Lecture 5.

6 More examples.

The orthogonal group.et
O() = {A € Mnn(R)|AAT = I}.

be the groupof orthogonalransformation®f R". We claim thatthe orthogonal
group is a smooth manifoldo see this consider the map

f 1 Mnxn(R) — Sym,(R)

given by
f(A) = AAT

whereSym, (R) denoteghe spaceof symmetricn x n matrices.ThenO(n) =
f~1(1) so it suffices to show thdtis a regular valueThe differential off is

Daf(B) = ABT + BAT,
andwe mustshowthatit is surjective.Fix A € O(n) andchooseC € Syn(R).
If we take B = 3C A then
1
Daf(B) = E(AATCT +CAA)=C

as required.

Let proveexistenceanduniquenessheoremfor ODEsusingtheinversefunc-
tiontheoremLet X : B — B beasmoothmapof BanachspacesWe would like
so see that the differential equation

d
d_?[( = X(X)X(0) = Xo

has a unique solution for alh € B. Define a map

F:CL([0, €], B) > C°(0,¢], B) x B

by g
X
F(X) = (E — X(X), X(0))
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Lemma 6.1. If X is K-Lipschitzsois F : C% — CO. If X is C! with uniformly
bounded

Proof. | X(x) — X(X")|co < K|x — X'|co if X is K-Lipschitz. We also have that

|X(X) = X(X") = Dy X(x = X")| < ox(x — X)
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