Lecture 8.

8 Connections

We motivatetheintroductionof connectionsn avectorbundleasageneralization
of theusualdirectionalderivativeof functionson a manifold. Givena vectorfield
X andafunction f onamanifold M, its directionalderivativeis a new function
as in equation (2)Thus we have a map

C®(M; TM) x C*(M) — C®(M).

This map has the following properties.

X(fg) = f Xg+ gXf 3)
(@X+BY)f =aXf+BYf 4)
whereX andY are smooth vector fields and g, f andg are smooth functions.

If we try to generalizehis to a directionalderivativeon sectionsof a vector
bundle we would like a map

C*®(M; TM) x C®(M; E) > C*(M; E).

This map is using denoted
(X,8) > Vxs

We cannolongermultiply sectionsof avectorbundlebutwe canmultiply sections
of avectorbundleby functions. The appropriategeneralizatiorof the two rules
about are

Vx fs= fVxs+ (Xf)s (5)
Vax+pYS = aVxs+ BVy f (6)
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9 Partitions of unity

Givenanopencover,{U,|x € A} of atopologicalspaceX we saythatacollection
of function 4,: X — R is a partition of unity if

1. Forall « € A Support(4) c U,

2. The collection{Support(4)|a € A} is locally finite, thatis to sayfor all
x € X thereis aneighborhooaf x meetingonly finitely manyof members
of the collection.

3. For allx € X we have

Y a0 =1.

aeA

Smooth manifolds have smooth partitions of unity.

10 The Grassmanian is universal

We saythatbundleis of finite typeif thereis a finite setof trivializationswhose
open sets covern this section we will prove the following theorem.

Theorem 10.1. Let E — M bea vectorbundleof finite type. Thenfor someN
large enough there is a map

f:M— Gr(RN).

Proof. Let {(Uj, 7j)|i = 1,...m} beacollectionof trivializationsso thatthe U;
cover. Write the trivializationsas 7j(e) = (p(e), ¢;(e)) asbefore. Choosea
partition of unity{g;|i = 1,..., m} subordinate to th&);. Then define

®: E - RM
by the formula

P (e) = (B1(P(€)9P1(€), f2(P(€))92(E). ..., Bm(P(E))Pm(E)).

@ is well definedby the supportconditionon the partitionof unity. @ is linearon
eachfiber of E asthe ¢; are. ® is injective on eachfiber sincefor eachb € B
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thereis a 8; with 8; (b) # 0. Thusfor eachpointb € B we havethat®—1(p~1(b))
is a kplane in B'K. So we can now define

f:B— Gr(R™
by
f (o) = @(p~(b)).

Exercise6. Checkthatthis map issmooth.In otherwordswrite themap downin
charts on the domain and range.

We claim thatf *(yx) is isomorphic toE. Consider the map
d:E— Bxw

given by

®(e) = (p(e), (P(p~1(p(e)). ®(©))).
From the definition off this mapsE to f*(y).
Exercise 7.Check that this is an isomorphism.



