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MIRROR SYMMETRY: LECTURE 19

DENIS AUROUX

1. HOMOLOGICAL MIRROR SYMMETRY
Conjecture 1. X, X" are mirror Calabi- Yau varieties < D™Fuk(X) = D*Coh(X")

Look at T? at the level of homology [Polishchuk-Zaslow]: on the symplectic
side, T? = R?/Z* w = Adx A dy, so fTQw = A. On the complex side, XV =
C/Z ® 1Z,7 = i\. The Lagrangians L in X are Hamiltonian isotopic to straight
lines with rational slope, and given a flat connection V on a U(1)-bundle over L,
we can arrange the connection 1-form to be constant. We will see that families
of (L, V) in the homology class (p, q) correspond to holomorphic vector bundles
over XV of rank p, ¢; = —¢. For L — XV a line bundle, the pullback of L to the
universal cover C is holomorphically trivial, and

0 L=CxC/(z,v) ~(z+ 1Lv),(z,v) ~ (2 4+ 1,0(2)v)
¢ holomorphic, ¢(z + 1) = ¢(2)

Ezample. ¢(z) = e 2™~ ™" determines a degree 1 line bundle £ with a section
given by the theta function

) Or.2) = Yo CE)

mEZ

More generally, set

(3) 0. ")(7,2) = > exp (2m {T(m—w +(m+)(z+ c")D

2
mEZ

0[c, ") (,2 + 1) = 20|, "|(T, 2)
0, (1, z + 1) = e ™ 2MEFG[ (7, 2)
since the interior of exp for the latter formula is

T(m + ¢)?

5 +r(m+)+ (z+ ") (m+ )

©) Tm+1+0)* 7 / ’ ,

= 5 —§+(m—|—1+c)(z+c)—(z+c)
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Furthermore, sections of £L&" are 8[%,0](n7, nz), k € Z/nZ. By the above

G[E, 0](nT,nz +n) = H[E, 0](nt,nz)
G[E, 0](nt,nz + nt) = e_mme_zmme[ﬁ, 0](nt,nz)
n n

as desired. Other line bundles are given by pullback over the translation z —
z 4+ ’, and the higher rank bunddles are given by matrices or pushforward by
finite covers.

On the mirror, consider the Lagrangian subvarieties

Ly ={(x,0)}, Vo = d (mirror to O),
(7) L, = {(z,—nz)}, V,, = d (mirror to L®"),
L,={(a,y)},V, =d+ 2mibdy (“mirror to Oz, z =b+ ar”)

For gradings, pick arg(dz)|z, € [-5,0]. Then

k
Sk = (5,0) c CFO(LO7LTL)7

8
( ) e = (CL, —na) - CFO(Ln7 Lp)v
eo = (a,0) € CF°(Ly, L,)

We want to find the coefficient of ey in ma(e, sg), i.e. we need to count holo-
morphic disks in 72. All these disks lift to the universal cover C, and a Maslov
index calculation gives that rigid holomorphic disks are immersed. We obtain an
infinite sequence of triangles 7},,, m € Z in the universal cover. T}, has corners at
(0,0), (@ +m,—n(a+m)), (a+m,0), and the area is [, w = M
holonomy on 07, gives

. Taking

0
9) exp(?m’/ bdy) = exp(2min(a + m)b)
—n(atm)

The T,, are regular, and doing sign calculations makes them count positively.
Now,

(10) ma(e, so) = (Z TAg(a+m)2€2mn(a+m)b> e

meZ

As usual, set T = e~2™ (convergence is not an issue here), i.e. T* = ¢*™". Then

2 2
Z exp 2mi [m'm +n(ta+b)m + (nTa— + nab)}
(11) neZ 2 2

— eTrinTa2 e?ﬂinab@(n,r’ TL(TG + b))
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ev,

What we have computed is the composition @ 2% £" 5 O,, where ev, is obtained
by picking a trivialization of the fiber at z. Looking at the coefficient of ey in
ma(e, si), we obtain

(12)
Zexp 270 [é(a +m— =) +nla+m— )b
meZ n
= Z exp 2mi {n—;(m — =) +n(ra+b)(m— =)+ %az + nab

. . k
= e’ g2rinabgl(), ﬁ] (nT,n(Ta + b))

so the ratios i—g match.

Next, we need to multiply sections. For sy~? € hom(Ly, Ls), s5~! € hom(Ly, L1),
ma(s§72,8071) = cosd 7% + ¢18972 for 372, 5972 € hom(Lg, Ly) and

2 in2
co = E ™" A E p2mitn

nez neL
(13) § : 27riT(n+l)2
Cl —= (& 2
nel

This corresponds to O Lol L2

1 1
0(r,2)0(r,z) = 0(21,0) 0(27,22) + 0] =, 0](27,0) 6] =, 0] (27, 22)
—_——— 2 2
co S0 ~" ~"
c1 s1

(14)






