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MIRROR SYMMETRY: LECTURE 25

DENIS AUROUX

Last time, we were considering CP! mirror to C*,W = z + % for A =
27 fmﬂ w: the latter object is a Landau-Ginzburg model, i.e. a Kahler manifold
with a holomorphic function called the “superpotential”. Homological mirror
symmetry gave

D™Fuk(CP") = H'MF(W)

1
M) DPCoh(CP') = DFuk(C*, W)

We stated that the Fukaya category of CP! was a collection indexed by “charge”
A € C, and defined Fuk(CP!, \) to be the set of weakly unobstructed Lagrangians
with mg = A - [L]. This is an honest A, -category, as the mg’s cancel and the
Floer differential squares to zero, whereas from \ to ' we’d have 9> = X' — \. For
instance, for L = S', (L, V) is weakly unobstructed, with mo = W (L, V) - [L].
However, HF (L, L) = 0 unless L is the equator and hol(V) = +id. Then L4 has
HF = H*(S',C) with deformed multiplicative structure, HF*(L, L) = C[t]/t* =
+eA/2,

We now look at the matrix factorizations of W — A\, A € C. These are Z/2Z-
graded projective modules ) over the ring of Laurent polynomials R = C[C*] &
C[z*'] equipped with § € End'(Q) s.t. 62 = (W — A) -idg. That is, we have
maps g : Qo — Q1,01 : Q1 — Qo given by matrices with entries in the space of
Laurent polynomials s.t. §yod; = (W — X) -idg,, 01 069 = (W — A) -idg,. Now
Hom(Q, Q') is Z/27Z graded, with

do
Hom’={ Qo__~ Q1 }

(2) fol " lﬁ

)
0. @
61
This has a differential 9 s.t. O(f) = & - f £ f -6 and 9?2 = 0. We obtain a
homology category HOMF(W — \): hom = H°(Hom, d), i.e. “chain maps” up
to “homotopy”.

Theorem 1. H'(MF(W — X)) =0, i.e. all matriz factorizations are nullhomo-

topic, unless A is a critical value of W.
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Warning: again, looking at homomorphisms from M F(W —\) to MF(W =X,
then 02 # 0, P(f) =0 f—f-0*>= (A= N)f.

Ezample. W = z + § has critical points +e~*/2 with critical values £2e"/2.
Then
e_>‘ e—A/Q
W 2e™2 =2k 2e7 M4 — = (2 M) (1 £ —)
Z z
(3) zte A/2
QR+ = { C[z*] Cl*] }
1de—A/2,-1
Then

Endpoyp(Q+) ={ R___ R }/homotopy
(@) if if

—_—

R R

-

is multiplication by f € C[z*!]. The maps 9 sends

R_"R w— R R
(5) % (a::I:eA/Z)hl J{
R _ R R _ R

and similarly on the other side, so
(6) End(Qs) = Cl41]/(z & e2,1 + e™M/2:71) 2 (C[#) /2 4 ) 2 C

Similarly Hompgopr(Q+, @+[1]) = C.
Indeed, in the case of the two maps z — ¢, 1 — cz !, we take vertical maps z, 1,
SO

7) S

giving us C[z*1]/(z — ¢).

Next, D*Coh(CP!) is generated by O(—1) and O, i.e. the smallest full sub-
category containing O, O(—1) and closed under shifts and cones contains all of
DP. More generally, via Beilinson we have that

(8) DPCoh(CP") = (O(—n),...,0(—1),0)

The idea is the the diagonal A C CP™ x CP" is the (transverse) zero set of
s = Z?:oa%i ® y;, which is a section of E = T(—-1) X O(1) = 7;(TCP" ®
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O(—1)) ® m50(1). Recall that TCP" is spanned by the vector fields xia%i on

C™*! under the relation ) ;" xi% = 0. Taking the Koszul resolution
(9) 0> E" =0"(1)XO(-1) = OXRO — Op — 0

in D°Coh(P!xP!). On the other hand, & € D*Coh(X xY') gives ¢¢ : D*(Coh(X) —

L
DPCoh(Y), F — Rma.(LmiF @ £). Exactness implies that ¢©2(F) = F sits in
an exact triangle with

¢ EOC(F) = RI(F @ Q'(1)) ®c O(-1)
¢°%O(F) = RI(F) @¢ O

which completes the proof.
The algebra of the exceptional collection (O(—1), O) is given by

(11) A = End"(O(-1) @ 0)

and DPCoh(CP!) is isomorphic to the derived category of finitely-generated A-
modules.

Finally, the Fukaya category of (C*,WW = z + e;A) is the category whose
objects are admissible Lagrangians with flat connections, i.e. L is a (possibly
noncompact) Lagrangian submanifold with W|, proper, W|, € R, outside a
compact subset. We can perturb such L: for a € R, let L(® be Hamiltonian
isotopic to L, W (L) € R +ia near co. In good cases, it will be the Hamiltonian
flow of Xge (wy = VIm W. Then Hom(L, L') = CF*(L®, ') for a > d’ (the
Floer differential is well-defined), and we obtain my, k > 2 similarly, perturbing
the Lagrangians so they are in decreasing order of Im (W).

(10)

2

Example. Consider Ly = Ry, L_; = an arc joining 0 to +oo and rotating
once clockwise around the origin. Then e %2 € Ly, —e *? € L_;, so under
W =z+ e;A, we have W (Ly) being the interval [2e7*/2, 4-00) on the positive
real axis, while W (L_;) is an arc that joins —2¢~*/2 to +oco in the lower half
plane. Furthermore, hom(Lg, Ly) = C - e,e = id,, and same for L_;, while

hom(Ly, L_1) = 0 and hom(L_1, Ly) = V has dimension 2. Then Fuk(C*, W) is
generated by L_q, Lo (Seidel)

Similarly, one can obtain homological mirror symmetry for toric Fano mani-
folds: see M. Abouzaid.





