordinateo i = {Uy}sca. The
supportof thegg arearefinemendf theU, andwe choosearefinemenfunction
r: B— Asothatsupppg) C r(8). Define

K : CKHL(U: Sap) — CKU: Sap)
by

K (a))|Ua0al...ak,1 = Z ¢/3w|ur(ﬁ)aoal...atk_1
BeB
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Sincethe supportsof the ¢gs arelocally finite by definition of partition of unity
this is well definedNow consider where k 1

K + K8)0lUyy

BeB

k
Z(_l)l K (w) |Ua0...&i B + Z ¢l3 (8w)|ur (Bagag...ak
i=0

k

(_1)I Z d)ﬂa)lur(ﬁ)ao.“&i e

i=0 BeB
k .
+ D 0l — D D DI B0, g )
BeB BeB j=0
= w|U(x0a1...ak'

We haveusedthatthe sumif locally finite to rearrangehe ordersummation.
Thuswe have provedthe identity is cochainhomotopicto zero and so the co-

homologygroupsare zero. Note thatif k = 0 thenwe simpleget zeroandthe
arguement proves nothing. m

Definition 27.2. A sheaf that admits partitions of unity is called fine.





