18.997 Topics in Combinatorial Optimization March 30, 2004

Lecture 13

Lecturer: Michel X. Goemans Scribe: Constantine Caramanis

Last lecture we covered matroid intersection, and defined matroid union. In this lecture we review
the definitions of matroid intersection, and then show that the matroid intersection polytope is
TDI. This is Chapter 41 in Schrijver’s book. Next we review matroid union, and show that unlike
matroid intersection, the union of two matroids is again a matroid. This material is largely contained
in Chapter 42 in Schrijver’s book. We leave testing independence in the union matroid for the next
lecture.

1 Matroid Intersection

Matroid intersection is defined for two matroids on the same ground set, My = (S,Z;), Mz = (5, Z2).
In the last lecture, we saw that the size of the largest independent set in the intersection is given by:

I| = mi U S\U
(dax 1] = min{r(U) +r2(S\U)},
where 71 (r2) is the rank function of the first (second) matroid. Also in last lecture, we defined the
matroid intersection polytope:
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Theorem 1 The polytope P defined above is totally dual integrable (TDI).

In fact more is true. Schrijver shows that P is Box-TDI, which means that P is TDI, and so is
Pn{z : l; <x; <w}, for any integral lower and upper bounds I;, u; € Z.

Proof: We need to show that for all choices of integral weight function w € Z™, the dual of
the LP
max : wlz

s.t.: x € P,

is integral. The dual is given by

min : Z y1(U)r(U) + Z y2(U)r2(U)

Ucs Ucs
str > (n(U) +p(U) <wi, Vi
UweU

y1(U),y2(U) > 0.

Recall that a matrix A is called totally unimodular (TUM) if and only if any square submatrix B is
such that det(B) € {0,41}. If an LP is defined by a TUM matrix A, then it must be integral. The
matrix that defines the dual above is not, however, TUM. We show that we can restrict the dual,
setting a subset of the variables to zero, still obtaining an equivalent formulation. We show that in
this equivalent, restricted formulation, the defining matrix is in fact totally unimodular.
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Let the optimum value of the dual be attained at the point (yj,ys). The first component of the
solution, ¥}, can be regarded as the optimal solution to the problem

min : Z y1(U)r(0)

Ucs

st.r Y nU) <wi— Y y(U)
U:ieU U:ieU
y1(U) > 0.

This is the dual of a maximum independent set problem in M;, with weight vector w, where w; =
w; — Y ey Y5 (U). In Lecture 11 (and also in Schrijver, Chapter 40.2) we saw that the greedy
algorithm optimally solves maximum independent set problems in matroids. The greedy algorithm
orders the elements of the ground set in non-increasing order, according to the weight function w.
Then, letting U; := {s1,...,s;}, the greedy algorithm can be used to exhibit a dual solution where
y1(U;) = w(s;) — w(si+1), and y1(U) = 0 for U # U; for some i. Let F; denote the sets U of the
above form. Note that F; is a (nested) chain of sets. Therefore, using the greedy algorithm, we
can assume that given y3, the corresponding problem in y; has an optimal solution y} that satisfies
yi(U) =0 for U ¢ Fi.

Similarly, for any fixed yj, the resulting problem in y2 can be solved as the dual to a maximum
independent set problem, and therefore there is a nested chain of subsets F3, such that there exists
an optimal solution y3 with y3(U) =0 for U ¢ Fs.

Therefore we have shown that the dual problem above is equivalent to the restriction

min : Z 1 (U)r (U) + Z y2(U)r2(U)

Ucs Ucs
s.t. : Z (1 (U)+y2(U)) <w;, Vi
U:ieU
yi(U)=0, YU¢&F
p(U) =0, YU¢F

11 (U),y2(U) > 0.

The important point is that F; and F» are sets of nested subsets of the ground set S. Let A denote
the nonzero columns of the matrix defining the restricted dual problem above. The next theorem
says that the restricted matrix A is in fact totally unimodular. This implies that the dual problem
is integral, and hence concludes the proof of the theorem. (I

We have left to prove that the matrix A above is in fact totally unimodular. First, we give a
definition:

Definition 1 A collection of sets F is called laminar if A, B € F implies that AC B, B C A, or
ANB=0.

Theorem 2 If F is the union of two laminar families of subsets of a set X, then the X X F incidence
matriz of F, is totally unimodular.

First, note that since F; and F» each are a nested chain of subsets, they are both laminar, and
hence the matrix A indeed satisfies the hypotheses of the theorem. Also note that the theorem fails
if F is the union of three laminar families. For (a somewhat trivial) example, we have

det

O = =

1 0
0 1 = -2
11
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The matrix is the incidence matrix of the union of three laminar families (each laminar family con-
tains only one set), yet the determinant of the matrix is —2, and thus it cannot be totally unimodular.

Proof: Let A be our matrix, which is the incidence matrix of a set F, which is the union of
two laminar families: F = F; U F3. Let B be any square submatrix. We need to show that
det(B) € {0,£1}. The columns of A each correspond to an element of the family F.

Consider now the columns of matrix B. Some of them come from F;, and others from Fo.
Consider any two columns Cy,Cs of B (or the sets corresponding to them) such that both are
elements of one of the two families F; and C; C C5. By replacing C; by the componentwise
difference, Cy — (', we can at most change the sign of the determinant. Repeating this procedure
for all pairs of columns of B coming from Fj, and then for all columns coming from Fj, we obtain
a matrix B , whose determinant has the same magnitude as the determinant of B. In addition all
columns corresponding to Fy (resp. Fa) correspond to disjoint sets.

The matrix B has at most 2 one’s in each row. If there exists a row with no one’s, then det(B) =0
and we are done. If there exists a row with a single one, then the proof follows by induction, since
we can expand by minors about that entry, thus reducing the size of the matrix we are considering.
Finally, if all rows have two ones, then by the construction of B , the sum of the columns from F;
must equal the sum of the columns from F», and hence det(B) = det(B) = 0. This concludes the
proof of the theorem. ([

2 Matroid Union

We saw in the last lecture that the intersection of two matroids (on the same ground set) need
not be a matroid (but nevertheless had nice properties). Consider, for example, the ground set
{a,b,c}, and the two matroids given by the independent sets Z; = {0, {a}, {0}, {c},{a, b}, {b,c}}
and Zy = {0, {a}, {b},{c}, {a, b}, {a, c}}. The intersection is not a matroid.

In this section, we show that the union of matroids is again a matroid. Then, take matroids, M; =
(51,71), ..., Mr = (Sk,Zx). The union matroid is defined as M = (S,Z), where S 2 SiU---US,
and

A .
.’Z=I1\/-'-\/I1g:{IlU'--UI}C : IiEIi,Zzl,...,k}.

Theorem 3 The union matroid M = (S,T) as given above, is indeed a matroid.

When the ground sets are disjoint, it is straightforward to see that M is in fact a matroid. For the
case where the ground sets S; are not all disjoint, we use the following lemma.

Lemma 4 Given any matroid M' = (S',Z"), and any function (not necessarily injective) f : 8" —
S, then M = (S, f(Z7)) is a matroid, where

f@) ={r’) : ' e1'}.

Proof: Since f is a function, it is clear that if I € f(Z’), then any subset of I is also in f(Z’). Now
suppose I, J € f(Z7), with |I| < |J|. We need to show that for some j € J\ I, I +j € f(Z'). By
assumption (and definition) I and J must be images of two independent sets I’, J’ of M’. Since f
is not injective, there may be many ways to choose such sets. We take I’, J’ so that I = f(I’) and
[I| =|I'|, J = f(J') and |J| = |J'|, and finally, such that |I’ N J’| is maximal.

Since |I’| < |J'| and M’ is, by assumption, a matroid, then there exists an element ¢ € J'\ I’ such
that I +¢t e Z'. If f(t) € f(I') N f(J'), then there exists some u € I’ such that f(¢t) = f(u). Since
|J'| = |J|, f maps J' injectively onto J, and thus u € I' \ J'. But then the set I =I' —u+t €T
(because I' +t € I), f(I") = I, [I"| = |I|, and |I”" N J'| > |I' N J'| contradicting maximality.
Therefore f(t) € f(J')\ f(I'), and f(I'+t) = f(I') + f(t) € f(Z), as required. O
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The proof of the matroid union theorem follows quickly from the lemma.

Proof: Let {S/}F | be disjoint copies of the original ground sets S;, and Z/ the corresponding
independent sets. Let S’ = S{U---US}, and let 7/ = {I' = [ U---UI, : I/ € ZI/}. Then
M’ = (5',7') is a matroid. For S the union (not disjoint) of the ground sets of the matroids, we
have amap f : S — S’. The union matroid M = (S,Z) is the image of the matroid M’ above, under
the map f. The above lemma now applies directly, and we conclude that M = (S,7) = (S, f(Z7)) is
indeed a matroid. g

Next we determine the rank function of the union matroid. Again we consider the more general
setup of the lemma above. Under the same definitions, we have:

Lemma 5 If the rank function of M’ = (S',I') is r’, then the rank function of the matroid M =
(S, f(Z")) is given by

r(U) (UNT]+ ' (F7HT))).

= min

TCU
Proof: The independent sets of M are the images of independent sets in M’. Therefore the size
of the largest independent set I C U in M, is the size of the largest independent set I’ € f~1(U) in
M’ that maps injectively to I = f(I'). Therefore we are asking for the size of the largest common
independent set in in M’ and in the partition matroid we obtain from the inverse mapping f~'.
Recall that for two matroids M7, Ms on the same ground set S, we have the formula

pLoax |1 = min{r (U) +r2(S\ U)}-

Thus we have
H(U) = min(U\T|++(f~H ()

Applying this result to the union matroid, we find that the rank function is given by

Tunion(U) = ;ﬂclg(lU \T|+rm(TNS)+ - +r(TNSk)),

forUC S U---US.

3 Next Lecture

We still have not discussed how we might actually test independence in a union matroid. To see
that this is not a trivial problem, consider, for example, the matroid whose independent sets are the
forests of a graph. We can consider the union matroid on & copies of the graph. Now a set will be
independent if it is the union of k& forests. Given such a union, how can we determine if a given edge
e may be added in order to obtain a larger independent set? Even given an explicit decomposition
of the union into k forests, this is a nontrivial problem, since the given decomposition need not be
unique. This is one of the issues addressed in the next lecture.

13-4




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


