Lecture 34

28 ThePoincaré Lemmaimpliesthe equality of Cech
cohomology and de Rham cohomology

The proof hereis modelledon the presentatiorof Weil’s proof (seeWeil, Andr
“Sur lesthormesde de Rham.” Comment. Math. Helv. 26, (1952). 119-145.)
in Principles of Algerbraic Geometrypy Griffiths and Harris publishedby John
Wiley and Sons, Inc.

The schemeof the proofis to first restrictattentionto countablegoodcovers
which we assume to be cofinal in the set of countable covers.

The Poincag lemma tells us that that for a contractible openiset

R < QOU) 3 Qlu) 2 Q2u) S ..

is along exactsequenceWe introducethe notationZ P for the closedp-formsso
that ZP(U) = {6 € QP(U)|dH = O}

then we can break up this long exact sequence into short exact sequences.

0— ZPU) — QPU) S zPH(U) - 0.

Notethat Z°(U) is the constanfunctionsoa copyof R. Theseinducelong exact
sequences in cohomology.

H-Y(M; @P) - H'"Y(M; 2Pt — HI(M; 2P) - H'(M; @P) —
We have seen thai! (M; QP) = {0} fori > 0 and hence
H'(M; 2P) = H'"}(m; 2Pt
fori > 2. Now by definition we thep-th Cech cohomology group d¥l is
HP(M; R) = HP(M; 29).
Repeated applying the isomorphism above we have
HP(M; R) ~ HY(M; 2P71),

Now consider the beginning of the long exact sequence

— HY(M; Z2P7h — Hi(M; @P)
0— HOM; 2P~ — HOM; @P Y — HOM; 2P)

which becomes
0— 2P YM) » @P 1My & ZP(M) = HYM; 2P~ 5 0

Thus
HY(M; 2P7Y) ~ ZP(M)/dQP~H (M) = H,5(M; R).

Thus we have proved that there is a natural isomorphism

HP(M; R) ~ HY g(M; R).





