Lecture 6.

7 \ector bundles and the differential

Consider the Grassman manifold say@*) of two planes in K. Let
y = (I, X) € Gr(R* x R¥x e I1}.

Let p: y — Gr(R* be the naturalprojection. The fibersof p, p~1(I1) are
vector spaces (in this case over the reals).

This is an exampleof a vectorbundle. We’'ll give the definition appropriate
for the world of smoothmanifolds. Thereis an obviousversionof the definition
for more general topological spaces.

Definition 7.1. LetV beavectorspacgoverthereals,complexe®r quaternions.)
A vectorbundlewith fiber V is atriple (E, B, p) where E and B are smooth
manifoldsandz : E — B is a smoothmap. For eachb € B, p~1(b) hasthe

structureof a vectorspaceover the samefield asV andfor eachb € B thereis

anopensetU andasmoothmap¢: p~1(U) — V whichis linearisomorphism
on eachfiber. In additionthe mapz, : p~1(U) — U x V givenby 7,(e) =

(p(e), ¢(e)) is a diffeomorphism.

The map g is called a local trivialization.
Example 7.2. Let
y = {(IT, v) C Gr(R") x R"|v € IT}.

We claim asthe naturalprojectionp : y — Gr(R") hasthestructureof avector
bundlewith fiber RX. Let¢ : Uy — hom(I1,IT11) be oneof our charts. Then
¢~ Lisgivenby A — I'a c R" = IT1 @ IT+ wherel' o denoteshe graphof A.
The map ¢: p~1(Up) — I is simply the orthogonal projection.

A very importantnotionis the transitionfunction. Supposeve aregiventwo
trivializations,: p~1(Uy) — U, x V andzg: p~1(Ug) — Ug x V. Thenget
amap

Jop - Uy, N Ulg — GI(V).

defined as followslf
7o (V) = (P(V), ¢ (v)) @andrg(v) = (P(v), Pp(v))
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then
9up (P(V) P (V) = o (V).

The transitionfunction satisfythe cocyclecondition: If we havethreetrivializa-
tions %, 18, T, Over open setd,, Ug, U, then for allx e U, NUg N U,,

Oep 98y Yya = 1

A vectorbundleis determinedts transitionfunctionsandgive an opencover
{U,} and a collection of functions

Oup: Ug NUg — GI(V).

satisfying the cocycle condition we can construct a vector bundle.

7.1 New vector bundles from old

We can get new vector bundlesfrom old bundlesin a numberof ways. Given
p1: V1 — X andpz: Vo — X we cantakedirect (or Whitney) sumto geta
bundleV; @V, — X whosefiberabovex is pl‘l(x) &) pgl(x). Anotherimportant
operations thepullback.Supposave havep: V — Xandf : Y — X asmooth
map. Thenwe canform avectorbundleoverY asfollows. Thetotalspacedenoted
f*(V)is:

f*(V) = {(y, vl f(y) = pv)}
and projection
f*(p)(y, v) =y.
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