18.S34 (FALL, 2007)
PROBLEMS ON GENERATING FUNCTIONS

NoTE. All the problems below can be done using generating functions.
Many of them can also be done by other methods. However, you should hand
in only solutions which use generating functions. No credit for solving a
problem without using generating functions!

1. [58P] Let f(m,1) = f(1,n) =1for m > 1, n > 1, and let
f(m,n) = f(m—1,n)+f(m,n—1)+f(m—1,n—1) form > 1 andn > 1.

Also let
S(n)=Y" fla,b), a>1andb>1.
a+b=n
Prove that
S(n+2)=S(n)+25mn+1) forn > 2.

2. [62P] Let ™ = z(x — 1)---(x — n + 1) for n a positive integer, and
let (0 = 1. Prove that

n n -
(zt+y)™ =3 <k> )y (),

k=0

Now: (1) = “ T

3. [74P] For a set with n elements, how many subsets are there whose
cardinality (the number of elements in the subset) is respectively = 0
(mod 3),
=1 (mod 3), =2 (mod 3)? In other words, calculate

Sin = Z (Z) for i = 0,1,2.
k=i (mod 3)

Your result should be strong enough to permit direct evaluation of the
numbers s;,, and to show clearly the relationship of sg, and s;, and
So, to each other for all positive integers n. In particular, show the
relationships among these three sums for n = 1000. [An illustration of
the definition of s;, is sp6 = (g) + (g) + (2) =22.]
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4. [39P] Given the power series
ap + a1z + asx® + - - -

in which
an = (n*+1)3",

show that there is a relationship of the form
ap + pant1 + qanie + rapys =0,

in which p, ¢, r are constants independent of n. Find these constants
and the sum of the power series.

5. [48P] Show that

2 5 24 5 246 . arc sin x
T+ o oo =

37 735 T35 T Ao
NOTE (not on Putnam Exam): arc sinx is the same as sin™' x.

6. [83P] Let k be a positive integer and let m = 6k — 1. Let

stm =S,

j=1

For example with k£ = 3,

- (3)- ()~ ()
7’!(77:17’)! ]

Prove that S(m) is never zero. [As usual, (") =

7. [92P] For nonnegative integers n and k, define Q(n, k) to be the coef-
ficient of z* in the expansion of (1 + x + 2? + x3)". Prove that

2= (5) (e o)

where (§) is the standard binomial coefficient. (Reminder: For integers

a and b with a > 0, (‘Z) = ﬁlb), for 0 < b < a, and (Z) = 0 otherwise.)
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10.

11.

12.

13.

[97P] Let ay,,, denote the coefficient of 2™ in the expansion of (1+x +

x?)™. Prove that for all k£ > 0,

|2k/3]

O<Z akzz_l'

[99P] Consider the power series expansion

oo

1

— = anx".
1 — 2z — 22

n=0

Prove that, for each integer n > 0, there is an integer m such that
ai + ath = Q.-
[99P] Let A = {(z,y) : 0 <=x,y <1}. For (z,y) € A, let

= > "™y

<L
p e

[N

where the sum ranges over all pairs (m, n) of positive integers satisfying
the indicated inequalities. Evaluate
lim 1 —2y®)(1 — 2%y)S(x,y).

PN DR Gt y)S(z,y)
[03P] For a set S of nonnegative integers, let rg(n) denote the number of
ordered pairs (s1, s2) such that s; € S, s9 € S, 51 # 9, and s1+ 83 = n.
Is it possible to partition the nonnegative integers into two sets A and
B in such a way that r4(n) = rg(n) for all n?

[05P] For positive integers m and n, let f(m,n) denote the number of
n-tuples (z1, za, ..., x,) of integers such that |z1|+|za|+- - -+ |z, < m.
Show that f(m,n) = f(n,m).

[05P] Let S, denote the set of all permutations of the numbers 1,2, ... n.
For m € S, let o(7) = 1 if 7 is an even permutation and o(7) = —1
if 7 is an odd permutation. Also, let v(7) denote the number of fixed
points of . Show that



14.

15.

16.

17.

18.

19.

n

Given ag = 1 and a,y1 = (n + 1)a, — (2

n

_ z"
Y= ano An oy

)an_g for n > 0, compute

Solve the recurrence
(n+1)(n+ 2)ans2 — 3(n+ 1)aps1 + 2a, =0,
with the initial conditions ay = 2, a; = 3.
Find the coefficients of the power series y = 1 + 3z + 1522 + 18423 +

495z + - - - satisfying

(272 — 4)y* + 3y + 1 =0.

Find the unique power series

1 1 1
y=1+-z+ —2°— —a*

_— 6 .« . .
5" T 1% T 70" T 30207 T

such that for all n > 0, the coefficient of 2™ in 4™ is equal to 1. (Give
a simple expression for y, not for the coefficients of y.)

Find the unique power series y = 14+x— %x2+~ .- such that the constant
term is 1, the coefficient of x is 1, and for all n > 2 the coefficient of
2™ in y™ is 0. (Give a simple formula for the coefficients of y, not for y
itself.)

Let f(m,0) = f(0,n) =1 and f(m,n) = f(m —1,n)+ f(m,n —1) +
f(m —1,n—1) for m,n > 0. Show that

0 1
2 f(m )t = e



