Lecture 35.

29 The immersion theorem of Smale

Let Imm( X, Y) denotethe spaceof immersionof X into Y. Fixing basepoints
x € X andy € Y andaninjectionf : Ty X — TyY. letimm (X, Y) bethespace
of base point preserving immersions in the sense that

f(x) =y, dy f =€&.

Let Imm(X, Y) denotethe spaceof pair (f, f’) wheref : X — Y isan
immersionand f’ is a sectionof f*(TY) — X with the propertythat f'(x) >
Ran(d, f) andlet Imm i(X, Y) denotethe basedversion.Hereis the proof of the
covering homotopy property of the natural map

7 1 Imm(DK, R") — ImmY(S<1, rRM

where 7 (f) = (f|g-1, g—;|sk71).

Theideaof the proofis the following. The conditionof beinganimmersion
is openandthereis certainly a sectionof = (indeedlinear) if we disregardthe
immersioncondition so we canalway lift a given a homotopyfor a shorttime
wherethetime depend®n how closeto failing to beanimmersionthetime zero
lift is andon how big the derviativesof the sectionare. Smale’strick is morally
to essentialljnomotopehetime zerolift to bevery muchinsidethe spaceof im-
mersion.Thenhecanlift the homotopya fixed amountalongthetime parameter
in the homotopySee“The classificationof immersionsof spheresn Euclidean
Spaces’by StepherSmalein the Annalsof Mathematicsvol. 69, No. 2, March
1959, pg 327.
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