Lecture 4.

5 Inverse, and implicit function theorems.

Amongthebasictoolsof thetradearetheinverseandimplicit functiontheorems.
We will first statethemin acoordinatedlependenfiashion.Whenwe developsome
of the basic terminology we will have available a coordinate free version.

Theorem 5.1. Let U be a neighborhoodet f : U ¢ V — W be a smooth
map. Supposely f : R" — R" is invertible for somex € U. Thenthereis a
neighborhoodJ’ ¢ U of x so that

flU — fU)
is a diffeomorphismEurthermore

do(f™H = (do F)~%.

Proof. Wewill constructaninversefor f usingthecontractiormappingtheorem.
It isenougho provetheresultin thecasehatx = Oandf (0) = OandDo f = Id.
(Forthelastconditionreplacef by (Dgf)~1o f.. Setg(x) = f(x) — x (sogis
the “nonlinear” part off .) The equationf (x) = y can be rewritten as

X+90) =y
or as the fixed point equation
y —9(x) =X.

We claim thatif f is C! thenfor y in a small enoughneighborhoodf 0 x
y — g(x) = hy(x) is a contraction mapping on a small enough ball.

Since Dohy(x) = 0 andhy is C! thereis a neighborhoodB, (0) so that
| Dohy|l < % By the mean value theorem far X’ € B, (0) we have

1
Ihy(x) — hy(x)|l < SlIx = X'l



Furthermore ix € B, (0) andy € By ,2(0) we have

Ithy )1 <llhy(X) — hy(0)[| + [Ihy (O)]]
1

=

X1+ Nyl

NI NI

Lt
2

[A

<T.

Thusfor y € B;,» we havehy(B;) C B; andhy is a contractionthere. The
contractionmappingtheoremimplies for eachy the existenceof a uniquefixed
point ¢(y) which is a least a set wise inverse fbr

We check that ¢y) is continuous.

lp(y) — ¢ (Y)Il = lIhy(@(y) — hy (YD
<9l (y) —g@YNI + Iy = I

1
< §||¢(Y) — oI+ 1Y =yl
o)
le(y) =) <21y -Vl (1)
Now we check that ¢s differentiableLet x = ¢(y) andx’ = ¢ (y')

lp(y) = (Y) — (A )"y = Yl = lIx = X' = (e ) H(F ) — O

< Jldx FII7 I (X = X)) — (F(x) — (X))
<o(fx = x|

<o(ly—=ymh.

wherewe usethe differentiability of f to go from the secondto third lines and
and inequality 1 to go from the third to the fourth.
Notice that if f is continuously differentiable then so is ¢ O

An importantcorollaryof theinversefunctiontheoremis theimplicit function
theorem. The implicit functiontheoremcanbe statedin various,eachusefulin
somesituation. We will userepeatedlythe OpenMapping Theoremwhich say
thata surjectiveboundedinear mapbetweerBanachspacess anopenmapping

in particularanboundedinearmapwhich is analgebraidsomorphisms aniso-
morphism.
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Theorem5.2. Let f: U ¢ V — W bea smoothmapwith f(0) = 0. Suppose
thatfor somex in U wehavethat Dy f is surjectiveandker(Dy f ) admitsa closed
complemen€. Thenthereare neighborhood$J; of 0 € ker(Dy f), U2 of 0 € W
anddiffeomorphismg : U; x U — U andvy : U, — W sothat the following
diagram commutes:

Uu - w
T Ty

Ui x Us E> Us

where p, denotes the projection on the second factor.

Proof. Write a typical elementof U asa pair (k, ¢) with k € ker(Dxf) and
c € C. ThefactthatC is closedmeandn impliesthatC is a C a Banachspace
in its own right. ThenthemapK x C — V givenby (k,c) — k + cis an
isomorphismby the OpenMapping Theorem.The OpenMapping Theoremalso

impliesthatdg of |c : C — W is anisomorphism.Let L : W — C denoteits
inverse.Consider the map

Fk,c) = (k, LTk, C)).

We have that g
| *
dooF = [ 0 Idc]

and again by the OpenMapping Theoremthe differential of F at (0,0) is an
isomorphism. The inversefunction theoremimplies F hasan inverse,¢, in a
neighborhood of (00). Setting = dp o f |c we have

f(p(k, ) = ¢ (p2(k, ©))
on a sufficiently small neighborhood of (@) since
Lf(¢(k,c) =c
on such a neighborhood. O

We call apointx whereDy f is notasurjectivea critical point. A pointin the
range off which is not the image of a critical point is called a regular value.
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Definition 5.3. A subsety of a manifoldX is called submanifoldf forally € Y
thereis aneighborhoodJ of Y andachart¢ : V — B sothat¢(Y NU) is an
open subset of a closed linear subspace admitting a complement.

Havingmadethesedefinitionwe havea corollary of theimplicit functionthe-
orem.

Corollary 5.4. The preimage of a regular value is a submanifold.
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