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MIRROR SYMMETRY: LECTURE 7

DENIS AUROUX

1. DEGENERATIONS AND MONODROMY (CONTD.)

Last time, we considered families X - D? where for ¢t # 0, X; = X (with
varying J) and for ¢ = 0, X is typically singular. We saw that monodromy
around t = 0 induces ¢, € Aut(H™(Xy,,Z)).

Theorem 1. All eigenvalues of ¢, are roots of unity: thus AN,k s.t. (¢ —
id )* = 0. Moreover, k <n+ 1.

Replacing ¢ by ¢V (the “base change” X/ = X,~), we can assume that ¢, is
unipotent, i.e. (¢, —id)* = 0. It is maximally unipotent if k = n + 1. We can
further define a weight filtration associated to a unipotent ¢, coming from the
Jordan block decomposition of ¢,: letting

. —id)? . —1d)"
1) N =log(¢.) = (¢ —id) — % ot (—1)n+1%
act on V. = H"(X,Q), we obtain a filtration 0 C Wy C --- C W, = V s.t.
N(W;) € Wiy and N* : W,/ Wosn-1 — Wi r/Wa_r_1. We construct this as
follows:
o FiI‘St, N™: Wgn/Wgn,I = W(] SO W() =1im (Nn)’ Wgnfl = Ker (Nn)
e Then let V' = Wy, /Wy, so N induces N’ € End(V’) (since Wy, 1 =
Ker N* D im N and Wy = im (N™) C Ker N) with (N')" = 0. By
induction, we obtain
(2) 0C W= Wy /WoCoor C Why g 22 Wayy /Wy = V'
and

(3) Wap o = {v| N"*(v) € Wy =im N"} Dim N

50 Wop 25 Wap_o. Finally, W; = {N""1(v)| N*(v) = 0} C Ker N so
Wi X, 0, and we obtain W, — Wj._5 by induction.

FExample. For the elliptic curves from last time, with ¢ = < (1) 1 ) = exp ( 8 (1) ),

we have 0 g W() Q W1 Q W2 = Hl(C,@) = Q2, with Wg = W1 =im N =
Ker N = Span(a) being the direction invariant by monodromy.
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Note that if N is the (n+1) x (n+ 1) Jordan block with 0’s on the diagonal and
s above (with columns ¢;), then W, = Span(e;), Ws,_1 = Span(e; - - - e,,), and
we can reduce to the equivalent (n — 1) x (n — 1) Jordan block and repead the
process with Wy = Wy, Wa,_9 = Wo,_q, -+, War_o = Wor_1 = Span(e; - - - ).
There is a similar story if N is a sum of such Jordan blocks.

Remark. In fact, the interplay of weight filtration with Hodge filtration
(4) FP — HTL,O BB PP (Hn — FO 2 Fl Q . ’Fp/Fp—f—l ~ Hp’n_p)

(with Griffiths transversality giving VF? C FP~! under deformations) gives a
notion of “mixed Hodge structure”. By [Schmid], there exists a limiting Hodge
filtration as ¢ — 0, but we won’t say any more about those.

Now consider a multidimensional family X — (D?)* smooth over (D*)® where
D* = D*~.{0}. Then we have s monodromies ¢1, ..., ¢s € AutH,(X), [¢, ¢;] =
0 (since m ((D*)®) = Z* is abelian), so N; = log ¢; also commute.

Theorem 2 (Cattani-Kaplan). All the elements of the form > A\;N;, A; > 0 have
the same monodromy weight filtration.

We want to consider a “universal family” of Calabi-Yau manifolds near a “deep-
est corner”, caled a “large complex structure limit point” in the moduli space.

Definition 1 (Morrison). Given a family of Calabi-Yau n-folds X — (D*)¥ C
(D*)#, s = h""YY(X), s.t. the Kodaira-Spencer map T.(D*)* — HY(TX,) is an
isomorphism at every point of (D*)*, we say that 0 € (D?)* is a large complex
structure limit (LCSL) point if

(1) The monodromies ¢; around each factor are all unipotent.

(2) Let Nj =logoj, N = > A\;N; for X\; > 0 arbitrary. Then the weight fil-
tration 0 C Wy C W, C -+« C Wy, = H"(X,Q) has dim Wy = dim W, =
1,dim Wy =dim W3 =s+ 1.

(3) Let of be the generator of Wy, ai, -+ , o the rest of a basis for Wy. Then
dmj, € Q s.t. Nj(ap) = mjpeg, i.e. ¢;(ap) = af + myal. We further
require that (mjy) is an invertible matriz.

This essentially says that the family is locally a “full deformation”, that we
single out a one-dimensional subspace Span(ay) of H"(X) preserved by the mon-
odromy, and that, for each factor D?, we get a class a; s.t. ¢j(d;f) = a; + g
and &} is invariant under the other ¢;.

Remark. If k"' = s = 1, then this is equivalent to the statement that the
monodromy around zero is maximally unipotent. For instance, the family of
elliptic curves seen last time is an LCSL point.
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Now, for a family of Calabi-Yau 3-folds, we have by definition

0CWo=WyC Wo=W; CW,=W;CWs=H(X;Q)
(5) N’ N—— N—— . ~ 2
dim =1 dim =s+1=h2141 dim =2s+1 dim =2s+2

where we use N* : W, /W1 — Wy p/Wa_r_1 to get the dimensions of
W3, Wy, Ws. Now, H3(X) carries an intersection pairing preserved by ¢., so
N =log ¢, is in the Lie algebra, i.e. (z, Ny)+ (Nz,y) = 0.

Lemma 1. W4_27; = WQJZ_

Proof. Since Wy = im N3 W, = W5 = Ker N3, (z, N3y) = —(N3z,y) = 0 for
r € Wy, N3y € Wy and the dimensions match. Furthermore, N(W,) = Wy (it
is onto since N : W, /W5 = Wo/W; and Wy = im N® = N(im N?)): thus,
for z, Ny € Wy, (2, Ny) = —(Nz,y) = 0 (since Wy L Wy) and the dimensions
match. 0]

Finally, passing to H3(X, Q) by Poincaré duality, let S; = PD(W;) (or equiv-
alently, viewing Hz = (H?)*, S; is the annihilator of W, _»;).

Proposition 1. Given an LCSL point in the moduli space of Calabi-Yau 3 folds
with h®*' = s, 3 a Z-basis (ag, ..., as,Po,--.,Bs) of H3(X,Z) s.t. By € Sy,
By PBs € Sa, a,... a5 € S0 € S = Hy(X) st (o, 05) = (85, 5;) =
0, (ay, B;) = 0ij.

Proof. Let 3y be the Z generator of Sy (unique up to sign), which we extend to a
Z-basis (; of So. By the lemma, S5 is Lagrangian w.r.t. the intersection product,
so (B;,3;) = 0. Let 3 be the dual basis of S5 = H?/Ws, i.e. 8;5; = d;j, and let
«; € Hj be the Poincaré dual of some lift of 3F to H®. Then (o, 3;) = d;;. We
can make (a;, oj) = 0 inductively by replacing o; with oy, — > (g, ;) 8;. Finally,
Qi ..., as € Sy since (o, By) =0 and Sy = Sy O

We now define canonical coordinates on our moduli space. Given X — (D*)?
LCSL, let Q(t4,...,ts) be the holomorphic volume form on X, . ;.), normalized
so that [, Q(ti,....t) = 1. Set wi(ty,...,t;) = [, Qt1,...,ts). This is not
quite a coordinate because of monodromy: as t; goes around the origin, 3; —
®;(B;) = Bi —myi By for some m;; € Z (an integer since these are integer classes).
In fact, these are the mj; from the definition of LCSL. Instead, we set ¢; =
exp(2miw;): these are well-defined functions on (D*)*; and are canonical once
the basis {;} is chosen. Note that ¢; is a zero of order —mj; (i.e. a pole of order
m;;) along t; = 0; if the m;;’s are nonpositive, then we get coordinates on (D?)*,
and can choose a basis of Sy appropriately.

Ezample. For our elliptic curves from last time, ¢ = exp(2mit(t)),7(t) = [,Q
where [ Q= 1.
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If e; is a basis of H?(X,Z), ¢; in the Kihler cone, we obtain coordinates on the
complexified Kéhler moduli space: if [B + iw] = Y f;e;, let §; = exp(2mit;), {; =
[.. B+iw.

Ezample. In example above, we have § = exp(2i fT2 B+ iw).

Conjecture 1 (Mirror Symmetry). Let f : X — (D*)° be a family of Calabi-
Yau 3-folds with LCSL at 0. Then 3 a Calabi-Yau 3-fold X and choices of
bases ag, . .., as, B, ---,0s of H3(X,Z), ey,...,es of H*(X,Z) s.t. under the
map m : (D*)% — Mga(X), (q1,...,q5) — (G, --.,ds), G = ¢, we have a
coincidence of Yukawa couplings

g o0 0 o 0 0 %
(6) (553 0 = (5 5 5 hmie)

an aQJ aq}c a% aQJ 8Qk
where the LHS corresponds to [, Q A (%%%Q) avnd the RHS to a (1,1)-
coupling, i.e. the Gromov-Witten invariants (e;, ej,ek%fﬁ (since 27rz'q}8% = 665 =

e; € Hl’l).





