6 Lecture 6 (Notes: Y. Lekili)

Recall from last lecture :
S=AV*(X+E - -p=1xp+&Ap. Mukai pairing (p, ¢) = [p A ()] Sping-invariant.

Dir(V') «— Pure spinors

L¢<—>¢:ceB¢91/\.../\9k,k:type

Problem. 1. Prove that Ly N L:b ={0} & (¢, QS/) #0

2. Let dimV = 4. Show that 0 # p = pg + p2 + p4 is pure iff 2pgps = p2 A p2. Show in general dimension
that Pur = Pure spinors C S* are defined by a quadratic cone. Indentify the space P(Pur) C P(S*.)

Continued on next page...
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6.1 Generalized Hodge star
C positive definite. Cy : V — V* | C1(X)(X) > 0for X #0. Cp =Tyip, g € S?V* and b € A2V*. Note

that C'y determines an operator
G:VoV*—->VaopV*
(Gz,Gy) = (x,9),G®> = 1. So G* = G. G is called a generalized metric since (Gx,y) is positive definite.

-1
Note that if Cy =Ty : {v+g(v)} and C_ = {v — g(v)} then G = < 2 I . In general

0
Ci =T, =Ty s0

G = b 0 gt b — 1 0 0 gt 1 0\ —g b g !
o g 0 Wb 1 g 0 b 1 )\ g—bg'b bg!
Problem. Note that restriction of G to T is g — bg~'b. Verify that it is indeed positive definite.

Comment about the volume form of g — bg~'b = g¢° :

Note: g —bg~ b= (g —b)g~ (g +b) . So det(g — bg~1b) =det(g — b)det(g~*)det(g + b), and
det(g + b) =det(g + b)* =det(g — b). Hence vol, =det(g — bg~1b)1/? = g:;;((i;g%
Problem. What is volg /voly ?

Aside: detV*, choose orientation. detV* ® V* | natural orientation since square. detg(v ® v) > 0 so detg
has square roots. After choice of orientation on V, there exists a unique positive square root volg.

A generalized metric is given by G: V @& V* — V & V* such that G*> = 1,G* = G, (G(z),z) > 0.
Cy = ker(GF1).
Consider * = a3 ...a, where (aj,...,a,) is an oriented basis for C.. x eCL(Cy) CCL(V @ V*).

e x is the volume element of CL(C} )
e x is the lift of —G to Pin(V @& V*) = {v1...v, : ||v;]| = £1} (Spin if n is even)
e x acts on forms via x-p=aj...a, - p.

Consider b = 0 and e;, e’ orthonormal basis. Then x = (e; +e¢e!)... (e, + e"). Consider
a(*)=(en+e)...(e1 +el). a(x)l=e"A...ANel, a(x)el =e" A...A€2, .. ete. So,

ala(x)p) = *p, Hodge star.

n(n—1) n(n—1)

So a(a(x)p) is generalized Hodge star. Note that > = (—1)~ 2 and (p,¢) = (=1)~ =2 (¢, p). So
consider (xp, @) is symmetric pairing of p, ¢ into detV*. And note that if b = 0,

(xp,0) = (p, a()0) = [p N ala()9)]top = [p N *Pliop = 9(p, P)voly

When b # 0,G = e® ( 2 g;) ) e’ Sox=elx, et and (xp,¢) = (¥ x, e 0p, @) = (x,(e ’p)e~0¢). So

always nondegenerate for all b. Hence (xp, ¢) = G(p, ¢)(*1,1) with G(1,1) = 1 where G is the natural
symmetric pairing on forms.

Problem. Let eq,...,e, be g-orthonormal basis of V.

e Show (e; + (g + b)(e;)) form orthonormal basis of C.

o Show (+1,1) = det(g +b)(e1 A ... Aeg) = Jotok = volg

e As a result, show volgr lle=®||2
volg g
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6.2 Spinors for TM & T*M and the Courant algebroid
On a manifold M, T =TM, T*=T*M. T ® T* is a bundle with {,) structure O(n,n). S = A*T*.
Diff forms «—Spinors for T'® T™.

New element: d : QF — Q"' Recall [X,Y] is defined by ¢[x,y] = [Lx,ty] = [[d, tx], ty]. We now use same
strategy to define a bracket on T'& T™.

(X+8-p=(x+EN)p
So for e1,e9 € C°(T ® T*), define
([d,ex-], e ]p = [ex, e2]c - p
the Courant bracket on C*°(T @ T™*). Note [d,tx + (§A)] = Lx + (déA) and
[Lx + (dEN), oy + (MAN)] = yxy) + (Lxn)A) = ((by d)EA).
Hence
[[d,e1-],e2-]p = tix,y1p + (Lxn — vy d§) A
defines a bracket, Courant bracket :
(X +&Y + 0] =[X, Y]+ Lxn — tyds.

Note bracket is not skew-symmetric: [X + &, X +&] = Lx€ —i1xdé = dix§ = d{X + &, X +&). Tt is skew
”up to exact terms” or "up to homotopy”. However, it does satisfy Jacobi identity:

[la,b].c] = [a, [b, c]] — [b,[a, ]].
Proof: [d,-] = D an inner graded derivation on EndQ. D? = 0. [a,b]c - ¢ = [[d,a],b] - ¢ = [Da,b] Then
[la, bl cle - ¢ = [D[Da, ], c]¢ = [[Da, Db], c|¢ = [Da, [Db, d]] = [Db, [Da H = [, [b.lelc — [b, [a, clele.

It is also obviously compatible with Lie bracket.
ToT =T
[ ; ]C - [ ) ]

that is, [ra,wb] = 7[a, b]c.

Two main key properties :

* [a, fb] = fla,b] + ((za)(f))b.

Let a=X+&b=Y +1,
[(X+& f(Y+n)] = [X, fY]+Lx (fn) = fryd§ = fla, )] +H(X )Y +(X fn = fIX+E Y 4]+ (X f)(Y +n).

e How does it interact with (,) ? wa(b,b) = 2([a, b],b)

([a,0],b) = vx,yn + ty (Lxn — tyd§) = Lxtyn = %Lx<b, by = wa(b,b)
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Usually written : wa(b, ¢) = ([a,b],c) + (b, [a, ).

This defines the notion of Courant Algebroid:

(E,(,),[,],m) where E is a real vector bundle, 7 : F — T is called anchor, {,) is nondegenerate symmetric
bilinear form, [,]: C*®(E) x C*°(E) — C*(FE) such that :

o [[e1, e2] €3] = [e1, [e2, €3] — [e2; [er, €3]]
e [mey,mes] = mleq, €3]
o [e1, fea] = fler, e2] + (me1) f)ez
e mey{e, e3) = ([e1,e2],e3) + (ea, [e1,€3])
o [e1,e1] = T*d(e1, e1)
E' is exact when
0-T*SEST 0

So T'& T is exact Courant algebroid.
This motivates Lie Algebroid: A = T, [,] : C®(A) x C*®(A) — C>=(A) Lie alg. such that

e 7la,b] = [ra, wb]

* [a, fb] = fla,b] + ((a)f)b



