18.S34 (FALL 2006)
PROBLEMS ON INEQUALITIES

. Let a be a real number and n a positive integer, with a > 1. Show that
a”—lEn(anTH—anT_l>.
. Let ; >0 fori=1,2,...,n. Show that

11 1 )
(ry+xo+ - +a,) | —+— 4+ — ) >n".
T T2 Tn

;>0 ¢ >0fori=1,2,...,n,and q; +---+ g, = 1, show that

it alt < quan 4 Gt

. For p > 1 and aq, as,...,a, positive, show that
- a1+a2+-~-+ak P P P& P
e I CL a3
k=1 k=1

. Ifa, >0forn=1,2,..., show that

(e} [e.e]
> Vaayan <e ) an,
n=1 n=1
provided that > 7  a, converges.

. Let 0 < x < /2. Show that

. <13
r — S =T .
~— 6
. Show that
LI /s R
[ —_— P —_— n — .
V2 /3 Vn



8.

10.

11.

12.

13.

14.

Let
ay as Qp,

b—l, b2 s ey bn
be n fractions with b; > 0 for ¢ = 1,2...,n. Show that the fraction

CL1+CL2+"'+CLn
bi+by+ -+ by

is contained between the largest and smallest of these n fractions.

Forn=1,23,... let

~1000"

Tn I
n:

Find the largest term of the sequence.

Suppose that ai,as,...,a, with n > 2 are real numbers larger than

—1, and moreover all a;’s have the same sign. Show that

(1+a)(l4a) - (14ay) >14a;4+ay+ -+ an.

Show that

1
2 4 6 om Von+1

3 5 2n —1 1
<

Prove Chebyshev’s inequality: If a1 < as < --- < a, and b; < by <

-+ < b, then
1 < 1 < 1 <
— — b | < — .
(130 (130n) <2 3
k=1 k=1 k=1
Generalize to more than two sets of increasing sequences.
Let n be a positive integer larger than 1, and let @ > 0. Show that

ltata’+---+a" _n+tl
a+a?+a+--+a ! T n—1

Show that if a > b > 0, then A < B, where

l+a+---+a"" L+b4--- bt
A= B= :
l+a+---+a L+b+- 40"
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15.

16.

17.

18.

19.

20.

21.

22.

23.

Let > 0, and let n be a positive integer. Show that
z" 1

< .
l+z4+22+---+22 = 2n+1

Let a,b >0, a+b=1, and ¢ > 0. Show that

1\? 1\1 59
- b+—-] > )
<a—|—a> —i—( +b) Z 501
Let z,y > 0 with x # y, and let m and n be positive integers. Show
that

xmyn +xnym < mern +ym+n
Let x > 0 but x # 1, and let n be a positive integer. Show that

<™ 41
Let a > b > 0, and let n be a positive integer greater than 1. Show
that
Va— Vb < Va—hb.
Let a,b,x > 0 and a # b. Show that
a+z\"" - (a)x
b+ b/ -

Let a > b > 0, and let n be a positive integer greater than 1. Show
that for k£ > 0,

Jar + kn — Jor + kn < a —b.

Let x > 0, and let m and n be real numbers such that m > n > 0.
Show that
1 _l.m-I—n
1 ™ >2n—
(m+n)(1+2™)>2n o
Let a; > 0 for 1 <4 <mn,and let >" ;a; = 1. Let 0 < z; <1 for
1 <7 < n. Show that

a 9 an, 1
+ +-+ < o a .
1421 149 14z, = 14+ a7'25% - x8n




24.

25.

26.

27.

28.

29.

30.

If ay,...,a,41 are positive real numbers with a; = a,41, show that

> (o) 2

i=1 Qiy1

Let {ay,aq,...,a,} and {by, bs, ..., b,} be two sets of real numbers with
by >by>--->b,>0. Put sp=a;+ay+---+apfork=1,2,...,n;
and let M and m denote respectively the largest and smallest of the
numbers sy, S, ..., S,. Show that

n
mbl S Zazbz S Mbl
i=1
Show that for any real numbers aq, as, ..., a,,

(So) <o

=1 =1 j5=1

Let f and g be real-valued functions defined on the set of real numbers.
Show that there are numbers z and y such that 0 <x <1, 0 <y <1,
and

lzy — f(x) — g(z)| > 1/4.
Let t > 0. Show that
t*—at<l—q, if0<ax<l

and
t*—at>1—q, if a>1.

Show that for any real number x and any positive integer n we have

"L sinkx
2

k=1

< 2/T.

Show that if = is larger than any of the numbers aq, as, ..., a,, then
1 1 1 n
. >

+ +ot > .
r—a; T —ag rT—a,  x—(ag+ag+---+ay)




31.

32.

33.

34.

35.

36.

Show that

\/G)*\/(Z)+“'+\/@sm.

Let y = f(z) be a continuous, strictly increasing function of x for x > 0,
with f(0) = 0, and let f~! denote the inverse function to f. If a and b
are nonnegative constants, then show that

ws< [ e+ / )y,

Show that for ¢ > 1 and s > 0,

ts <tlogt—t+ e’

Let a1 /by, as/ba, ..., with each b; > 0, be a strictly increasing sequence.
Let
Aj:a1+a2+-~-+aj, and BJ:b1+bQ++b]

Show that the sequence A;/B;, Ay/Bs, ... is also strictly increasing.

Let m, n be positive integers, and let a,ao,...,a, be positive real
numbers. For i =1,2,3... put a,.; = a; and

bi = Gip1 + Giva + -+ Qi

Show that
m”alag ey < biby - - bn,

except if all the a; are equal.

Let aq, as, ..., a, be real numbers. Show that
rrgn(ai —a;)? <M?(ai+---+al),
a;F#a;
where
M? = 1z .
n(n? —1)



37.

38.

39.

40.

41.

42.

43.

44.

Let x and a be real numbers, and let n be a nonnegative integer. Show

that

|z — a|"|z + na| < (2% + naQ)(nH)/2 .

Given an arbitrary finite set of n pairs of positive real numbers {(a;, b;) :
i=1,2,...,n}, show that

H (xa; + (1 — x)b;) < max {Hai, Hbl} ,

=1

for all x € [0, 1]. Equality is attained only at z = 0 or z = 1, and then

if and only if
- a; — bl - a; — bl
> 0.
=1 =1

Show that if m and n are positive integers, then the smallest of the
numbers {/m and {/n cannot exceed v/3.

Show that if @ > 2 and = > 0, then a® 4+ a'/* < ¢**V/*_ with equality
holding if and only if a = 2 and x = 1.

Show that if x; > 0 for ¢ = 1,2...,n and ), 1+1ch- < 1, then
Y2

Let 0 <a; <1lfori=1,2,...,n, and put ) ., a; = A. Show that

" nA
Zl—ai Zn—A7

=1

with equality if and only if all the a; are equal.

10)=(=)
] < .
o \? n—1

1

Show that for n > 2,

Let by, ..., b, be any rearrangement of the positive numbers a4, ..., a,.
Show that
bl bn

10



45. Given that ) ., b; = b with each b; a nonnegative number, show that

n—1

bQ
ijbj+1 <
7=1

46. Let n>2and 0 < xy < 29 < -+ <z, < 1. Show that

47. Let f be a continuous function on the interval [0, 1] such that 0 < m <

f(z) < M for all z in [0,1]. Show that

([ 75) ([ rwar) < 2l

48. Let x > 0 and = # 1. Show that

log x < 1

r—1 =
log = < 1+ 2'/3
r—1 = x4zl

49. Let 0 < y < . Show that

x+y> r—y
2 logz —logy

50. Let 2 > 0. Show that

2 < 1 +1 < !
og |z + —
2+ 1 & T

LetSn:1+%+§+~-~+%. Show that

o1.

1
14 n)/m 1 1—(n+1)ymo —_\
n{(1+n) }<Sn<n{ (n+1) n+1}

11



52.

53.

o4.

55.

56.

o7.

98.

99.

Let x > 0 and y > 0. Show that

1l —e Y 1

1
Gr(i-cl-c?) oy 12

Let a, b, ¢, d, e, and f be nonegative real numbers satisfying

a+b<e and c+d<}/f.

Show that
Vac+Vbd < \/ef.
Show that for x > 0 and x # 1,
0 < xlogx < 1
—ax2—-172

Show that for = > 0,

z(2 + cosz) > 3sinz.

Show that for 0 < z < 7/2,
2sinx + tanzx > 3x.

Let x > 0, x # 1, and suppose that n is a positive integer. Show that

r—1
xr —1

1
T+ — >2n
xn

Let a be a fixed real number such that 0 < a < 1, and let k& be a
positive integer satisfying the condition k£ > (34 a)/(1 —a). Show that
1

E+n+1+”.+nk—1

>1+4a

for any positive integer n.
Let a and b denote real numbers, and let r satisfy » > 0. Show that
la+0[" < ¢ (la]" +[b),

where ¢, =1 forr <1 and ¢, =2""! for r > 1.

12



60. Let 0 < b < a. Show that

1(a—1b)? <a+b_@<1(a_b)2
-2 -8 '

8 «a b
61. Consider any sequence ai, as, ... of real numbers. Show that
> 2 o= [Tp\ /2
s (a) g
where .
Tn = Z az.
k=n

(If the left-hand side of (1) is oo, then so is the right-hand side.)

62. Let a, b, and = be real numbers such that 0 < a < band 0 < x < 1.

Show that ,
1 — b 1—2x* \*
1 — gatb o 1 —gatd ] -
63. Let 0 < a < 1. Show that

2 _a_ 1
- <aT-e +aT-e <1,
(&

64. Let 0 < z < 27. Show that

T

1 - 1
—itani < Zsinkﬂcﬁ 500‘54

k=1

65. Let 0 < ap < 1for k=1,2,...,n, with a; +as +---+a, < 1. Show

that
1 n n
LI | (RS o
1— Z&k k=1 k=1
k=1
and
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66. Show that

1o 1
m/n w(t)e "dt < T

where ¢ is real, n is a positive integer, and

wt) =t —1)(t—2)(t—n+1).
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