
Open Problem 9.5 Let W be a gaussian Wigner matrix with entries N (0, 1/n). Consider the fol-

lowing Semidefinite Program:
max Tr(WX)
s. t. Tr(X) = 1

(102)
X ≥ 0
X � 0.

Prove or disprove the following conjectures.

1. The expected value of this program is
√

2 + o(1).

2. With high probability, the solution of this SDP is rank 1.

9.13 Another conjectured instance of tightness

The following problem is posed, by Andrea Montanari, in [Mon14], a description also appears in [Ban15a].
We briefly describe it here as well:

Given a symmetric matrix W ∈ Rn×n the positive principal component analysis problem can be
written as

max xTWx
s. t. ‖x‖ = 1

(100)
x ≥ 0
x ∈ Rn.

In the flavor of the semidefinite relaxations considered in this section, (100) can be rewritten (for
X ∈ Rn×n) as

max Tr(WX)
s. t. Tr(X) = 1

X ≥ 0
X � 0
rank(X) = 1,

and further relaxed to the semidefinite program

max Tr(WX)
s. t. Tr(X) = 1

(101)
X ≥ 0
X � 0.

This relaxation appears to have a remarkable tendency to be tight. In fact, numerical simulations
suggest that if W is taken to be a Wigner matrix (symmetric with i.i.d. standard Gaussian entries),
then the solution to (101) is rank 1 with high probability, but there is no explanation of this phe-
nomenon. If the Wigner matrix is normalized√ to have entries N (0, 1/n), it is known that the typical
value of the rank constraint problem is 2 (see [MR14]).

This motivates the last open problem of this section.
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