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Lecture 17!

Reading:

e Nise: Chapter 4

1 System Response

Our systems are

e Linear and Time-Invariant (LTI), that is they are linear, and their properties do not
change with time, and

e are Single-Input Single-Output (SISO).

and are usually represented by a transfer function

U(s) ByS™+ by ST+ .+ s + by | ()
a,s"+a, 7 +.. +as+a,

which is equivalent to an ordinary differential equation (ODE) with constant coefficients.

dy™ dy™* dy du™ dum™! du
n— a1 ——— + ... — =bp—+bp 11—+ ... +bi— +0
a P +a (o +...t+a 7t + aoy i + Ly +...+ L + Dou
where the coefficients are determined by the system components.
Block diagram algebra allows us to redraw the block diagram as

u(s) i X(s) 1 Y(s)
ByS"+ by ST . + 1S + by as"+a,,8"+...+as+a, —
).
or alternatively
U(s) 1 F(s) Y(s)
> m - >
a,s"+a,, 8+ ... +as+a, B+ By, ST+ ... + bys + by

Consider first the action of the block containing the numerator polynomial
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P(s) Q(s)
— h,s"+ b, ST+, +bs+b, —>

then

dp™ dp™—! dp
D=b, L b P ",
9() = b Gy b Gy gy +bop

which s not a differential equation. It simply shows that the output of this block is a
weighted sum of the input and its derivatives.
Initially therefore, we concentrate on solving the sub-system represented by the block

U(s) 1 Y(s)
—> - —»
a,s"+a T +.. +tas+a,

or as a differential equation

dy™ dy"! dy
Qn, g + an_1 g + ...+ a 0t + agy = u.

From 18.03 we know that the solution to an ODE of this form may be considered to have
two components:

y(t) = yn(t) + yp(t)

where

o yu(t) is the solution to the homogeneous equation, that is the solution when wu(t) = 0,
and

e y,(t) is a particular solution that satisfies the ODE for the given wu(t).
a) The Homogeneous Solution y(t): Assume that u(t) = 0 and that the system

has initial conditions y(0) = Cy, 9(0) = C4, §(0) = Cs, ... y™(0) = C,, then conjecture a
solution of the form

yn(t) = K M
so that .
(m) t) = Yn = K)\™ At

Substituting into the homogeneous differential equation gives
K (4, A" + an gt A" 4L arh + ag) M =0

Because K # 0, and e* # 0 for finite ¢, we therefore require

A\ + @ N 4+ N+ ap =0,

which is the characteristic equation of the system.

17-2



The assumed form of the solution
yn(t) = K eM

is a solution for any value of \ satisfying the chatacteristic equation. Since the order of the
characteristic polynomial is n, there will be n such roots, and the most general form of y(¢)
will be

yn(t) = Z K; Mt
i=1

where the constants K; are determined from the initial conditions, and the \; are known
as the eigenvalues (characteristic values) of the system. We note that if we write the the
transfer function

numerator polynomial

v
u(s) Y(s) as UG N(s) Y(s)
D(s)

L denominator polynomial

N(s)
D(s)

then the characteristic equation (in terms of s is

H(s) =

D(s) = 0.

B Example 1

Find the homogeneous response of the system

s2+5s +6

when y(0) = 2, and y(0) = 1.

The characteristic equation is

s?+55+6 = 0
(s+3)(s+2) = 0

so that
S1,89 = —3, —2
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and the response is
yn(t) = Kyie ™ 4+ Kye 2.

K; and K2 are found from the initial conditions. When t = O:

y(O) = 2:K1+K2

from which K; = —5, and K, = 7. The complete solution is

yn(t) = —5e ' + 7e 2.

84 response

7e2t

total response

Notice that this system is stable, that is all exponential components in the ho-
mogeneous response decay to zero as time ¢ increases.

a) The Particular Solution y,(t): The particular solution is often found using the
method of undetermined coefficients, in which a solution of a given form, with unknown
coefficients, is assumed for the given input function u(t), and the coefficients are found to
satisfy the differential equation.

The following table summarizes the assumed solution forms for some common input
functions:
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Term in wu(t) Assumed form for y,(t) Test value
k K, 0
k" (n=1,2,3...) | Kyt"+ K, 1t" '+ -+ K1t + K, 0
ket KeM A
kelwt Kelvt jw
k cos(wt) K cos(wt) + K sin(wt) Jw
k sin(wt) K cos(wt) + Ky sin(wt) Jw
B Example 2
Find the particular solution, and the complete solution for the system
1
B = a5 e

when the input u(t) = 4 (for ¢ > 0) and y(0) = 0 and §(0) = 0.

The differential equation is

From the above table, for a constant input we assume y,,(t) = K and substituting
into the differential equation

Py, _dy,
—Ip - K
72 +5 It + 6y,

0+5x0+6K = 4

or y,(t) = K = 2/3.
From the previous example, y;,(t) = K; e 3 + Kye 2, so the complete solution
is

2
y(t) = yn(t) + yp(t) = K e 4 Kye 2 4 3

With the stated initial conditions (y(0) = 0 and y(0) = 0),

y(()) = 0:K1+K2+2/3,

from which K7 = 4/3, and Ky = —2. The complete solution is therefore

2
)= —= 73t_2 —2t Z
y(t) 3e e '+ 3
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