Lecture 7.

7.2 The tangent bundle

Let M be a smoothmanifold. We will associateo M abundleT M. We will do
this concretelybuttherearemanywaysof doingthis. You shouldreadaboutthem
alll!!

We know what a tangent vector if"R

Definition 7.3. A tangentvectorto M at x is the equivalenceclassof all pairs
v, (U, ¢) where(U, ¢) is achartaboutx andv is atangentvectorto R" at ¢ (x).
We say that 4 (U’, ¢') is equivalent to v(U, ¢) if

v =y (¢ 09 H(v).
The tangent bundeM to M is the set of all tangent vectors.

In otherwordsthetangentbundleto M is bundledeterminedby choosingan
atlas{(U,, ¢»)|a € X} and taking as transition functions

Gep () = Gy ) (e © D5 (V).

Givenachart(U, ¢) we getcoordinatext, x2, ..., x" onU. A typical tan-
gentX vector is written as

X =al i +a? 0 +. 0
- axt X2 axn'
reminding us that we can differentiatefunction using tangentvectors. Given
f: M — R and a tangent vector atinM we define
1 1
X100 = a2 () + @2 G () + f B(X)).
(2)

in other word the usual directional derivative bb ¢ 1.
Givenasmoothmap f : M — N we candefinethedifferentialof f asamap

Df: TM — TN.

Givenxin M andX = (v, (U, ¢)) atangentectorandachart(V, v) aboutf (x)
setDy f (X) to be the equivalence class of the vector

Dy (¥ o fog™H)(v)
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and the chart,\, ) or in terms of coordinates if we write
vofog t(xt,x% ..., xM) = (frxt, .. x™), .., £ L X))
then the matrix oDf is

gl
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