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18.S34 (FALL 2006) 

PROBLEMS ON INEQUALITIES 

1. Let a be a real number and n a positive integer, with a > 1. Show that 

n+1 n−1 n a − 1 ∈ n a 2 − a 2 . 

2. Let xi > 0 for i = 1, 2, . . . , n. Show that 

1 1 1 2(x1 + x2 + + xn) + + + ∈ n .· · · 
x1 x2 

· · · 
xn 

3. If xi > 0, qi > 0 for i = 1, 2, . . . , n, and q1 + + qn = 1, show that · · · 

xq1 xqn � q1x1 + + qnxn.1 n· · · · · · 

4. For p > 1 and a1, a2, . . . , an positive, show that 

n � � � � n 
� a1 + a2 + + ak

p 
p p 

� 
p· · · 

< ak. k p − 1 
k=1 k=1 

5. If an > 0 for n = 1, 2, . . ., show that 

n
�

a1a2 an � e an,· · · 
n=1 n=1 

provided that n=1 an converges. 

6. Let 0 < x < �/2. Show that 

1 
x − sin x � x 3 . 

6 

7. Show that 

1 + �1
2 

+ �1
3 

+ · · · + �1 
n

> 2
�

n + 1 − 2. 
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8. Let 
a1 a2 an 

, , . . . , 
b1 b2 bn 

be n fractions with bi > 0 for i = 1, 2 . . . , n. Show that the fraction 

a1 + a2 + + an· · · 
b1 + b2 + + bn· · · 

is contained between the largest and smallest of these n fractions. 

9. For n = 1, 2, 3, . . . let

1000n


xn = . 
n!


Find the largest term of the sequence.


10. Suppose that	 a1, a2, . . . , an with n ∈ 2 are real numbers larger than 
−1, and moreover all aj’s have the same sign. Show that 

(1 + a1)(1 + a2) (1 + an) > 1 + a1 + a2 +· · ·	 · · · + an. 

11. Show that 
1 3 5 2n − 1 1 
2 
· 
4 
· 
6 
· · · 

2n
< �

2n + 1 
. 

12. Prove Chebyshev’s inequality : If a1	 and b1� a2 � · · · � an � b2 � 
· · · � bn, then 

n n n
1 1 1 
n

ak 
n

bk � 
n

akbk. 
k=1 k=1 k=1 

Generalize to more than two sets of increasing sequences. 

13. Let n be a positive integer larger than 1, and let a > 0. Show that 

n1 + a + a2 + + a n + 1 
. 

· · · 
a + a2 + a3 + + an−1 

∈ 
n − 1· · · 

14. Show that if a > b > 0, then A < B, where 

1 + a + + an−1 1 + b + + bn−1 

A = 
· · · 

, B = 
· · · 

. 
1 + a + + an 1 + b + + bn · · ·	 · · · 
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15. Let x > 0, and let n be a positive integer. Show that 

xn	 1 
. 

1 + x + x2 + + x2n 
� 

2n + 1 · · · 

16. Let a, b > 0, a + b = 1, and q > 0. Show that 
� �q � �q

1 1 5q 

a + + b + . 
a b 

∈ 
2q−1 

17. Let x, y > 0 with x = y, and let m and n be positive integers. Show ≤
that


x m y n + x n y m < xm+n + y m+n .


18. Let x > 0 but x = 1, and let n be a positive integer. Show that ≤

x 2n−1 + x < x2n + 1. 

19. Let	a > b > 0, and let n be a positive integer greater than 1. Show 
that 

n n n
�

a −
�

b < 
�

a − b. 

20. Let a, b, x > 0 and a = b. Show that ≤
� �b+x 

a + x a �x 
> . 

b + x b 

21. Let	a > b > 0, and let n be a positive integer greater than 1. Show 
that for k ∈ 0, 

n n
�

an + kn −
�

bn + kn � a − b. 

22. Let x ∈ 0, and let m and n be real numbers such that m ∈ n > 0. 
Show that


(m + n)(1 + x m) ∈ 2n 
1

1 
−
− 
xm

xn 

+n 

.


23. Let ai ∈ 0 for 1 � i � n, and let n ai = 1. Let 0 � xi � 1 for i=1 
1 � i � n. Show that 

a1 a2 an 1 
a1 a21 + x1 

+ 
1 + x2 

+ · · · +
1 + xn 

� 
1 + x1 x2 xa

n 
n 
. · · · 
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24. If a1, . . . , an+1 are positive real numbers with a1 = an+1, show that 

n � �n n 
� ai 

� ai+1 
. 

ai+1 
∈ 

aii=1 i=1 

25. Let {a1, a2, . . . , an} and {b1, b2, . . . , bn} be two sets of real numbers with 
b1 ∈ b2 ∈ · · · ∈ bn ∈ 0. Put sk = a1 + a2 + · · · + ak for k = 1, 2, . . . , n; 
and let M and m denote respectively the largest and smallest of the 
numbers s1, s2, . . . , sn. Show that 

n 

mb1 � aibi � Mb1. 
i=1 

26. Show that for any real numbers a1, a2, . . . , an, 
� �2n n n 

ai aiaj 
. 

i 
� 

i + j − 1 
i=1 i=1 j=1 

27. Let f and g be real-valued functions defined on the set of real numbers. 
Show that there are numbers x and y such that 0 � x � 1, 0 � y � 1, 
and 

|xy − f(x) − g(x)| ∈ 1/4. 

28. Let t > 0. Show that 

t� − �t � 1 − �, if 0 < � < 1 

and

t� − �t ∈ 1 − �, if � > 1.


29. Show that for any real number x and any positive integer n we have 

n 
� sin kx � 
� � � 2

�
�. 

� k � 
k=1 

30. Show that if x is larger than any of the numbers a1, a2, . . . , an, then 

1 1 1 n 
1x − a1 

+ 
x − a2 

+ · · · + 
x − an 

∈ 
x − 

n (a1 + a2 + + an) 
. · · · 
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31. Show that 

� � � � � � 
n n n � 

1 
+ 

2 
+ · · · + 

n 
� n(2n − 1). 

32. Let y = f(x) be a continuous, strictly increasing function of x for x ∈ 0, 
with f(0) = 0, and let f −1 denote the inverse function to f . If a and b 
are nonnegative constants, then show that 

� a � b 

ab � f(x)dx + f−1(y)dy. 
0 0 

33. Show that for t ∈ 1 and s ∈ 0, 

ts � t log t − t + e s . 

34. Let a1/b1, a2/b2, . . ., with each bi > 0, be a strictly increasing sequence. 
Let 

Aj = a1 + a2 + + aj, and Bj = b1 + b2 + + bj .· · ·	 · · · 
Show that the sequence A1/B1, A2/B2, . . . is also strictly increasing. 

35. Let	 m, n be positive integers, and let a1, a2, . . . , an be positive real 
numbers. For i = 1, 2, 3 . . . put an+i = ai and 

bi = ai+1 + ai+2 + + ai+m.· · · 

Show that 
m n a1a2 an < b1b2 bn,· · · · · · 

except if all the ai are equal. 

36. Let a1, a2, . . . , an be real numbers. Show that 

min (ai − aj )
2 � M2 

� 
a 21 + + a 2 

� 
, 

=ajai �	
· · · n 

where 
12 

M2 = . 
n(n2 − 1) 
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37. Let x and a be real numbers, and let n be a nonnegative integer. Show 
that 

n 
� 

2 2
�(n+1)/2 |x − a| |x + na| � x + na . 

38. Given an arbitrary finite set of n pairs of positive real numbers {(ai, bi) : 
i = 1, 2, . . . , n}, show that 

n n n 

(xai + (1 − x)bi) � max ai, bi , 
i=1 i=1 i=1 

for all x � [0, 1]. Equality is attained only at x = 0 or x = 1, and then 
if and only if 

n n 
ai − bi ai − bi ∈ 0. 

ai bii=1 i=1 

39. Show that if m and n are positive integers, then the smallest of the 
3n mnumbers 

�
m and 

�
n cannot exceed 

�
3. 

40. Show that if a ∈ 2 and x > 0, then ax + a1/x � ax+1/x, with equality 
holding if and only if a = 2 and x = 1. 

41. Show that if xi 0 for i = 1, 2 . . . , n and n 1 � 1, theni=1 1+xi 
�n 

∈
2−xi � 1.i=1 

42. Let 0 � ai < 1 for i = 1, 2, . . . , n, and put 
�n ai = A. Show that i=1 

n 
� ai nA 

,
1 − ai 

∈ 
n − A

i=1 

with equality if and only if all the ai are equal. 

43. Show that for n ∈ 2, 

n � � � �n−1 
� n 2n 

. 
i 

� 
n −
− 

1

2 

i=0 

44. Let b1, . . . , bn be any rearrangement of the positive numbers a1, . . . , an. 
Show that 

a1 an 

b1 
+ · · · + 

bn 
∈ n. 
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45. Given that i
n 
=1 bi = b with each bi a nonnegative number, show that 

n−1 
� b2 

bj bj+1 � . 
4 

j=1 

46. Let n ∈ 2 and 0 < x1 < x2 < < xn � 1. Show that · · · 
n 

n xk n 
� 1k=1 . n 

�	
∈ 

1 + xk 
xk + nx1x2 xn

k=1 · · · 
k=1 

47. Let f be a continuous function on the interval [0, 1] such that 0 < m �
f(x) � M for all x in [0, 1]. Show that 

�
�	 1 � �

� 1 � 
dx (m + M)2 

f(x) 
f(x)dx � 

4mM 
. 

0 0 

48. Let x > 0 and x = 1. Show that ≤
log x 1 
x − 1 

� �
x 

log x 1 + x1/3 

. 
1/3x − 1 

� 
x + x

49. Let 0 < y < x. Show that 

x + y 
>

x − y
. 

2 log x − log y 

50. Let x > 0. Show that 

2	 1 1 
2x + 1 

< log x + 
x

< �
x2 + x

. 

51. Let Sn = 1 + 1
2 + 

3
1 + + 

n 
1 . Show that · · · 

n 
� 
(1 + n)1/n − 1 

� 
< Sn < n 1 − (n + 1)−1/n 1 

.− 
n + 1 
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52. Let x > 0 and y > 0. Show that 

1 − e−x−y 1 1 
. 

(x + y)(1 − e−x)(1 − e−y) 
− 

xy 
� 

12 

53. Let a, b, c, d, e, and f be nonegative real numbers satisfying 

a + b � e and c + d � f.


Show that
 �
ac + 

�
bd � ef. 

54. Show that for x > 0 and x = 1, ≤
x log x 1 

.0 � 
x2 − 1 

� 
2 

55. Show that for x > 0, 

x(2 + cos x) > 3 sin x. 

56. Show that for 0 < x < �/2, 

2 sin x + tan x > 3x. 

57. Let x > 0, x = 1, and suppose that n is a positive integer. Show that ≤
1 x − 1 

x + > 2n . 
xn xn − 1 

58. Let	 a be a fixed real number such that 0 � a < 1, and let k be a 
positive integer satisfying the condition k > (3 + a)/(1 − a). Show that 

1 1 1 
+ + + > 1 + a 

n n + 1 
· · · 

nk − 1


for any positive integer n.


59. Let a and b denote real numbers, and let r satisfy r ∈ 0. Show that 

|a + b| r � cr (|a| r + |b| r) , 

where cr = 1 for r � 1 and cr = 2r−1 for r > 1. 
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60. Let 0 < b � a. Show that 

1 (a − b)2 a + b 1 (a − b)2 

8 a 
� 

2 
−

�
ab � 

8 b
. 

61. Consider any sequence a1, a2, . . . of real numbers. Show that 

� 2 � rn 
�1/2 

an , (1)� �
3 n 

n=1 n=1 

where 
2 rn = ak. 

k=n 

(If the left-hand side of (1) is √, then so is the right-hand side.) 

62. Let a, b, and x be real numbers such that 0 < a < b and 0 < x < 1. 
Show that 

� �b � �a
1 − xb 1 − xa 

> . 
1 − xa+b 1 − xa+b 

63. Let 0 < a < 1. Show that 

2 a 1 

< a 1−a + a 1−a < 1. 
e 

64. Let 0 < x < 2�. Show that 
n

1 x 1 x −
2 

tan 
4 
� sin kx � 

2 
cot 

4 
. 

k=1 

65. Let 0 < ak < 1 for k = 1, 2, . . . , n, with a1 + a2 + + an < 1. Show · · · 
that 

n n
1 

> (1 + ak) > 1 + akn 

1 − k=1 k=1ak 

k=1 

and 
n n

1 
> (1 − ak) > 1 − akn 

1 + k=1 k=1ak 

k=1 
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66. Show that 
� 

1 � 1 
w(t)e −tdt < ,

(n − 1)! (e − 1)n 
n 

where t is real, n is a positive integer, and 

w(t) = (t − 1)(t − 2) (t − n + 1).· · · 
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